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Preface to the Series

The Niels Henrik Abel Memorial Fund was established by the Norwegian gov-
ernment on January 1. 2002. The main objective is to honor the great Norwe-
gian mathematician Niels Henrik Abel by awarding an international prize for
outstanding scientific work in the field of mathematics. The prize shall con-
tribute towards raising the status of mathematics in society and stimulate the
interest for science among school children and students. In keeping with this
objective the board of the Abel fund has decided to finance one or two Abel
Symposia each year. The topic may be selected broadly in the area of pure
and applied mathematics. The Symposia should be at the highest interna-
tional level, and serve to build bridges between the national and international
research communities. The Norwegian Mathematical Society is responsible for
the events. It has also been decided that the contributions from these Sym-
posia should be presented in a series of proceedings, and Springer Verlag has
enthusiastically agreed to publish the series. The board of the Niels Henrik
Abel Memorial Fund is confident that the series will be a valuable contribution
to the mathematical literature.

Ragnar Winther
Chairman of the board of the Niels Henrik Abel Memorial Fund



Preface

The theme of this symposium was operator algebras in a wide sense. In the
last 40 years operator algebras has developed from a rather special disci-
pline within functional analysis to become a central field in mathematics
often described as “non-commutative geometry” (see for example the book
“Non-Commutative Geometry” by the Fields medalist Alain Connes). It has
branched out in several sub-disciplines and made contact with other subjects
like for example mathematical physics, algebraic topology, geometry, dynam-
ical systems, knot theory, ergodic theory, wavelets, representations of groups
and quantum groups. Norway has a relatively strong group of researchers in
the subject, which contributed to the award of the first symposium in the
series of Abel Symposia to this group. The contributions to this volume give
a state-of-the-art account of some of these sub-disciplines and the variety of
topics reflect to some extent how the subject has branched out. We are happy
that some of the top researchers in the field were willing to contribute.

The basic field of operator algebras is classified within mathematics as
part of functional analysis. Functional analysis treats analysis on infinite di-
mensional spaces by using topological concepts. A linear map between two
such spaces is called an operator. Examples are differential and integral op-
erators. An important feature is that the composition of two operators is a
non-commutative operation. It is often convenient not just to consider a sin-
gle operator, but a whole class of operators which form an algebra and satisfy
some technical conditions. The basic theory of Operator algebras encompasses
C*-algebras and von Neumann algebras. The study of C*-algebras could be
called non-commutative topology and the study of von Neumann algebras
non-commutative measure theory, since this study reduces to the study of
topology and measure theory in the case that the algebras are abelian.

The symposium took place in Oslo, September 3-5, 2004, and was orga-
nized by

e Ola Bratteli, University of Oslo
e Alain Connes, Colléege de France, Paris
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Joachim Cuntz, Westfilische Wilhelms-Universitiat Miinster

Sergei Neshveyev, University of Oslo

Christian Skau, Norwegian University of Science and Technology,

Trondheim

e Frling Stgrmer, University of Oslo

The symposium was dedicated to the memory of Gert Kjeergaard Pedersen,
the pater familias of the operator algebraists in Denmark, who was invited
to give a talk, but died March 15, 2004. One of his last contributions to
mathematics is published in these proceedings.

The following senior researchers from abroad participated and all gave talks:

Alain Connes, Paris
Joachim Cuntz, Miinster
Ken Dykema, Texas A&M
Sgren Eilers, Copenhagen
George Elliott, Toronto
David Evans, Cardiff
Thierry Giordano, Ottawa
Takeshi Katsura, Sapporo
Eberhard Kirchberg, Berlin
Akitaka Kishimoto, Sapporo

Matilde Marcolli, Bonn
Ryszard Nest, Copenhagen
Dorte Olesen, Copenhagen
Mikael Rgrdam, Odense
Dimitri Shlyakhtenko, UCLA
Georges Skandalis, Paris
Masamichi Takesaki, UCLA
Yoshimichi Ueda, Kyushu
Stanistaw Lech Woronowicz,
Warsaw

Senior researchers and postdocs from Oslo and Trondheim who participated:

Erik Alfsen

Erik Bedos

Ola Bratteli

Toke Meier Carlsen
Trond Digernes

Magnus Landstad
Nadia Larsen
Sergey Neshveyev
Christian Skau
Erling Stgrmer

Doctoral students from Oslo and Trondheim who participated:

e Sindre Duedahl
e Kjetil Rgysland
e Heidi Dahl

More information about the symposium may be found at this web page:

http://abelsymposium.no/2004

Oslo and Trondheim 27 March 2006

Ola Bratteli

Sergei Neshveyev

Christian Skau
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Interpolation by Projections in C'*-Algebras

Lawrence G. Brown and Gert K. Pedersen®

Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA,
lgb@math.purdue.edu

Dedicated to the memory of Gert. K. Pedersen

Note from author L.G.B.: This paper was begun in 2002 and was mainly
completed in that year. There were some possible small changes still under
discussion. In this version I have made only very minor changes that I'm sure
Gert would have approved of.

Summary. If z is a self-adjoint element in a unital C*-algebra A, and if ps and
gs denote the spectral projections of z corresponding to the intervals ]J, oo[ and
] — 00, —d][, we show that there is a projection p in A such that ps < p < 1 —gs, pro-
vided that § > dist {zx, A,'}. This result extends to unbounded operators affiliated
with a C*—algebra, and has applications to certain other distance functions.

1 Introduction

1.1

Let 2 be an operator on a Hilbert space H with polar decomposition z = v|z],
and for each § > 0 let es and fs5 denote the spectral projections of |z| and
|x*|, respectively, corresponding to the interval |4, oo[. Practically the first
observation to be made in single operator theory is that es and fs are Murray—
von Neumann equivalent; in fact, vesv* = f5. The second observation is that
1 —e5 and 1 — f5 need not be equivalent if H is infinite dimensional; in
fact, (1 — eg)H = kerz and (1 — fo)H = kerz*, and these spaces may have
widely different dimensions. If, however, 1 — es = w*w and 1 — fs = ww* for
some partial isometry w, then u = w + ves is a unitary conjugating es to fs.
Equivalently phrased, the operator zes can now be written zes = u|zes| with
a unitary u.

*Supported in part by SNF, Denmark.



2 Lawrence G. Brown and Gert K. Pedersen

If x belongs to an algebra A of operators on H the questions above can
all be reformulated, asking now whether the unitary u can be chosen in A. In
the case of a von Neumann algebra A this question was solved by C.L. Olsen
in [14], using the distance to the set A~! of invertible elements,

afx) = dist {z, A7}

The answer is that xes = u|xes| for some unitary u in A when § > a(z).

If A is only a C*-algebra (always assumed unital in this paper unless
otherwise specified) some care must be taken to formulate the question, be-
cause the spectral projections of an element do not (necessarily) belong to
the algebra. However, if = v|z| is the polar decomposition then the element
x5 = vf(|z]) € A for every continuous function f vanishing at zero. We can
therefore ask whether x; = u|zy| for some unitary v in A, provided that f
vanishes on some interval [0, d]. In fact, this is equivalent to the demand that
ues = ves (whence also fsu = fsv), so that the partial isometry ves has a
unitary extension v in A. Combining a couple of highly technical lemmas this
problem was solved in [19, Theorem 2.2] and [15, Theorem 5| with the same
answer as in the von Neumann algebra case: If § > «(z) then for any contin-
uous function f vanishing on [0, §] we have z; = u|xs| for some unitary u in
A. If 6 < a(z) no extension is possible.

The limit case § = a(z) is left undecided: Sometimes a unitary extension
exists, sometimes not. For von Neumann algebras the index of x is a natural
obstruction, but in general the situation is more subtle. Closer investigation
shows that (outside finite AW *-algebras) it is very unlikely that every z in
the closure of the invertible elements in some C*-algebra can be written in
the form z = u|z| with a unitary v in A, cf. [8] and [16].

1.2

If .Al_l denotes the set of left invertible elements in a C*-algebra A we can
define the function

oy () = dist {z, A '}

It was shown in [17, Theorem 7.1] that if 6 > oy(x) then any element z, =
vf(Jz|) can be written as z; = u|zs| for some isometry u in A, provided
that f vanishes on [0, §]. The proof, however, is not very illuminating, since it
quickly reduces to the regular case. Evidently there is also a symmetric result
for the set A! of right invertible elements and co-isometries in A, using the
function x — ay(x*).

A much more serious approach was needed to handle the set Aq’l of quasi-
invertible elements. Recall from [4] that a € A" if (1 — ba)A(1 —ab) = 0
for some b in A. If we can choose b = a* then a is an extreme point in the
unit ball of A and may be regarded as a partial isometry which is “maximally
extended”. A general quasi-invertible element always has the form a = zuy
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with z,y in A~! and u an extreme partial isometry, cf. [4, Theorem 1.1|. Now
define

ag(x) = dist {x, A;l}.
By [4, Theorem 2.2] we can then find an extreme partial isometry u in A
such that z; = u|zs|, whenever z; = vf(|z|) and f is a continuous function
vanishing on an interval [0, d] with § > a4(z). Equivalently, ues = ves and
fou= fsvif § > aq(z).

1.3

Corresponding to the three distance functions mentioned above we have three
classes of C*-algebras, characterized by the norm density of the three subsets
A7 AT U A and A.'. These are known, respectively, as C*-algebras
of stable rank one, isometrically rich C*-algebras and extremally rich C*-
algebras. In such an algebra the polar decomposition of any element z; =
vf(]z|) can be “upgraded”, i.e. v can be replaced by a unitary, an isometry
or a co-isometry, or an extreme partial isometry, if only f vanishes in some
(small) neighbourhood of zero.

In [3] we introduced the class of C*-algebras of real rank zero as those
C*-algebras A for which the set AZ! of invertible self-adjoint elements in the
algebra was dense in Ag,. (As for the other classes, a non-unital C*-algebra
has real rank zero if the unitized algebra fulfills the criterion.) Over the years
a considerable theory has been developed for these classes of C*-algebras, the
real rank zero being the most “ A F-like,” the stable rank one algebras the most
“finite.”

One of the surprising phenomena (and the guiding principle in [6] and [7])
has been the patent, albeit subtle, similarity between C*-algebras of stable
rank one and C*-algebras of real rank zero. For example, a theorem in K-
theory that is valid for one class stands a very good chance also of being valid
for the other class, but with a change of degree from K, (A) to K,1+1(A).
Related to this is the extension theory for the two classes. In both cases there
is a known obstruction for an extension to be in the same class as the ideal
and the quotient. For stable rank one algebras it is the lifting of unitaries
from the quotient, for real rank zero the lifting of projections (equivalently,
the lifting of self-adjoint unitaries).

The distance function

o (x) = dist {z, A2}

provides another parallel case. Thus we show in [6, Theorem 2.3] for a general
(unital) C*-algebra A that the self-adjoint part of the largest ideal Igrgo(.A)
of A of real rank zero consists precisely of elements x in Ag, such that
ar(z 4+ y) = a,(y) for every y in Ag,. This should be compared to Rgrdam’s
characterization in [19, Propositions 4.1 & 4.2] of the largest ideal I (A) of
stable rank one in A, as consisting precisely of those elements = in A such
that a(x + y) = a(y) for every y in A.
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1.4

The main result in this paper, Theorem 3, is the exact analogue of the three
polar decomposition results mentioned above, but now for self-adjoint ele-
ments only. This may at first seem odd, because r = x* implies that es = f;s
for all §, and if z = v|x| then v = v*, so that v = p— ¢ for a pair of orthogonal
projections. But if A is only a C*-algebra it is still meaningful and interesting
to ask whether v can be extended to a self-adjoint unitary, i.e. a symmetry
in the algebra. Evidently this is so if zero is an isolated point in sp(x), but
there are many other cases. For von Neumann algebras there is no problem;
but then von Neumann algebras all have real rank zero. For C*-algebras not
of real rank zero there may not be very many projections around, hence also
not very many symmetries. Our result may serve to locate these projections
and control their behaviour.

Our result can also be interpreted as an interpolation, and we shall most
often phrase it as such: If ps and ¢s5 denote the spectral projections of x
corresponding to the intervals |4, co[ and |— oo, —d][ (so that ps + ¢s = e5 in
the previous terminology), we show that there is a projection p in the algebra
such that

ps<p=1-gs
provided that 0 > a,(x). For C*-algebras of real rank zero, where a,-(z) =0
for every x, this result was obtained in [2|. In fact it was proved in [2, Theorem
1] that A has real rank zero (in the sense that it satisfies one of the equivalent
conditions HP or FS from [3]) if and only if it has interpolation of projections,
IP, in the sense that whenever p is a compact and p° an open projection in
A** with p < p°, then p < p < p° for some projection p in A.

2 Main Results

Lemma 1. Let x be a self-adjoint operator on a Hilbert space H and for § > 0
define the continuous functions

es(t) =, ds(t) = (6 — £2)1/2 for <8 (1)
cs(t) = dsignt, ds(t for [t| >0. (2)

~—
Il
o

Then sp(a) N|— 6,8 = 0, where a is the operator matriz

= (a0

Proof. If X € sp(a) then for some ¢ in sp(x) we have

(cs(t) = N)(=t =) —ds(t)* = 0.
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If 6 < |t| this equation simply becomes (dsignt — A)(t + A) = 0, with the
solutions A = dsignt and A = —¢. It follows that |\| > 4.

If [t| < & we obtain the equation (¢t — A)(—t — \) — (6% — t?) = 0, or
A? — §2 = 0, with the solutions A\ = 4§; so that again || > 4. O

Definition 2. As usual, cf. [4, Section 1], given a self-adjoint element x in a
C*-algebra A on a Hilbert space H we define the constant

m(z) =sup{e >0|]—¢e,e[N sp(x) =0}
= inf {[lz¢][ | £ € H - [|€]] =1}
= dist {z, (A \ AL -

Note that m(xz) = m(|z|), so that for a general (non self-adjoint) element
x in A we can define m(x) = m(|z]). Alternatively, we can use the second
expression, which makes sense for all operators. It is an easy consequence of
the open mapping theorem that x is invertible if and only if m(z) > 0 and
m(z*) >0 [since then kerx = 0 and z(H) = H].

Theorem 3. Let x be a self-adjoint element in a unital C*—algebra A, and for
d > 0 denote by ps and g5 the spectral projections of x (in A**) corresponding
to the intervals ]0,00[ and | — oo, —0d[, respectively. If § > «..(x) there is a
projection p in A such that

ps <p<1-—gs.

Equivalently, for any continuous function f vanishing on the interval [—3, 4]
and such that f(t)signt > 0 for all t we have f(x) = (2p — 1)|f(x)| in A.

If § < a,(x) there are no projections p in A such that ps < p < 1 — gs,
and no symmetries u in A such that f(x) = ulf(x)| if we choose f(t) =
signt (Jt| — )+.

Proof. By assumption we can find y in AZ! with ||z — y|| < §. With ¢; and
ds as in Lemma 1 this means that the operator matrix

is still invertible (in My (.A)), because m(b) > 6 — ||z —y|| > 0, cf. Definition 2.
Consequently also the matrix

(1 dg(x)y_1> b( 1 0) _ <C5(x) + ds(z)y~'ds(z) 0 )

0 1 ylds(z) 1 0 —y
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is invertible in My(A), from which we conclude that the self-adjoint element
z = c5(x) + ds(x)y~ ' ds()

is invertible in A.
By construction we have

psds(z) = qsds(x) =0, pscs(x) = dps, qscs(x) = —0gs.

Therefore psz = dps and ¢sz = —dgs. If p denotes the spectral projection of
z corresponding to the interval 0, oo, then p € A since 0 ¢ sp(z). From the
equations above we see that psp = ps and ¢sp = 0, whence ps < p <1 — gs.

If f is a continuous function vanishing on [—4, §] such that f(¢)signt > 0
for all ¢, then by spectral theory

f(@) = (ps + 45)f(2) = (ps — a5)| f ()]
= (2p = V)(ps + ¢5)|f(x)] = (2p = D[ f (2)].

Assume now that for some § we have a projection p in A such that ps <
p < 1—gs. Put w = 2p—1. Then with f(t) = signt (|t|—9)+ and € > 0 consider
the element y = u ((|z| — 0)4 + €1). Evidently y € Al and || f(x) —y| < e.
Consequently
e =yl < llz— flx)l|+e<d+e.

Since ¢ is arbitrary we conclude that o, (z) < §. This proves the last statement
in the theorem. ]

Corollary 4. For every self-adjoint element x in a unital C*-algebra A put
a = a,(x) and define x, = co(x), where ¢, (t) = signt (Jt|Aa) as in Lemma 1.

Then x — x4 € (AZD)7, |2 — 2ol = ||2]| — @ and ||74]] = o = ar(24).

Ezxample 5. 1t is easy to find examples where no projections exist in the limit
d=ap(x). If 2 =[-L1JUu{l+1/n|neNUu{-1-1/n|n € N}
and A = C(2), then with z = id we obtain a self-adjoint element with
a,(xz) =1 (but ||z|| = 2). The spectral projections p; and ¢; correspond to the
characteristic functions for the sets {1+1/n | n € N} and {—-1—1/n | n € N},
respectively, so there is no projection p in A such that p; <p <1 —gq.

Definition 6 (Unbounded Operators). Let x be an unbounded self-adjoint
operator in a Hilbert space H.We say that x is affiliated with a non-unital C*-
algebra A C B(H) if (x — A1)t € A for every X outside sp(x). Equivalently,
(r —itl)~t € A whenever t # 0. It follows that f(z) € A for every f in
Co(R). In addition we demand that the subalgebra {f(z) | f € Co(R)} contain
an approximate unit for A, which is equivalent to the demand that (14 z%)~*
be a strictly positive element in A. From this extra condition we conclude that
the multiplier algebra M(A) of A contains every element of the form f(x)
where f € Cp(R).
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The set A* of affiliated operators is not an algebra (in general), not even
a vector space, but z — a € A* for every x in A% and a in M(A)s,. To see
this we take |¢| > ||a/|. Then

(@ —a—itl)™" = (& —itl)(1 - (x —it1)"'a)) "

=Y ((z—it1)'a)" (x —it1)~" € A.
n=0

On the other hand, if (z —a —it1)~! € A for some ¢ then also
(@w—a—is1) ' = (w—a—itl) (1 — (@ —a—itl) i(s—1)) €A

for |s — t| < [t], since ||(x — a — it1)71|| < |[t|~1. Taken together this means
that (z —a —it1)™! € A for all t # 0, whence x — a € A,

For each x affiliated with A and every v > 0 we define the cut-down
operator x, = c,(z) in M(A), where ¢, (t) = signt (|t| A y) as in Lemma 1
and Corollary 4. On these operators we apply the function «..(-) relative to
the unital C*-algebra M (.A).

Lemma 7. If a,(z) <~ for some~y > 0 then o, (x3) = ar(z4) for all 5 > .

Proof. By assumption we can find § such that a,(x,) < § < 7, and then
consider the spectral projections ps and g5 of x. However, ps and g5 can also
be regarded as spectral projections of x., and of zg, still corresponding to the
intervals ]d, co[ and |— oo, —4[.

It is therefore easy to deduce the result from Theorem 3. O

Definition 8. If x is a self-adjoint operator affiliated with a non-unital C*-al-
gebra A we define an-(z) to be the infimum of numbers ||al|, where a € M(A)sa
such that x — a is invertible (whence (x — a)™! € A). If no such a exists
we set a.(x) = oo. Loosely speaking we may refer to a,-(x) as the distance
between x and the invertible operators affiliated with A. At least we see that
ar(z+b) < ap(x) + ||b]| for every x in A and b in M(A)s,.

Theorem 9. Let x be a self-adjoint operator affiliated with a non-unital C*-
algebra A. For every 6 > «,.(x) there is then a projection p in M(A) interpo-
lating the spectral projections ps and 1 — q5 of ©. Moreover,

ay(z) =inf {y > 0| a,(z,) <~}

Proof. If a,.(z) < § < oo we can find a in M(A)s, with |ja]| < & such that
y = z—a is invertible (and y ! € A). With ¢s and ds as in Lemma 1 we obtain
an operator matrix, where now the (2,2)-corner is unbounded; but it is still
true that the spectrum of the matrix misses the open interval |— §,d[. This
means that when in the proof of Theorem 3 we define the operator matrix b,
where the (2, 2)- corner is —y, we have an unbounded, but invertible operator.
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The element z = cs(x) + ds(z)y~'ds(x) is therefore again invertible, but also
bounded, and z € M(.A). The rest of the proof proceeds as before to prove
that there is a projection p in M (.A) interpolating the spectral projections ps
and 1 — g5 of z.

Since the projection p found above also interpolates the spectral projec-
tions of the cut-down elements x., when y > 4, it follows that a,.(z,) <6 < .
As § can be chosen arbitrarily close to a,(z) this implies that inf{y > 0 |
o (zy) <7} < ar ().

To prove the reverse inequality we note that if for some v we have o, (x,) <
B <~y for some f3, then pg < p <1 —gg by Theorem 3, with p a projection in
M (A). Consequently x —x3 = f(z) = (2p—1)|f(z)|, where f(t) = signt (|t| —
B)4+, and the self-adjoint element (2p — 1)(|f(x)| + €1) is invertible for every
e > 0 and affiliated with A. Since ||zg|| < 8 it follows that a,(z) < 8 + ¢,
whence in the limit o, (z) < 7. O

Remarks

The problems encountered when trying to remove zero from the spectrum of
certain differential (Dirac) operators are well documented in the literature,
see e.g. [9, 10, 11, 12, 13]. We hope that our result can be of some use in this
context.

Clearly we do not need the whole multiplier algebra to formulate the results
in Theorem 9. What is required is a unital C*-algebra B such that f(z) € B
for each f in C(RU =+00) (the two-point compactification of R), but also such
that f(z+b) € Bif b € Bg,.

On the other hand we see from the proof of Theorem 9 that if y =x —a
is an invertible bounded perturbation of = (so that a € M(A)s,) then the
invertible element z = x5 + ds(x)y~'ds(z) is an A-perturbation of x5, so that
we can assert that z; is invertible in the corona algebra M (A)/A.

3 Some Applications

3.1 Distance to the Symmetries

The formula for the distance between an element x in a C*-algebra A and the
group U(A) of unitaries was proved in [19, Theorem 2.7], see also [15, Theorem
10], in complete analogy with the formula for the von Neumann algebra case
found by C.L. Olsen in [14]. The same formula, but with a,(-) replacing a(-),
describes the distance to the set £(A) of extreme partial isometries in A by
[5, Theorem 3.1]. We show below that the exact same formula — but now with
a,.(+) replacing «a(-) — describes the distance between a self-adjoint element
x and the set S(A) of symmetries in A. As for unitaries in C*-algebras one
can not in general hope to find an approximant to z in S(A), Example 5
provides a case in point, but in special cases they exist, cf. Corollary 11 and
Proposition 12.
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Proposition 10. Let x be a non-invertible self-adjoint element in a uni-
tal C*-algebra A and let S(A) denote the set of symmetries in A. Then
[—a.(z), ar(z)] C spluz) for every u in S(A). Moreover,

dist {z,S(A)} = max {||z]| — 1, a,-(z) + 1}.

Proof. If u € S(A) and A ¢ sp(ux) for some real number A, then A # 0 and
Al —ux € A~ whence A\u—x € A_!. Therefore |\| = || \ul| > a,.(z), proving
the first statement.

We see from above that

[z —ull =11 —uzl| = p(1 —uz) = 1 4 o (x);
and evidently ||z — u|| > ||z|| — 1, so that we have the inequality
dist {z,S(A)} > max {||z| — 1, a,-(z) + 1}.

To prove the reverse inequality we take § > «..(x) and find a projection p
in A with ps < p <1 — ¢s using Theorem 3. Then with © = 2p — 1 we have
|z —ull =[/(z—u)(ps + g5+ (1 —ps — g5))|l

= max {||(z —wps|, [[(z —w)gsl, [[(z —u)(1 —ps —gs)|}

<max{Jlz; |~ 1, 1=, [lo_|| -1, 1+ 6},
Since ¢ can be chosen arbitrarily near «..(x) the result follows. O
Corollary 11. If a,.(z) < ||z|| — 2 there is a symmetry u in A such that

lz —ul = dist {z, S(A)} = ||z — 1

Proof. By assumption we can find ¢ such that a..(z) < § < ||z|| — 2. Choosing
the symmetry u as in Proposition 10 this means that ||z — ul| = ||z|| — 1, as
desired. O

Proposition 12. Let x be self-adjoint and invertible in a unital C*-algebra
A with polar decomposition x© = u|x|. Then with m(x) as in Definition 2 we
have

dist {z, S(A)} = max{||z|]| — 1, 1 — m(x)} = ||z — u]|.

Proof. If w € S(A) then evidently ||z — w| > |z|| — 1. Moreover, for each
unit vector £ we have ||z — w|| > ||w(&)|| — ||[z(€)|| = 1 — ||z (&)||, proving the
inequality

dist {z, S(A)} > max {||z|| — 1, 1 —m(x)}.

On the other hand, with = = u|z| we have by spectral theory that
| — ul| = sup{|t —signt| | ¢ € sp(x)} = max {||z| — 1, 1 —m(x)},

as desired. O
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3.2 The A-Function

For every element z in the unit ball A" of a unital C*-algebra A the number
A(z) is defined as the supremum of all A in [0, 1] such that z = Au+(1—\)y for
some extreme point v in A' and some arbitrary y in A*. This A-function on A*
was completely determined in [5, Theorem 3.7] in terms of the numbers a4 (x)
and mg(x). In particular it was shown that A has the A-property (A(z) > 0 for
every z in A') if and only if A(z) > 1/2 for every x, which happens precisely
when A is extremally rich, cf. Section 1.3.

The simpler cases of unitaries or isometries were solved earlier in [17, The-
orems 5.1, 5.4 & 8.1] with formulae resembling the case above. The relevant
function here is the unitary A-function, A, (z), defined on A! as the supremum
of all A in [0, 1] such that = Au+ (1 — A)y for some unitary v in A and y
in A'. We found that A(x) > 0 for every  in A' precisely when A has stable
rank one, in which case actually \,(z) > 1/2.

We now define the real A-function A.(z) on AL, to be the supremum of all
A in [0, 1] such that z = Au + (1 — A)y for some symmetry u in S(.A) and y
in AL . As we shall see, the form of this function is completely analogous to
the classical A-function, with o, () and m(-) replacing a,4(-) and mgy(-); and
a C*-algebra A has the real A-property (\.(x) > 0 for every z in AL) if and
only if A,.(x) > 1/2 for every x, which happens precisely when A has real rank
Zero.

Proposition 13. The real \-function on the self-adjoint part of the unit ball
AL of a unital C*-algebra A is given by the following formulae:

Ar(z) = 5(1+ m(z)) if xe A (3)

Ar(z) = 5(1 = ar(2)) if x¢ AL (4)
Proof. If x € AZ! with polar decomposition # = u|z| then with A\ = (1 +
m(x))/2 we define the element y = (1—\)~!(z—Au) in Ag,. Using Definition 2
it follows by easy computations in spectral theory that |ly|| < 1. Thus x =
Au+ (1= \y) in AL, whence \.(z) > (1 +m(x))/2.

Conversely, if x = Aw + (1 — \)z for some w in S(A) and z in AL, then by
Proposition 12

L=—m(z) < flw—z| = [[(1 = M)(w = 2)[ <2(1 = X),
whence A < (14 m(z))/2, as desired.
If v ¢ A and 2 = Mw + (1 — \)z for some w in S(A) and z in A, then
by Proposition 10
L+ () < flw—zf| = |(1 = A)(w = 2)[| <2(1=A),

whence A < (1 — a-(z))/2, which is therefore an upper bound for A, (z).



Interpolation by Projections 11

On the other hand, if a..(x) # 1 and «,(x) < 6 < 1 we can by Theorem 3
find a projection p in A with ps < p < 1—¢s. Withu = 2p—1 and A = (1-9)/2
we claim that the element y = (1 — A\)~!(2 — A\u) has norm at most one. To
prove this we compute

lypsll =111 =2~ (@ = Nps]| < 1.

Similarly ||ygs|| < 1. Finally,
Iy —ps —as)l < (L =N @+ N < 1.

Consequently ||y|| < 1. Since x = Au+ (1 — A)y by construction, we see that
Ar(x) > A, whence in the limit as 6 — «.,.(x) we obtain the desired estimate
Ar(x) > (1 — ap(2))/2. O

Remark 14. We see from the formulae in Proposition 13 that if A.(z) > 0
for every x in Al, then a,.(x) < 1 for every x. But if a,.(x) > 0 for some
element x in AL, then by Corollary 4 we have a non-zero element z,, in As,
with ||za| = a.(z4). Thus the element y = ||z4|| 'z, will violate the real
A-condition (A(y) = 0). The only way to avoid this situation is to demand
that c..(z) = 0 for all z, so that 4 has real rank zero. In this case, of course,
Ar(x) > 1/2 for every x in AL,.

3.3 Projectionless C'*-Algebras

It is well known that there are C*-algebras, even simple ones, that contain no
non-trivial projections. Such algebras may be regarded as opposite to the real
rank zero C*-algebras. Theorem 3 allows us to reformulate this property in
terms of the distance from the invertible self-adjoint elements in the algebra.

Proposition 15. In a unital C*-algebra A the following conditions are equiv-
alent:

(i) A has no non-trivial projections.
(i) ar(x) =min{||z4]|, ||z=||} for every element x in As,.
(i) ALl € —Ay UA,.

Proof. (i) = (ii) If we can find ¢ such that a,.(z) < ¢ < min{||z,|, ||z_]|}
for some x in A,, then the spectral projections ps and g5 are both non-
zero (in A**). Applying Theorem 3 we obtain a projection p in A such that
ps < p <1 — g5, which means that p is non-trivial.

(i) = (iii)) We always have —A; U Ay C (AZH)T and a,.(z) <
min {||z4 [, [|z—|}. If now z € (AZH)™ \ (—A+ U AL) then a,(z) = 0, but
win {[lz- |, =} > 0.

(i) = (i) If p is a non-trivial projection in A then 2p — 1 €
AN\ (AL UAL). O
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3.4 The Unitary Case Revisited

It is well worth noticing that the method from Theorem 3 also can be used
to give a short and transparent proof of the result mentioned in 1.1 about
unitary polar decomposition of arbitrary elements in a C*-algebra A. With
some more work it will even give the corresponding result in [4, Theorem 2.2]
for quasi-invertible elements, but we shall here only show the former.

If x € A with polar decomposition z = v|x| we define the operator matrix

= (5l =)

with ¢s and ds as in Lemma 1. The observant reader will notice the similarity
between a and the standard unitary dilation of a contraction x. Straightfor-
ward computations show that

. (51 0 nd . (51 0
=\ 0 61V a “a=\ 0 21vaez)’

so that m(a) > 0 and m(a*) > 4. If therefore a(x) < 9, so that we can find y
in A= with ||z* — y|| < d, then the matrix

~ (ves(la]) ds(la7])
b_(d5(|$|) —y)

is invertible (in Mz (.A)), since both m(b) > 0 and m(b*) > 0, cf. Definition 2.
As in the proof of Theorem 3 this implies that also the element z = ves(|z|) +
ds(|x*|)y~tds(|z|) is invertible (in \A). Since zes = dves and fsz = §fsv by
construction, it follows that if z = u|z| is the polar decomposition of z then u
is a unitary in A such that ues = ves and fsu = fsv. We have reproved [19,
Theorem 2.2] and [15, Theorem 5|

Theorem 16. If x = v|z| is the polar decomposition of an element in a unital
C*-algebra A then for each § > a(x) there is a unitary u in A such that
ues = ves. Equivalently, for every continuous function f vanishing on [0, 0]
we have vf(|z]) = uf(|z]). O

References

1. Blackadar, B.: Notes on the structure of projections in simple C*-algebras.
Semesterbericht Funktionalanalysis, W82, Universitat Tiibingen, 1983.

2. Brown, L.G.: Interpolation by projections in C*-algebras of real rank zero. Jour-
nal of Operator Theory, 26, 383-387, 1991

3. Brown, L.G., Pedersen, G.K.: C*-algebras of real rank zero. Journal of Func-
tional Analysis 99, 131-149, 1991.

4. Brown, L.G., Pedersen, G.K.: On the geometry of the unit ball of a C*-algebra.
Journal fiir die reine und angewandte Mathematik 469, 113-147, 1995



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Interpolation by Projections 13

. Brown, L.G., Pedersen, G.K.: Approximation and convex decomposition by ex-

tremals in a C*-algebra. Mathematica Scandinavica, 81, 69-85, 1997.

Brown, L.G., Pedersen, G.K.: Ideal structure and C*-algebras of low rank. Math-
ematica Scandinavica, to appear.

Brown, L.G., Pedersen, G.K.: Limits and C*-algebras of low rank or dimension.
Haagerup, U., Rgrdam, M.: C*-algebras of unitary rank two. Journal of Oper-
ator Theory, 30, 161-171, 1993

. Leichtnam, E., Liick, W.: On the cut and paste property of higher signatures of

a closed oriented manifold. Topology, 41, 725-744, 2002.

Leichtnam, E.; Piazza, P.: Spectral sections and higher Atiyah—Patodi-Singer
index theory on Galois coverings. Geometric and Functional Analysis, 8, 171—
189, 1998.

Leichtnam, E., Piazza, P.: Dirac index classes and the noncommutative spectral
flow. Journal of Functional Analysis, 200, 348-400, 2003.

Leichtnam, E., Lott, J., Piazza, P.: On the homotopy invariance of higher signa-
tures for manifolds with boundary. Journal of Differential Geometry, 54, 561
633, 2000.

Lott, J.: The zero-in-the-spectrum question. L’Enseignement Mathématique, 42,
341-376, 1996.

Olsen, C.L.: Unitary approximation. Journal of Functional Analysis, 85, 392—
419, 1989.

Pedersen, G.K.: Unitary extensions and polar decompositions in a C*-algebra.
Journal of Operator Theory, 17, 357-364, 1987.

Pedersen, G.K.: Three quavers on unitary elements in C'*-algebras. Pacific Jour-
nal of Mathematics, 137, 169-180, 1989.

Pedersen, G.K.: The A-function in operator algebras. Journal of Operator The-
ory 26, 345-381, 1991.

Rieffel, M.A.: Dimension and stable rank in the K-theory of C*-algebras. Pro-
ceedings of the London Mathematical Society (3) 46, 301-333, 1983.

Rgrdam, M.: Advances in the theory of unitary rank and regular approximation.
Annals of Mathematics 128, 153-172, 1988.



KMS States and Complex Multiplication
(Part IT*)

Alain Connes', Matilde Marcolli?, and Niranjan Ramachandran?

1 College de France, 3, rue d’Ulm, Paris, F-75005 France, alain@connes.org

2 Max-Planck Institut fiir Mathematik, Vivatsgasse 7, Bonn, D-53111 Germany,
marcolli@mpim-bonn.mpg.de

3 Department of Mathematics, University of Maryland, College Park, MD 20912
USA, atma®@math.umd.edu

1 Introduction

Several results point to deep relations between noncommutative geometry and
class field theory ([3], [10], [20], [22]). In [3] a quantum statistical mechanical
system (BC) is exhibited, with partition function the Riemann zeta function
¢(B), and whose arithmetic properties are related to the Galois theory of the
maximal abelian extension of Q. In [10], this system is reinterpreted in terms of
the geometry of commensurable 1-dimensional Q-lattices, and a generalization
is constructed for 2-dimensional Q-lattices. The arithmetic properties of this
GLs-system and its extremal KMS states at zero temperature are related to
the Galois theory of the modular field F, that is, the field of elliptic modular
functions. These are functions on modular curves, i.e. on moduli spaces of
elliptic curves. The low temperature extremal KMS states and the Galois
properties of the GLa-system are analyzed in [10] for the generic case of elliptic
curves with transcendental j-invariant. As the results of [10] show, one of
the main new features of the GLo-system is the presence of symmetries by
endomorphism, as in (8) below. The full Galois group of the modular field
appears then as symmetries, acting on the set of extremal KMSg states of the
system, for large inverse temperature f3.

In both the original BC system and in the GLs-system, the arithmetic
properties of zero temperature KMS states rely on an underlying result of
compatibility between adélic groups of symmetries and Galois groups. This
correspondence between adélic and Galois groups naturally arises within the
context of Shimura varieties. In fact, a Shimura variety is a pro-variety defined
over Q, with a rich adélic group of symmetries. In that context, the compat-
ibility of the Galois action and the automorphisms is at the heart of Lang-
lands program. This leads us to give a reinterpretation of the BC and the GLo

*Part I is the publication listed as reference [11]
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systems in the language of Shimura varieties, with the BC system correspond-
ing to the simplest (zero dimensional) Shimura variety Sh(GLj,£1). In the
case of the GLy system, we show how the data of 2-dimensional Q-lattices and
commensurability can be also described in terms of elliptic curves together
with a pair of points in the total Tate module, and the system is related to
the Shimura variety Sh(GLg, H*) of GLy. This viewpoint suggests considering
our systems as noncommutative pro-varieties defined over Q, more specifically
as noncommutative Shimura varieties.

This point of view, which we discuss here only in the simplest case of
G = GL; and G = GL, was extended to a wide class of Shimura varieties by
E. Ha and F. Paugam, [13]. They constructed generalizations of the BC and
GL; system that provide noncommutative Shimura varieties, and investigated
the arithmetic properties of their partition functions and KMS states.

In our paper [11], we construct a quantum statistical mechanical system
associated to an imaginary quadratic field K = (@(\/jd), d > 0 a positive
integer. Just like the BC and the GLy systems are based on the geometric
notion of Q-lattices and commensurability, this “complex multiplication sys-
tem” (CM) is based on an analogous geometric notion of commensurability of
1-dimensional K-lattices.

The arithmetic properties of the CM system fully incorporate the explicit
class field theory for the imaginary quadratic field K, and its partition function
is the Dedekind zeta function (x () of K. Thus, the main result of [11], which
we recall here in Theorem 24 below, gives a complete answer, in the case of an
imaginary quadratic field K, to the following question, which has been open
since the work of Bost and Connes [3].

Problem 1. For some number field K (other than Q) exhibit an explicit
quantum statistical mechanical system (A, o;) with the following properties:

1. The partition function Z(3) is the Dedekind zeta function of K.

2. The system has a phase transition with spontaneous symmetry breaking
at the pole § =1 of the zeta function.

3. There is a unique equilibrium state above critical temperature.

4. The quotient Cx /Dy of the idéles class group of K by the connected
component of the identity acts as symmetries of the system (A, o).

5. There is a subalgebra Ay of A with the property that the values of ex-
tremal ground states on elements of Aj are algebraic numbers and gener-
ate the maximal abelian extension K.

6. The Galois action on these values is realized by the induced action of
Ck/Dg on the ground states, via the class field theory isomorphism 6 :
CK/DK — Gal(Kab/K).

The BC system satisfies all the properties listed in Problem 1, in the case
of K = Q. It is natural, therefore, to pose the analogous question in the case of
other number fields. Some important progress in the direction of generalizing
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the BC system to other number fields was done by Harari and Leichtnam [16],
Cohen [5], Arledge, Laca and Raeburn [1], Laca and van Frankenhuijsen [20].
However, to our knowledge, the first construction of a system satisfying all
the conditions posed in Problem 1, with no restriction on the class number of
K, was the one obtained in [11]. As we shall discuss at length in the present
paper, one reason why progress in the solution of Problem 1 is difficult is that
the requirement on the Galois action on ground states (zero temperature KMS
states) of the system is very closely related to a difficult problem in number
theory, namely Hilbert’s 12th problem on explicit class field theory. We will
argue in this paper that Problem 1 may provide a new possible approach to
Hilbert’s 12th problem.

In this perspective, the BC system and the CM system of [11] cover the
two known cases (K = Q and K = Q(v/—d)) of Hilbert’s 12th problem. We
analyze closely the properties of both the BC and the CM system, in order
to understand what new insight they may give on this problem and in what
part instead they depend on the number theoretic solution.

The new CM system we constructed in [11] can be regarded in two different
ways. On the one hand, it is a generalization of the BC system of [3], when
changing the field from Q to K = Q(v/—d), and is in fact Morita equivalent
to the one considered in [20], but with no restriction on the class number.
On the other hand, it is also a specialization of the GLg-system of [10] to
elliptic curves with complex multiplication by K. The KMS,, states of the
CM system can be related to the non-generic KMS, states of the GLy-system,
associated to points 7 € H with complex multiplication by K, and the group
of symmetries is the Galois group of the maximal abelian extension of K.

Here also symmetries by endomorphisms play a crucial role, as they allow
for the action of the class group Cl(O) of the ring O of algebraic integers
of K, so that the properties of Problem 1 are satisfied in all cases, with no
restriction on the class number of K.

As we showed in [11], the CM system can be realized as a subgroupoid
of the GLo-system. It has then a natural choice of an arithmetic subalgebra
inherited from that of the GLs-system. This is crucial, in order to obtain the
intertwining of Galois action on the values of extremal KMS states and action
of symmetries of the system.

The paper is structured as follows. In Sections 2 and 3 we discuss the
relation between Problem 1 and Hilbert’s 12th problem and the geometry
of the BC and GL;y system from the point of view of Shimura varieties. In
Section 4 we recall the construction and main properties of the CM system,
especially its relation to the explicit class field theory for imaginary quadratic
fields. We also compare it with the BC and GLs systems and with previous
systems introduced as generalizations of the BC system.

We summarize and compare the main properties of the three systems (BC,
GLs, and CM) in the following table.
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System GL; GL, CM

Partition function ¢(P) ¢(B)(B—-1) Cr(B)

Symmetries A%/Q GL2(Af)/Q* A 1/ K*

Symmetry group | Compact |Locally compact| Compact

Automorphisms 7* GLy(Z) O*O*

Endomorphisms GL3 (Q) Cl(0)

Galois group | Gal(Q/Q) Aut(F) Gal(K%/K)

Extremal KMS.. |SA(GLy1,£1)| Sh(GLy,H*) | A} /K"

1.1 Notation

In the table above and in the rest of the paper, we denote by 7 the profinite
completion of Z and by Ay = 7 ® Q the ring of finite adeles of Q. For any
abelian group G, we denote by G5 the subgroup of elements of finite order.
For any ring R, we write R* for the group of invertible elements, while R*
denotes the set of nonzero elements of R, which is a semigroup if R is an
integral domain. We write O for the ring of algebraic integers of the imaginary
quadratic field K = Q(v/—d), where d is a positive integer. We also use the
notation

0=08%L Axy=Ar@K and Ix=Aj;=GCLi(Axys). (1)

Notice that K* embeds diagonally into [x.

The modular field F is the field of modular functions over Q® (cf. e.g.
[21]). This is the union of the fields Fy of modular functions of level N rational
over the cyclotomic field Q({y), that is, such that the g-expansion at a cusp
has coefficients in the cyclotomic field Q({n).

G. Shimura determined the automorphisms of F (¢f. [32]). His result

GL2(Ay)/Q" = Aut(F),

is a non-commutative analogue of the class field theory isomorphism which
provides the canonical identifications

0:1x/K* = Gal(K/K), (2)

and A%/Q% = Gal(Q*/Q).
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2 Quantum Statistical Mechanics and Explicit Class
Field Theory

The BC quantum statistical mechanical system [2, 3| exhibits generators of
the maximal abelian extension of QQ, parameterizing extremal zero tempera-
ture states. Moreover, the system has the remarkable property that extremal
KMS,, states take algebraic values, when evaluated on a rational subalgebra
of the C*-algebra of observables. The action on these values of the absolute
Galois group factors through the abelianization Gal(Q?/Q) and is imple-
mented by the action of the idéle class group as symmetries of the system, via
the class field theory isomorphism. This suggests the intriguing possibility of
using the setting of quantum statistical mechanics to address the problem of
explicit class field theory for other number fields.

In this section we recall some basic notions of quantum statistical me-
chanics and of class field theory, which will be used throughout the paper.
We also formulate a general conjectural relation between quantum statistical
mechanics and the explicit class field theory problem for number fields.

2.1 Quantum Statistical Mechanics

A quantum statistical mechanical system consists of an algebra of observables,
given by a unital C*-algebra A, together with a time evolution, consisting
of a l-parameter group of automorphisms o, (¢ € R), whose infinitesimal
generator is the Hamiltonian of the system, oy(x) = e ze="H_ The analog
of a probability measure, assigning to every observable a certain average, is
given by a state, namely a continuous linear functional ¢ : A — C satisfying
positivity, p(z*z) > 0, for all z € A, and normalization, p(1) = 1. In the
quantum mechanical framework, the analog of the classical Gibbs measure is
given by states satisfying the KMS condition (c¢f. [15]).

Definition 2. A triple (A, oy, p) satisfies the Kubo-Martin-Schwinger (KMS)
condition at inverse temperature 0 < B < oo, if the following holds. For all
x,y € A, there exists a holomorphic function Fy ,(z) on the strip 0 < Im(z) <
B, which extends as a continuous function on the boundary of the strip, with
the property that

Fry@t) = p(zo(y)) and  Fpy(t+ip) = p(o(y)r), VteR. (3)

We also say that ¢ is a KMSg state for (A, 0;). The set Kz of KMSg states
is a compact convex Choquet simplex [4, IT §5] whose set of extreme points
&g consists of the factor states. One can express any KMSg state uniquely in
terms of extremal states, because of the uniqueness of the barycentric decom-
position of a Choquet simplex.

At 0 temperature (8 = co) the KMS condition (3) says that, for all x,y €
A, the function

Foy(t) = p(zo(y)) (4)
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extends to a bounded holomorphic function in the upper half plane H. This
implies that, in the Hilbert space of the GNS representation of ¢ (i.e. the
completion of A in the inner product ¢(z*y)), the generator H of the one-
parameter group o is a positive operator (positive energy condition). How-
ever, this notion of 0-temperature KMS states is in general too weak, hence
the notion of KMS, states that we shall consider is the following.

Definition 3. A state ¢ is a KMS., state for (A, o) if it is a weak limit of
KMSpg states, that is, poo(a) = limg_. @g(a) for all a € A.

One can easily see the difference between the KMS condition at zero tem-
pretature and the notion of KMS, states given in Definition 3, in the simple
case of the trivial time evolution o; = id, V¢t € R. In this case, any state
has the property that (4) extends to the upper half plane (as a constant). On
the other hand, only tracial states can be weak limits of 3-KMS states, hence
the notion given in Definition 3 is more restrictive. With Definition 3 we still
obtain a weakly compact convex set Y, and we can consider the set £ of
its extremal points.

The typical framework for spontaneous symmetry breaking in a system
with a unique phase transition (c¢f. [14]) is that the simplex X3 consists of a
single point for 8 < . i.e. when the temperature is larger than the critical
temperature T, and is non-trivial (of some higher dimension in general) when
the temperature lowers. A (compact) group of automorphisms G C Aut(.A)
commuting with the time evolution,

0L g = g 0y Vge G, teR, (5)

is a symmetry group of the system. Such G acts on X3 for any 3, hence on the
set of extreme points £(X3) = Eg. The choice of an equilibrium state ¢ € &g
may break this symmetry to a smaller subgroup given by the isotropy group
G,={9€G, gp=p}

The unitary group U of the fixed point algebra of o; acts by inner auto-
morphisms of the dynamical system (A, o¢), by

(Adu) (a) := vau®, Va€eA, (6)

for all w € U. One can define an action modulo inner of a group G on the
system (A, o) as a map a : G — Aut(A, o) fulfilling the condition

a(gh) a(h) ™' a(g)™! € Inn(A,0v), Vg,heG, (7)

i.e., as a homomorphism o« : G — Aut(4, o,)/U. The KMSg condition shows
that the inner automorphisms Inn(A, o¢) act trivially on KMSg states, hence
(7) induces an action of the group G on the set X3 of KMSs states, for
0< (< o0.
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More generally, one can consider actions by endomorphisms (cf. [10]),
where an endomorphism p of the dynamical system (A, ;) is a *-homomor-
phism p : A — A commuting with the evolution o;. There is an induced action
of p on KMSg states, for 0 < § < oo, given by

* _ Ppop
P = ey )

provided that ¢(p(1)) # 0, where p(1) is an idempotent fixed by oy.

An isometry u € A, u* u = 1, satisfying o;(u) = A\ u for all ¢ € R and for
some A € R, defines an inner endomorphism Adu of the dynamical system
(A, 0¢), again of the form (6). The KMSs condition shows that the induced
action of Adu on Xy is trivial, cf. [10].

In general, the induced action (modulo inner) of a semigroup of endomor-
phisms of (A, o;) on the KMSg states need not extend directly (in a nontrivial
way) to KMS states. In fact, even though (8) is defined for states ¢35 € &g,
it can happen that, when passing to the weak limit ¢ = limg g one has
©(p(1)) = 0 and can no longer apply (8).

In such cases, it is often still possible to obtain an induced nontrivial
action on £,. This can be done via the following procedure, which was named
“warming up and cooling down” in [10]|. One considers first a map Wp : £ —
& (called the “warming up” map) given by

r(7,(a)e P H
Wi(o)(a) = T(Tj(i)w)) Va e A. (9)

Here H is the positive energy Hamiltonian, implementing the time evolution
in the GNS representation m, associated to the extremal KMS,, state .
Assume that, for sufficiently large (3, the map (9) gives a bijection between
KMS states (in the sense of Definition 3) and KMSg states. The action by
endomorphisms on £, is then defined as

Pr(@)a) = Jim p"(Ws(p))(a) Va €A (10)

This type of symmetries, implemented by endomorphisms instead of au-
tomorphisms, plays a crucial role in the theory of superselection sectors in
quantum field theory, developed by Doplicher-Haag—Roberts (cf.[14], Chap-
ter IV).

States on a C*-algebra extend the notion of integration with respect to a
measure in the commutative case. In the case of a non-unital algebra, the mul-
tipliers algebra provides a compactification, which corresponds to the Stone—
Cech compactification in the commutative case. A state admits a canonical
extension to the multiplier algebra. Moreover, just as in the commutative
case one can extend integration to certain classes of unbounded functions, it
is preferable to extend, whenever possible, the integration provided by a state
to certain classes of unbounded multipliers.
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2.2 Hilbert’s 12th Problem

The main theorem of class field theory provides a classification of finite abelian
extensions of a local or global field K in terms of subgroups of a locally com-
pact abelian group canonically associated to the field. This is the multiplica-
tive group K* = GL;(K) in the local non-archimedean case, while in the
global case it is the quotient of the idéle class group Ckx by the connected
component of the identity. The construction of the group Ck is at the origin
of the theory of idéeles and adéles.

Hilbert’s 12th problem can be formulated as the question of providing an
explicit description of a set of generators of the maximal abelian extension
K of a number field K and an explicit description of the action of the
Galois group Gal(K/K) on them. This Galois group is the maximal abelian
quotient of the absolute Galois group Gal(K/K) of K, where K denotes an
algebraic closure of K.

Remarkably, the only cases of number fields for which there is a complete
answer to Hilbert’s 12th problem are the construction of the maximal abelian
extension of Q using torsion points of C* (Kronecker—Weber) and the case
of imaginary quadratic fields, where the construction relies on the theory of
elliptic curves with complex multiplication (cf. e.g. the survey [33]).

If Ag denotes the adeles of a number field K and Jx = GL;(Ak) is the
group of idéles of K, we write C for the group of idéle classes Cx = Jx /K*
and Dg for the connected component of the identity in C'x.

2.3 Fabulous States for Number Fields

We discuss here briefly the relation of Problem 1 to Hilbert’s 12th problem,
by concentrating on the arithmetic properties of the action of symmetries
on the set £ of extremal zero temperature KMS states. We abstract these
properties in the notion of “fabulous states” discussed below.

Given a number field K, with a choice of an embedding K C C, the
“problem of fabulous states” consists of the following question.

Problem 4. Construct a C*-dynamical system (A, o), with an arithmetic
subalgebra A of A, with the following properties:

1. The quotient group G = Ck/Dg acts on A as symmetries compatible
with o; and preserving Ag.

2. The states ¢ € €, evaluated on elements of the arithmetic subalgebra
Ag, satisfy:
e (a) € K, the algebraic closure of K in C;
e the elements of {p(a): a € Ak, ¢ € Ex} generate K.

3. The class field theory isomorphism

6:Ck/Dg — Gal(K%/K) (11)
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intertwines the actions,

a(p(a)) = (po 07" (a)(a), (12)

for all o € Gal(K*/K), for all ¢ € £, and for all a € Ak.
4. The algebra Ak has an explicit presentation by generators and relations.

It is important to make a general remark about Problem 4 versus the
original Hilbert’s 12th problem. It may seem at first that the formulation
of Problem 4 will not lead to any new information about the Hilbert 12th
problem. In fact, one can always consider here a “trivial system” where A =
C(Ck/Dg) and oy = id. All states are KMS states and the extremal ones
are just valuations at points. Then one can always choose as the “rational
subalgebra” the field K itself, embedded in the space of smooth functions
on Ck/Dk as x — f.(g) = 0(g)(z), for € K®. Then this trivial system
tautologically satisfies all the properties of Problem 4, except the last one.
This last property, for this system, is then exactly as difficult as the original
Hilbert 12th problem. This appears to show that the construction of “fabulous
states” is just a reformulation of the original problem and need not simplify
the task of obtaining explicit information about the generators of K% and
the Galois action.

The point is precisely that such “trivial example” is only a reformulation of
the Hilbert 12th problem, while Problem 4 allows for nontrivial constructions
of quantum statistical mechanical systems, where one can use essentially the
fact of working with algebras instead of fields. The hope is that, for suitable
systems, giving a presentation of the algebra Ag will prove to be an easier
problem than giving generators of the field K® and similarly for the action
by symmetries on the algebra as opposed to the Galois action on the field.

Solutions to Problem 1 give nontrivial quantum statistical mechanical sys-
tems with the right Galois symmetries and arithmetic properties of zero tem-
perature KMS states. (Notice that the trivial example above certainly will
not satisfy the other properties sought for in Problem 1.) The hope is that,
for such systems, the problem of giving a presentation of the algebra Ax may
turn out to be easier than the original Hilbert 12th problem. We show in
Proposition 7 in Section 3.3 below how, in the case of K = Q, using the alge-
bra of the BC system of [3], one can obtain a very simple description of Q%
that uses only the explicit presentation of the algebra, without any reference
to field extensions. This is possible precisely because the algebra is larger than
the part that corresponds to the trivial system.

A broader type of question, in a similar spirit, can be formulated regarding
the construction of quantum statistical mechanical systems with adélic groups
of symmetries and the arithmetic properties of its action on zero temperature
extremal KMS states. The case of the GLa-system of [10] fits into this general
program.
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2.4 Noncommutative Pro-Varieties

In the setting above, the C*-dynamical system (A,o:) together with a
Q-structure compatible with the flow o; (i.e. a rational subalgebra Ag C A
such that o;(Ag ® C) = Ag ® C) defines a non-commutative algebraic (pro-
Jvariety X over Q. The ring Ag (or Ag ® C), which need not be involutive,
is the analog of the ring of algebraic functions on X and the set of extremal
KMS,.-states is the analog of the set of points of X. As we will see for ex-
ample in (15) and (43) below, the action of the subgroup of Aut(A, o;) which
takes Ag ® C into itself is analogous to the action of the Galois group on the
(algebraic) values of algebraic functions at points of X.

The analogy illustrated above leads us to speak somewhat loosely of “clas-
sical points” of such a noncommutative algebraic pro-variety. We do not at-
tempt to give a general definition of classical points, while we simply remark
that, for the specific construction considered here, such a notion is provided
by the zero temperature extremal states.

3 Q-lattices and Noncommutative Shimura Varieties

In this section we recall the main properties of the BC and the GLy system,
which will be useful for our main result.

Both cases can be formulated starting with the same geometric notion,
that of commensurability classes of Q-lattices, in dimension one and two,
respectively.

Definition 5. A Q-lattice in R™ is a pair (A, ), with A a lattice in R™, and
¢:Q"/Z" — QA/A (13)

a homomorphism of abelian groups. A Q-lattice is invertible if the map (13) is
an isomorphism. Two Q-lattices (A1, 1) and (Aa, ¢2) are commensurable if
the lattices are commensurable (i.e. QA; = QAy) and the maps agree modulo
the sum of the lattices,

¢1 = ¢2 mod Al —+ AQ.

It is essential here that one does not require the homomorphism ¢ to be
invertible in general.

The set of Q-lattices modulo the equivalence relation of commensurability
is best described with the tools of noncommutative geometry, as explained in
[10].

We will be concerned here only with the case of n = 1 or n = 2 and we will
consider also the set of commensurability classes of Q-lattices up to scaling,
where the scaling action is given by the group S = R’ in the 1-dimensional
case and S = C* in the 2-dimensional case.
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In these cases, one can first consider the groupoid R of the equivalence
relation of commensurability on the set of Q-lattices (not up to scaling). This
is a locally compact étale groupoid. When considering the quotient by the
scaling action, the algebra of coordinates associated to the quotient R/S is
obtained by restricting the convolution product of the algebra of R to weight
zero functions with S-compact support. The algebra obtained this way, which
is unital in the 1-dimensional case, but not in the 2-dimensional case, has
a natural time evolution given by the ratio of the covolumes of a pair of
commensurable lattices. Every unit y € R(?) of R defines a representation Ty
by left convolution of the algebra of R on the Hilbert space H, = ¢*(R,),
where R, is the set of elements with source y. This construction passes to the
quotient by the scaling action of S. Representations corresponding to points
that acquire a nontrivial automorphism group will no longer be irreducible. If
the unit y € R corresponds to an invertible Q-lattice, then my is a positive
energy representation.

In both the 1-dimensional and the 2-dimensional case, the set of extremal
KMS states at low temperature is given by a classical adélic quotient, namely,
by the Shimura varieties for GL; and GLs, respectively, hence we argue
here that the noncommutative space describing commensurability classes of
Q-lattices up to scale can be thought of as a noncommutative Shimura variety,
whose set of classical points is the corresponding classical Shimura variety.

In both cases, a crucial step for the arithmetic properties of the action
of symmetries on extremal KMS states at zero temperature is the choice of
an arithmetic subalgebra of the system, on which the extremal KMS., states
are evaluated. Such choice gives the underlying noncommutative space a more
rigid structure, of “noncommutative arithmetic variety”.

3.1 Tower Power

If V is an algebraic variety — or a scheme or a stack — over a field k, a “tower”
T over V is a family V; (i € Z) of finite (possibly branched) covers of V' such
that for any 4,7 € Z, there is a [ € 7 with V; a cover of V; and Vj. Thus, Z is a
partially ordered set. This gives a corresponding compatible system of covering
maps V; — V. In case of a tower over a pointed variety (V,v), one fixes a point
v; over v in each V;. Even though V; may not be irreducible, we shall allow
ourselves to loosely refer to V; as a variety. It is convenient to view a “tower”
T as a category C with objects (V; — V) and morphisms Hom(V;, V;) being
maps of covers of V. One has the group Aut(V;) of invertible self-maps of V;
over V (the group of deck transformations); the deck transformations are not
required to preserve the points v;. There is a (profinite) group of symmetries
associated to a tower, namely

G := lim Aut7(V;). (14)

The simplest example of a tower is the “fundamental group” tower as-
sociated with a (smooth connected) complex algebraic variety (V,v) and its
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universal covering (V, ). Let C be the category of all finite étale (unbranched)
intermediate covers V. — W — V of V . In this case, the symmetry group G
of (14) is the algebraic fundamental group of V, which is also the profinite
completion of the (topological) fundamental group 1 (V,v). (For the theory
of étale covers and fundamental groups, we refer the interested reader to
SGAL.) Simple variants of this example include allowing controlled ramifica-
tion. Other examples of towers are those defined by iteration of self maps of
algebraic varieties.

For us, the most important examples of “towers” will be the cyclotomic
tower and the modular tower?. Another very interesting case of towers is
that of more general Shimura varieties. These, however, will not be treated
in this paper. (For a systematic treatment of quantum statistical mechanical
systems associated to general Shimura varieties see [13] and upcoming work
by the same authors.)

3.2 The Cyclotomic Tower and the BC System

In the case of Q, an explicit description of Q® is provided by the Kronecker—
Weber theorem. This shows that the field Q% is equal to Q%¢, the field
obtained by attaching all roots of unity to Q. Namely, Q%® is obtained by
attaching the values of the exponential function exp(2miz) at the torsion points
of the circle group R/Z. Using the isomorphism of abelian groups Q;,,, = Q/Z
and the identification Aut(Q/Z) = GL;(Z) = Z*, the restriction to Qz,,., of
the natural action of Gal(Q/Q) on Q* factors as

Gal(Q/Q) — Gal(Q/Q)" = Gal(Q™/Q) = Z".

Geometrically, the above setting can be understood in terms of the cy-
clotomic tower. This has base Spec Z = V;. The family is Spec Z[(,] = V,,
where (, is a primitive n-th root of unity (n € N*). The set Hom (V;,, — V,,),
non-trivial for n|m, corresponds to the map Z[(,] — Z[(n] of rings. The
group Aut(V,,) = GL1(Z/nZ) is the Galois group Gal(Q(¢{,)/Q). The group
of symmetries (14) of the tower is then

G = lim GL, (Z/nZ) = GL1(Z), (15)

n

which is isomorphic to the Galois group Gal(Q%/Q) of the maximal abelian
extension of Q.

The classical object that we consider, associated to the cyclotomic tower,
is the Shimura variety given by the adélic quotient

Sh(GLy, {+1}) = GL1(Q)\(GL1 (Af) x {+1}) = A%/Q%. (16)

4In this paper, we reserve the terminology “modular tower” for the tower of
modular curves. It would be interesting to investigate in a similar perspective the
more general theory of modular towers in the sense of M.Fried.
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Now we consider the space of 1-dimensional Q-lattices up to scaling modulo
commensurability. This can be described as follows ([10]).
In one dimension, every Q-lattice is of the form

(A7¢) - (AZ’)‘/D)’ (17)

for some A > 0 and some p € Hom(Q/Z,Q/Z). Since we can identify
Hom(Q/Z,Q/Z) endowed with the topology of pointwise convergence with

Hom(Q/Z,Q/Z) = imZ/nZ = Z, (18)

we obtain that the algebra C' (Z) is the algebra of coordinates of the space of
1-dimensional Q-lattices up to scaling.
In fact, using the identification

Q/Z = As/Z
one gets a natural character e of Ay/ Z such that
e(r) = e*™" VreQ/Z
and a pairing of Q/Z with Z such that
(r,z) = e(rz) VreQ/Z, zel.

Thus, we identify the group 7 with the Pontrjagin dual of Q/Z and we obtain
a corresponding identification

C*(Q/Z) = C(Z). (19)

The group of deck transformations G = 7* of the cyclotomic tower acts
by automorphisms on the algebra of coordinates C' (Z) in the obvious way. In
addition to this action, there is a semigroup action of N* = Z- ¢ implementing
the commensurability relation. This is given by endomorphisms that move
vertically across the levels of the cyclotomic tower. They are given by

an(f)(p) = (20)

f(n=tp), penl

0 otherwise.
Namely, o, is the isomorphism of C(Z) with the reduced algebra C(Z),
by the projection m, given by the characteristic function of nZ C Z. Notice
that the action (20) cannot be restricted to the set of invertible Q-lattices,
since the range of m, is disjoint from them.
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The algebra of coordinates .A; on the noncommutative space of equivalence
classes of 1-dimensional Q-lattices modulo scaling, with respect to the equiv-
alence relation of commensurability, is given then by the semigroup crossed
product

A= C(Z) x4 N, (21)

Equivalently, we are considering the convolution algebra of the groupoid
R1/R% given by the quotient by scaling of the groupoid of the equivalence
relation of commensurability on 1-dimensional Q-lattices, namely, R /R has
as algebra of coordinates the functions f(r, p), for p € Zandr € Q* such that
rp € Z, where rp is the product in Ay. The product in the algebra is given by
the associative convolution product

frxfa(rop)= D filrs™ sp)fals, p), (22)

s.spEZ

and the adjoint is given by f*(r,p) = f(r=1,rp).

This is the C*-algebra of the Bost—Connes (BC) system [3]. It has a natural
time evolution o; determined by the ratio of the covolumes of two commen-
surable Q-lattices,

Ut(f)(rv p) = Tit (T’ p)' (23)

The algebra A; was originally defined as a Hecke algebra for the almost
normal pair of solvable groups PZ+ C P& , where P is the algebraic ax + b
group and P is the restriction to a > 0 (¢f. [3]).

As a set, the space of commensurability classes (c¢f. Definition 5) of
1-dimensional Q-lattices up to scaling can also be described by the quotient

GL1(Q\A/RY = GLi(Q)\(Af x {£1}) = A;/Q%, (24)

where A" := Ay x R* is the set of adéles with nonzero archimedean compo-
nent. Rather than considering this quotient set theoretically, we regard it as
a noncommutative space, so as to be able to extend to it the ordinary tools
of geometry that can be applied to the “good” quotient (16).

The noncommutative algebra of coordinates of (24) is the crossed product

Co(Ay) x Q7. (25)

This is Morita equivalent to the algebra (21). In fact, (21) is obtained as a
full corner of (25),

C(Z) x N* = (Co(Ay) x Q%) _,

by compression with the projection 7 given by the characteristic function of
Z C Ay (cf [19]).
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The quotient (24) with its noncommutative algebra of coordinates (25)
can then be thought of as the noncommutative Shimura variety

Sh(")(GLy, {£1}) == GLi(@)\(Af x {£1}) = GL{(@\A/RY,  (26)

whose set of classical points is the well behaved quotient (16).

The noncommutative space of adéle classes, used in [8] in order to obtain
the spectral realization of the zeros of the Riemann zeta function, is closely
related to the noncommutative Shimura variety (26). First, one replaces A’
with A, as in [8]. This means adding the trivial lattice (the point A = 0 in
the R-component of A), with a possibly nontrivial Q-structure (given by some
p # 0 in Ay). One obtains this way the space

GL1(Q)\A/R7. (27)

One then obtains the space of adéle classes of [§] as the dual to (27) under
the duality given by taking the crossed product by the time evolution (i.e. in
the duality between type II and type III factors of [6]). The space obtained
this way is a principal R’ -bundle over the noncommutative space

GL1(Q)\A/RY.. (28)

3.3 Arithmetic Structure of the BC System

The results of [3] show that the Galois theory of the cyclotomic field Q¥
appears naturally in the BC system when considering the action of the group
of symmetries of the system on the extremal KMS states at zero temperature.

In the case of 1-dimensional Q-lattices up to scaling, the algebra of coordi-
nates C(Z) can be regarded as the algebra of homogeneous functions of weight
zero on the space of 1-dimensional Q-lattices. As such, there is a natural choice
of an arithmetic subalgebra.

This is obtained in [10] by considering functions on the space of
1-dimensional Q-lattices of the form

aaldo)= >yl (29)

yeA+p(a)

for any a € Q/Z. This is well defined, for ¢(a) # 0, using the summation
Impy_ oo ZJXN One can then form the weight zero functions

€1, i= CE€l,q, (30)

where ¢(A) is proportional to the covolume |A| and normalized so that
(2mv/—1)c(Z) = 1. The rational subalgebra A; g of (21) is the Q-algebra gen-
erated by the functions ey (7, p) := e1,4(p) and by the functions p,(r,p) =1
for » = n and zero otherwise. The latter implement the semigroup action of
N* in (21).
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As proved in [10], the algebra A; g is the same as the rational subalgebra
considered in [3], generated over Q by the p, and the exponential functions

e(r)(p) := exp(2mip(r)),  for p € Hom(Q/Z,Q/Z), andr e Q/Z, (31)
with relations e(r 4+ s) = e(r)e(s), e(0) = 1, e(r)* = e(—r), piu, = 1,
Mk ln = Hkn, and

e, = = 37 els). (32)

The C*-completion of A4, g ® C gives (21).

The algebra (21) has irreducible representations on the Hilbert space H =
(2(N*), parameterized by elements o € Z* = GLy(Z). Any such element
defines an embedding o : Q¢! — C and the corresponding representation is
of the form

T (6(7”)) €k = O‘(Cf) € Tq (:U'n) €k = €nk- (33)
The Hamiltonian implementing the time evolution o; on H is of the form

He, = logk €, and the partition function of the BC system is then the
Riemann zeta function

Z(B)=Tr (e ) => k7 =((B).
k=1

The set €3 of extremal KMS-states of the BC system enjoys the following
properties (¢f. [3]):
Theorem 6. (Bost—Connes [3]) For the system (A1, 0,) described above, the
structure of KMS states is the following.

o &g is a singleton for all 0 < B < 1. This unique KMS state takes values
pp(e(m/n)) = f-py1(n)/ fr(n),

where
fe(n) = u(d)(n/d)",
d|n
with p the Mébius function, and fi is the Fuler totient function.
o Forl < B < oo, elements of Eg are indexed by the classes of invertible

Q-lattices p € 7* = GL1(Z), hence by the classical points (16) of the
noncommutative Shimura variety (26),

&s = GL1(Q\GL1(A)/R} = Cq/Dq = Io/Qj, (34)

with Iy as in (1). In this range of temperatures, the values of states g, , €
Ep on the elements e(r) € A g is given, for 1 < f < oo by polylogarithms
evaluated at roots of unity, normalized by the Riemann zeta function,

RS o P
Lpﬁ,p(e(T‘)) - C(ﬂ) ngl p(CT)
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e The group GLl(Z) acts by automorphisms of the system. The induced ac-
tion of GLl(Z) on the set of extreme KMS states below critical temperature
18 free and transitive.

o The extreme KMS states at (8 = oo) are fabulous states for the field
K = Q, namely (A1) C Q¥ and the class field theory isomorphism

6 : Gal(Q¥! /Q) = Z* intertwines the Galois action on values with the
action of Z* by symmetries,

7o) = 9(0(7) ), (35)
for all ¢ € Ex, for all v € Gal(Q®¥“/Q) and for all x € A; g.

This shows that the BC system is a solution to Problem 1 for K = Q.

We return now to the discussion of Section 2.3 about the comparison
between the problem of fabulous states (Problem 4) and explicit class field
theory. In the case of the BC system, the “trivial system” mentioned in Section
2.3 corresponds to considering the abelian part of the algebra restricted to
invertible Q-lattices. On this the restriction of the time evolution is trivial.
The simple transitivity of the action of the Galois group on S shows trivially
that this restriction B is isomorphic to Q%, viewed as a subalgebra of C(S).

It is important to understand, already in the case of the BC system, how
the “rational subalgebra" A, g is simpler than the restriction B of its abelian
part to the space S = A%} /Q% of invertible Q-lattices. This depends essentially
on the fact of considering all Q-lattices, not just the invertible ones.

First one can see easily that the “trivial system” (B, o) obtained this way
is no longer a solution to Problem 1, as it does not fulfill any of the deeper
properties regarding phase transitions and the partition function. However,
the main point we wish to discuss here is the fact that, passing from B = Q®®
to the algebra A; g gives us a simpler presentation.

The presentation of Q% is given by the cyclotomic theory, while our ratio-
nal algebra is simply the group ring of Q/Z with coefficients in Q. We can use
this to obtain a presentation of Q% which does not use any direct reference
to field extensions in the following way.

Let H = Q/Z be the additive group given by the quotient of Q by Z C Q.
Consider the inclusion of algebras

Q[H] Cc C*(H) (36)

and let J C C*(H) be the ideal generated by the idempotents

T = % Z u(r), (37)

reH,mr=0

where m > 1 and the u(r) form the canonical basis of Q[H].
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Proposition 7. With H and J as above, the following holds.

1. The quotient
Q[H]/(Q[H] N J) (38)

is a field which is isomorphic to Qv = Qab.
2. Q[H) N J is equal to the ideal generated by the m,, in Q[H].

Proof. 1) We use the identification of the group 7 with the Pontrjagin dual
of H and the isomorphism of algebras (19).

Under this identification, the ideal .J corresponds to the ideal of functions
that vanish on the closed subset

AR
The quotient map C*(H) — C*(H)/J is just the restriction map

feC@y—f

G - (39)

In fact, first notice that the restriction of m,, to 7* vanishes since the
sum of all roots of unit of order m is zero. This shows that J is contained
in the kernel of the restriction map (39). Moreover, a character of the C*-
algebra C*(H)/J is given by a point a € Z on which all elements of J vanish.
However, if a ¢ Z*, then there exists m > 1 such that a € m x Z and one gets
Tm(a) = 1#0.

The multiplicative group G = 7* acts by multiplication on both A ¢/ 7=~H
and on Z and these actions are compatible with the pairing

(gr, x) = (r, gx),

and therefore with the isomorphism (19), and with the actions of G by auto-
morphisms .
G CAut C*"(H), G CAut(C(Z).

The group G is also identified with the Galois group of the cyclotomic field,
i.e. the subfield Q¢ C C generated by all the roots of unity of all orders. For
any element v € Z* C 7Z, let ¢, denote the evaluation map ¢, : C(Z) — C,
with ¢, (f) = f(v). These maps fulfill the condition

9(eu(f)) = u(9(f)) = ©gu(f)- (40)

for all g € G and for all f € Q[H], where we use the inclusion (36) and the
identification (19).

Thus, the restriction of f € Q[H] to Z* C Z is determined by the sin-
gle field element ¢(f) € Q%°. The restriction map (39) then induces an
isomorphism

Q[H]/(QIH] N J) = Qe (41)
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2) Let Jy be the ideal generated by the 7y, in Q[H]. It is enough to show
that, for @,, the n-th cyclotomic polynomial (cf. [26]), one has @, (u(1/n)) €
Jo. When n is prime one has &, (u(1/n)) = nm,. In general, if we write

k=1
or(z) = Z a’, (42)
0

then we obtain that @, is the g.c.d. of the polynomials o,,(z%), where d divides
n and m = n/d. For x = u(1/n), one has o,,,(z%) = m,, € Jo, for any divisor
d|n. Thus, we obtain @, (u(1/n)) € Jy as required. 0

Recall that m,, = py, 1), and ), py, = 1. Thus, the KMS,, states of the
BC system vanish identically on the m,,. The KMSg condition for 1 < 8 < oo
shows that KMSg states take value m~? on m,,. It follows that the restriction
of KMS,, states to the abelian part vanish identically on J.

In our setup we proved in [10] that the rational subalgebra A; g of the
BC system is generated by the natural simple functions of Q-lattices given by
summation and is actually the same as Q[H] C C*(H). (This follows using the
isomorphism of C*(H) with continuous functions of weight zero on Q-lattices.)
Thus, one can reasonably expect that similar simplifications will occur in the
case of imaginary quadratic fields.

In [10] we described a set of non-trivial relations for the algebra A g of the
GLoy-system (which will be recalled in Definition 11 below). One can consider
the specialization of these relations to the value of the j-invariant of an elliptic
curve with complex multiplication will provide relations for the CM system
(described in Section 4 below). We expect that this will provide the key for
an explicit presentation of the rational subalgebra A g of the CM system as
an algebra over the Hilbert class field K (j).

3.4 The Modular Tower and the GL2-System

Modular curves arise as moduli spaces of elliptic curves endowed with addi-
tional level structure. Every congruence subgroup IV of I" = SLy(Z) defines
a modular curve Y ; we denote by X the smooth compactification of the
affine curve Y7+ obtained by adding cusp points. Especially important among
these are the modular curves Y (n) and X (n) corresponding to the principal
congruence subgroups I'(n) for n € N*. Any X is dominated by an X (n).
We refer to [17, 32] for more details. We have the following descriptions of the
modular tower.

Compact version: The base is V = P! over Q. The family is given by
the modular curves X (n), considered over the cyclotomic field Q(¢,,) [25]. We
note that GLa(Z/nZ)/+1 is the group of automorphisms of the projection
V. = X(n) — X(1) = V; = V. Thus, we have

G = GLo(2)/{£1} = lim GLy(Z/nZ) / {1}, (43)
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Non-compact version: The open modular curves Y (n) form a tower with base
the j-line Spec Q[j] = A' = V; — {oo}. The ring of modular functions is the
union of the rings of functions of the Y'(n), with coefficients in Q(¢,) [17].

This shows how the modular tower is a natural geometric way of passing
from GL;(Z) to GLy(Z). The formulation that is most convenient in our set-
ting is the one given in terms of Shimura varieties. In fact, rather than the
modular tower defined by the projective limit

Y =limY(n) (44)

n

of the modular curves Y (n), it is better for our purposes to consider the
Shimura variety

Sh(H*, GLy) = GL2(Q)\(GL2(Ay) x HY) = GLy(Q)\GLy(A)/C*,  (45)

of which (44) is a connected component. Here H* denotes the upper and lower
half planes.

It is well known that, for arithmetic purposes, it is always better to work
with nonconnected rather than with connected Shimura varieties (cf. e.g. [25]).
The simple reason why it is necessary to pass to the nonconnected case is
the following. The varieties in the tower are arithmetic varieties defined over
number fields. However, the number field typically changes along the levels of
the tower (Y'(n) is defined over the cyclotomic field Q(¢,)). Passing to non-
connected Shimura varieties allows precisely for the definition of a canonical
model where the whole tower is defined over the same number field.

This distinction is important to our viewpoint, since we want to work
with noncommutative spaces endowed with an arithmetic structure, specified
by the choice of an arithmetic subalgebra.

Every 2-dimensional Q-lattice can be described by data

(A, 0) = (MZ + Z2), M), (46)

for some A € C*, some z € H, and o € M5(Z) (using the basis (1, —2) of Z+Zz
as in (87) [10] to view « as a map ¢). The diagonal action of I' = SLy(Z)
yields isomorphic Q-lattices, and (cf. (87) [10]) the space of 2-dimensional
Q-lattices up to scaling can be identified with the quotient

I'\(Mg(Z) x H). (47)

The relation of commensurability is implemented by the partially defined ac-
tion of GL3 (Q) on (47).

We denote by Ro the groupoid of the commensurability relation on
2-dimensional Q-lattices not up to scaling.

The groupoid Ry has, as (noncommutative) algebra of coordinates, the
convolution algebra of I" X I'-invariant functions on

U ={(g,a,u) € GL3 (Q) x M2(Z) x GLJ (R) |ga € My(Z)}.  (48)



KMS states and complex multiplication (Part IT) 35
Up to Morita equivalence, this can also be described as the crossed product
Co(M2(Af) x GL2(R)) x GL2(Q). (49)
Passing to Q-lattices up to scaling corresponds to taking the quotient
Z :=TRy/C". (50)

The action of C* on Q-lattices preserves the commensurability relation.
However, the action is not free due to the presence of lattices L = (0, 2),
where z € I"'\H has nontrivial automorphisms. Thus, the following problem
arises.

Claim. The quotient Z = Ro/C* is no longer a groupoid.

Proof. This can be seen in the following simple example. Consider the two
Q-lattices (a1,21) = (0,2v/—1) and (ag, z2) = (0,v/—1). The composite
(a1, 21), (a2, 22)) o (@2, 22), (1, 1))

is equal to the identity ((ov, 21), (a1, 21)). We can also consider the composi-
tion
(V _1 (a17zl)7 \% _]- (O[Q, Z?)) o ((OZQ,ZQ), (CU], Zl))a

where v/—1 (a2, 2z2) = (aa, 22), but this is not the identity, since v/—1 (a1, 21) #
(a1,21). O

However, we can still define a convolution algebra for the quotient Z of
(50), by restricting the convolution product of Rs to homogeneous functions
of weight zero with C*-compact support, where a function f has weight k if
it satisfies

f(g,a,u)) = N f(g,a,u), VYAeC*.

This is the analog of the description (21) for the 1-dimensional case.

Definition 8. The noncommutative algebra of coordinates Ao is the Hecke
algebra of functions on

U=1{(g,0,2) € GLF(Q) x Ma(Z) x H, go € Mz(Z)} (51)
mvariant under the I' X I action

(g,a,z) = (’71972717’720[772(2:))7 (52)

with convolution

(f1+ f2) (9,0, 2) = > filgs™" sa,5(2)) fals, o 2) - (53)

s€'\GL] (Q), sa€ M2 (Z)

and adjoint f*(g,a, z) = f(g~1, ga, g(2)).
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This contains the classical Hecke operators (cf. (128) [10]). The time evolu-
tion determined by the ratio of covolumes of pairs of commensurable Q-lattices
is given by

Ut(f>(9704;7> = det(g)itf(g,a,T), (54)
where, for the pair of commensurable Q-lattices associated to (g,«,7), one

has
det(g) = covolume(A")/covolume(A). (55)

3.5 Tate Modules and Shimura Varieties

We now give a description closer to (25), which shows that again we can
interpret the space of commensurability classes of 2-dimensional Q-lattices up
to scaling as a noncommutative version of the Shimura variety (45). More
precisely, we give a reinterpretation of the notion of 2-dimensional Q-lattices
and commensurability, which may be useful in the context of similar quantum
statistical mechanical systems associated to more general Shimura varieties
as in [13].

Tmplicit in what follows is an isomorphism between Q/Z and the roots of
unity in C. For instance, this can be given by the exponential function €27,

Proposition 9. The data of a 2-dimensional Q-lattice up to scaling are
equivalent to the data of an elliptic curve E, together with a pair of points
&€ = (&1,&) in the cohomology H (E, Z) Commensurability of 2-dimensional
Q-lattices up to scale is then implemented by an isogeny of the correspond-
ing elliptic curves, with the elements & and &' related via the induced map in
cohomology.

Proof. The subgroup QA/A of C/A = E is the torsion subgroup Fy,, of the

elliptic curve E. Thus, one can rewrite the map ¢ as a map Q?/Z? — Ei,,.

Using the canonical isomorphism E[n] = H(E,Z/nZ), for E[n] = A/nA the

n-torsion points of E, one can interpret ¢ as a map Q?/Z? — H'(E,Q/Z).
By taking Hom(Q/Z, —), the map ¢ corresponds to a Z-linear map

77— HY(E,7) (56)

or to a choice of two elements of the latter. In fact, we use here the identifi-
cation )

HY(E,Z)=TE
of HY(E,7) = HY(E,Z) ®z 7 with the total Tate module

A® 7 =1limE[n] = TE. (57)

i
Thus, (56) gives a cohomological formulation of the Z-linear map ¢ : Z @ Z —
ARZ. Commensurability of Q-lattices up to scale is rephrased as the condition
that the elliptic curves are isogenous and the points in the Tate module are
related via the induced map in cohomology. O
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Another reformulation uses the Pontrjagin duality between profinite abel-
ian groups and discrete torsion abelian groups given by Hom(—, Q/Z). This re-
formulates the datum ¢ of a Q-lattice as a Z-linear map Hom(QA/A, Q/Z) —
7 & Z, which is identified with A ® Z — Z & Z. Here we use the fact that
Aand A ® Z = HY(E,Z) are both self-dual (Poincaré duality of E). In this
dual formulation commensurability means that the two maps agree on the
intersection of the two commensurable lattices, (A; N A2) ® 7.

With the formulation of Proposition 9, we can then give a new interpre-
tation of the result of Proposition 43 of [10], which shows that the space of
commensurability classes of 2-dimensional (Q-lattices up to scaling is described
by the quotient

Sh")(H*, GLy) := GLo(Q)\(Ma(Ay) x HF). (58)

In fact, commensurability classes of Q-lattices (A,¢) in C are the same
as isogeny classes of data (E,n) of elliptic curves £ = C/A and Ajy-
homomorphisms

n: QA — AR Ay, (59)

with A® Ay = (A® 7) ® Q, where we can identify A ® Z with the total Tate
module of E, as in (57). Since the Q-lattice need not be invertible, we do not
require that 7 be an A j-isomorphism (cf. [25]).

In fact, the commensurability relation between Q-lattices corresponds to
the equivalence (E,n) ~ (E',n’) given by an isogeny g : F — E’ and 7/ =
(g ® 1) on. Namely, the equivalence classes can be identified with the quotient
of Ma(Af) x H* by the action of GL3(Q), (p,2) — (gp, g(2))-

Thus, (58) describes a noncommutative Shimura variety which has the
Shimura variety (45) as the set of its classical points. The results of [10] show
that, as in the case of the BC system, the set of low temperature extremal
KMS states is a classical Shimura variety. We shall return to this in the next
section.

Remark 10. Under the Gelfand—Naimark correspondence, unital C*-algebras
correspond to compact spaces. Thus, one can say that a noncommutative
space X described by a C*-algebra A is “Morita—compact” if the algebra A is
Morita equivalent to a unital C'*-algebra.

This provides us with a notion of “Morita—compactification” for noncom-
mutative spaces. In the case of the GLy-system, we can replace (58) by the
noncommutative space

Shine)(H*, GLy) := GL2(Q)\(M2(A ) xP* (C)) ~ GL2(Q)\M2(A) /C*, (60)

where we use the notation My(A) = My(As) x (M2(R) ~ {0}). This corre-
sponds to allowing degenerations of the underlying lattice in C to a pseudolat-
tice (cf. [22]), while maintaining the Q-structure (cf. [10]). Thus, the space (60)
can be thought of as obtained from the classical Shimura variety Sh(GLs, H*)
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by allowing all possible degenerations of the lattice, both at the archimedean
and at the non-archimedean components. In the archimedan case, this ac-
counts for adding the rank one matrices to GL2(RR), so as to obtain My(R) \
{0}/C* = PY(R), which corresponds to the pseudo-lattices. In the non-
archimedean part one allows the presence of non-invertible Q-lattices, which,
by Proposition 9, can also be viewed (adelically) as an analogous degenera-
tions (the two points &; in the Tate module need not be independent). The
“invertible part”

GL2(Q)\(GL2(Af) x P(R)) (61)

of the “boundary” gives the noncommutative modular tower considered in [9],
[24], and [29], so that the full space (60) appears to be the most natural can-
didate for the geometry underlying the construction of a quantum statistical
mechanical system adapted to the case of both imaginary and real quadratic
fields (cf. [22] [23]).

3.6 Arithmetic Properties of the GL2-System

The result proved in [10] for the GLa-system shows that the action of symme-
tries on the extremal KMS states at zero temperature is now related to the
Galois theory of the field of modular functions.

Since the arithmetic subalgebra for the BC system was obtained by con-
sidering weight zero lattice functions of the form (30), it is natural to expect
that the analog for the GLg-system will involve lattice functions given by the
Eisenstein series, suitably normalized to weight zero, according to the anal-
ogy developed by Kronecker between trigonometric and elliptic functions, as
outlined by A.Weil in [34]. This suggests that modular functions should ap-
pear naturally in the arithmetic subalgebra A, g of the GLa-system, but that
requires working with unbounded multipliers.

This is indeed the case for the arithmetic subalgebra As g defined in [10],
which we now recall. The main point of the following definition is that the
rationl subalgebra of the GLo-system is obtained by assigning the simplest
condition of algebraicity on the parameters the algebra depends on.

The g-expansion at a cusp of modular functions of level NV in the modular
field F' (c¢f. Section 1.1) has coefficients in the cyclotomic field Q({n). Thus, the
Galois group Gal(Q®/Q) acts on these coefficients through Gal(Q(¢y)/Q).
This action of Z* ~ Gal(Q*/Q) on the coefficients of the g-expansion deter-
mines a homomorphism

cyel : Z* — Aut(F). (62)

For p € 7*, this sends a modular function f € F with coefficients a,, of
the g-expansion to the modular function cycl(p)(f) that has the p(a,) as
coefficients.

If f is a continuous function on the quotient Z of (50), we write

f(g,a)(z) = f(gv Q, Z)
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so that fi, ) € C(H). Here the coordinates (g,a,z) are as in (51), with
z € GLI (R)/C*.
For py : M2(Z) — M>5(Z/N7Z) the canonical projection, we say that f is
of level N if
flg.0) = ftgn(a)  V(g:0).

Then f is completely determined by the functions
flgm) € C(H),  for m € My(Z/NZ).

Definition 11. [10] The arithmetic algebra Az g is a subalgebra of continuous
functions on the quotient Z of (50), with the convolution product (53) and
with the properties:

The support of f in I'\GL3 (Q) is finite.

The function f is of finite level.

For all (g, m), the function f satisfies f(g.m) € F.
The function f satisfies the cyclotomic condition:

f(g,a(u)m) = CyCl(U) f(g,m)v

for all g € GLI (Q) diagonal and all u € Z*, with
u 0
a(u) = <O 1)

Notice that the invariance f(gv,a,2) = f(g,va,v(z)), for all v € I' and
for all (g, c, z) € U, implies that fig myy = f(g,m), for all v € I'(IV) Ng'Ig,
i.e. f is invariant under a congruence subgroup.

The cyclotomic condition is a consistency condition on the roots of unity
that appear in the coefficients of the g-series. It only depends on the simple
action of Z* on the coefficients, but it is crucial for the existence of “fabulous
states” for the action of the Galois group of the modular field (cf. [10]).

It is important to remark here, for the later application to the case of imag-
inary quadratic fields, that the Galois theory of the modular field is not built
into the definition of the arithmetic algebra As . In fact, the properties we
assume in Definition 11 arise by just requiring a natural algebraicity condition
on the only continuous modulus ¢ present in the algebra (while eliminating
the trivial cases through the cyclotomic condition). The refined theory of au-
tomorphisms of the modular field does not enter in any way in the definition
of the algebra.

For a € My(Z), let G C GLF (Q) be the set of

and cycl as in (62).

Go={9€CGLI(Q): ga € My(Z)}.
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Then, as shown in [10], an element y = (a,z) € Ms(Z) x H determines a
unitary representation of the Hecke algebra A on the Hilbert space ¢2(I'\G.,),

(myH)E() = > flgs ' sa,5(2))&(s), Vg€ Ga (63)

s€E\Gq

for f € Aand € € (2(I'\Gl,,).

Invertible Q-lattices determine positive energy representations, due to the
fact that the condition ga € My(Z) for g € GL3(Q) and « € GLy(Z) (in-
vertible case) implies g € Ms(Z)", hence the time evolution (54) is imple-
mented by the positive Hamiltonian with spectrum {logdet(m)} C [0, c0)
for m € I'\M»(Z)*. The partition function of the GLg-system is then
Z(B) = ¢(B)C(B — 1). This shows that one can expect the system to have
two phase transitions, which is in fact the case.

While the group GLQ(Z) acts by automorphisms of the algebra of coordi-
nates of Ro/C*, i.e. the algebra of the quotient (58), the action of GLa(Af)
on the Hecke algebra A, of coordinates of Ro/C* is by endomorphisms. More
precisely, the group GLQ( ) of deck transformations of the modular tower still
acts by automorphisms on this algebra, while GLJ (Q) acts by endomorphisms
of the C*-dynamical system, with the diagonal Q* acting by inner, as in (7).

The group of symmetries GL2(Af) preserves the arithmetic subalgebra;
we remark that GLa(Af) = GL;’ (Q).GL, (Z) In fact, the group Q*\GL2(Ay)
has an important arithmetic meaning: a result of Shimura (cf. [32], [21]) char-
acterizes the automorphisms of the modular field by the exact sequence

0 — Q" — GLy(As) — Aut(F) — 0. (64)

There is an induced action of Q*\GL2(Af) (symmetries modulo inner) on
the KMSy states of (A, o), for § < oo. The action of GLy(Z) extends to
KMS,, states, while the action of GL3 (Q) on ¥, is defined by the action at
finite (large) 3, by first “warming up” and then “cooling down” as in (9) (cf.
[10]).

The result of [10] on the structure of KMS states for the GLo system is as
follows.

Theorem 12. (Connes—Marcolli  [10]) For the system (As,o:) described
above, the structure of the KMS states is as follows.

There is no KMS state in the range 0 < § < 1.
In the range B > 2 the set of extremal KMS states is given by the invertible
Q-lattices, namely by the Shimura variety Sh(GLy, HT),

Es =2 GL2(Q)\GL2(A)/C™. (65)
The explicit expression for these extremal KMSp states is
1 _
por(f) == > f(ma,m(z)det(m)®  (66)

Z(P)

mel\ M} ()

where L = («, 2) is an invertible Q-lattice.
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o At 8 = oo, and for generic L = («a,T) invertible (where generic means
J(1) ¢ Q), the values of the state poo 1, € Exc on elements of Az lie in
an embedded image in C of the modular field,

p(Azq) C Fr, (67)

and there is an isomorphism
0, : Autg(F,) — Q"\GLy(Af), (68)

depending on L = («, ), which intertwines the Galois action on the values
of the state with the action of symmetries,

Yo(f) =@, f), Vf €Ay, Vv € Autg(Fr). (69)

3.7 Crossed Products and Functoriality

In the case of the classical Shimura varieties, the relation between (45) and
(16) is given by “passing to components”, namely we have (cf. [25])

mo(Sh(GLg, HY)) = Sh(GLy, {£1}). (70)

In fact, the operation of taking connected components of (45) is realized by
the map

sign x det : Sh(GLy, HF) — Sh(GLy, {#1}). (71)

We show here in Proposition 13 that this compatibility extends to a cor-
respondence between the noncommutative Shimura varieties (26) and (58),
compatible with the time evolutions and the arithmetic structures.

We have seen that, up to Morita equivalence, the noncommutative spaces
of Q-lattices modulo commensurability (but not scaling) in dimensions n =
1,2 are described, respectively, by the crossed product C*-algebras

Co(Af x GL1(R)) x GL1(Q), (72)

and
Co(Ms(Af) x GLa(R)) x GLs(Q). (73)

The functor Cy from locally compact spaces to C*-algebras is contravariant,
while the functor C* from discrete groups to the associated (maximal) con-
volution C*-algebra is covariant. This shows that one needs to be careful in
getting functoriality for crossed products.

Thus, in order to get a morphism of crossed product algebras

C()(Xl) X Fl — C()(XQ) X F27
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it is necessary to have a proper continuous map 7 : Xo — X; and a proper
group homomorphism « : I'1 — I3, such that

moa(g)=gom VgelIl. (74)

In this case, one obtains an algebra homomorphism

S fUg e Co(X1) % It > (fyom) Ungg) € Co(X2) @ In.  (T5)

When the continuous map 7 fails to be proper, the above formula only
defines a homomorphism to the multiplier algebra

OQ(Xl) Dol Fl — M(Co(XQ) D! FQ)

In the case of the BC and the GLy systems, we consider the map « :
GL1(Q) — GL3(Q) of the form

a(r) = <g(1)) (76)

We also take 7 to be the determinant map,
(p,u) € Ma(Af)xGLy(R) — 7(p,u) = (det(p),det(u)) € Ay xGLy(R). (77)

We then have the following result extending the classical map of Shimura
varieties (70).

Proposition 13. Let o and 7 be defined as in (76) and (77). Then the fol-
lowing holds.

1. The pair (7, «) induces a morphism

p: Co(Ar xGL1(R)) x GL1(Q) — M(Co(Ma(As)x GL2(R)) x GL2(Q)).

(78)

2. The restriction of p to homogeneous functions of weight 0 induces a mor-
phism

po  Co(Asx{£1}) 1 GL (Q) — M(Co(Ma(As)x HE) x GLy(Q)). (79)

8. The above yields a correspondence p12 from the GLq-system to the GLo-
system, compatible with the time evolutions and the rational subalgebras.

Proof. 1) One checks that (74) holds, since « satisfies det a(r) = r. By con-
struction, m is not proper but is clearly continuous, hence one obtains the
morphism p to the multiplier algebra, as we discussed above.

2) The extension p of p to multipliers gives a morphism

5o C(As x GLi(R)) x GL1(Q) — C(Ma(Ay) x GLy(R)) x GLa(Q).
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One obtains pg by restricting p to homogeneous functions of weight 0 for the
scaling action of R on GL;(R). The image of such a function is homogeneous
of weight 0 for the scaling action of C* on GL2(R) and only depends upon the
sign of the modulus in H* as in the diagram

GLy(R) —> H* = GLy(R)/C*
idet lsign (80)
GLy(R) — {1} = GL, (R)/R%..

3) One can restrict pg to A3 = C(Z) X, N* and one gets a morphism
C(Z) %o N* — M(Co(Ms(Ay) x H) x GLo(Q)F,) (81)

but one still needs to combine it with the Morita equivalence between
Co(M2(Ay) x H) x GL2(Q)" and Ay. This Morita equivalence is given by
the bimodule £ of functions of

(9,0, 2) € V= GLF (Q) x My(Z) x H (82)
invariant under the I" action

(9:a,2) = (97", v o, v(2)). (83)

For (g,a,2) € V, both g € My (Ay) and g(z) € H make sense, and this allows
for a left action of Co(M2(Ays) x H) on €. This action is GLj (Q)-equivariant
for the left action of GL3 (Q) on V given by

h(g.a,2) = (hg,a,z) VheGL3(Q) (84)

and turns & into a left Cop(Ma(Af) x H) x GL2(Q)" module. To obtain the
right module structure over Ay, one uses the convolution product

ExNgaz) = Y Elgshsas(2) s, a,2). (85)

s€I'\GL3 (Q)

The left action of Co(M2(A) x H) extends to its multipliers and one can
use (81) to obtain on & the required structure of left C'(Z) x o N*-module and
right As-module. One checks that this is compatible with the time evolutions
o¢. It is also compatible with the rational subalgebras A; g and Aj . This
compatibility can be seen using the cyclotomic condition defined in (62) and
in Definition 11. O

The compatibility between the BC system and the CM system for imagi-
nary quadratic fields is discussed in Proposition 22.
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4 Quantum Statistical Mechanics for Imaginary
Quadratic Fields

In the Kronecker—Weber case, the maximal abelian extension of Q is generated
by the values of the exponential function at the torsion points Q/Z of the
group C/Z = C*.

Similarly, it is well known that the maximal abelian extension of an imag-
inary quadratic field K is generated by the values of a certain analytic func-
tion, the Weierstrass gp-function, at the torsion points Ej,.s of an elliptic
curve FE (with complex multiplication by O). It contains the j-invariant j(E)
of E. To see this, let e, for k = 1,2,3, denote the three values taken by
the Weierstrass p-function on the set F[2] of 2-torsion points of the ellip-
tic curve E. Then j(E) is obtained as a function of the e by the formula
J(E) = 256(1— £+ 2)°/(f2(1 — £)2), where f = (e5 — es)/(e1 — e3).

Thus, in the case of imaginary quadratic fields, the theory of complex
multiplication of elliptic curves provides a description of K. The ideal class
group Cl(O) is naturally isomorphic to Gal(K (j)/K), where K(j(F)) is the
Hilbert class field of K, i.e. , its maximal abelian unramified extension. In the
case that Cl(O) is trivial, the situation of the CM case is exactly as for the field
Q, with O~ replacing Z*. Namely, in the case of class number one, the class
field theory isomorphism reduces to an isomorphism Gal(K®/K) = O* /O*,
which is a direct generalization of Gal(Q%/Q) = Z*.

The construction of BC [3] was partially generalized to other global fields
(i.e. number fields and function fields) in [20, 16, 5]. The construction of [16]
involves replacing the ring O of integers of K by a localized ring Og which is
principal and then taking a cross product of the form

C*(K/Og) x 0% (86)

where O_T_ is the sub semi-group of K* generated by the generators of prime
ideals of Og. The symmetry group is @g and does not coincide with what is
needed for class field theory except when the class number is 1. The construc-
tion of [5] involves a cross product of the form

C*(K/O) % J+ (87)

where J7 is a suitable adelic lift of the quotient group I/ O*. Tt gives the right
partition function namely the Dedekind zeta function but not the expected
symmetries. The construction of [20] involves the algebra

C*(K/O) 1 0% = C(O) x O (88)

and has symmetry group O, while what is needed for class field theory is a
system with symmetry group Iy /K*. As one can see from the commutative
diagram
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1 O )O* Ix/K* Cl(0) 1

T e

1 — Gal(K®/K(j)) — Gal(K%/K) — Gal(K (j)/K) — 1,

the action of O* is sufficient only in the case when the class number is one.
In order to avoid the class number one restriction in extending the results of
[3] to imaginary quadratic fields, it is natural to consider the universal situa-
tion: the moduli space of elliptic curves with level structure, i.e. , the modular
tower. Using the generalization of the BC case to GLy constructed in [10],
we will now describe the CM system constructed in [11]. This does in fact
have the right properties to recover the explicit class field theory of imagi-
nary quadratic fields from KMS states. It is based on the geometric notions
of K-lattice and commensurability and extends to quadratic fields the rein-
terpretation of the BC system which was given in [10] in terms of Q-lattices.
We show in this section that the CM system we obtained in [11] is, in fact,
Morita equivalent to the one of [20]. The two main new ingredients in our
construction are the choice of a natural rational subalgebra on which to eval-
uate the KMSq states and the fact that the group of automorphisms O* /O*
should be enriched by further symmetries, this time given by endomorphisms,
so that the actual group of symmetries of the system is exactly Ix/K*. In
particular, the choice of the rational subalgebra differs from [20], hence, even
though Morita equivalent, the systems are inequivalent as “noncommutative
pro-varieties over Q”.

4.1 K-Lattices and Commensurability

In order to compare the BC system, the GLs system and the CM case, we give
a definition of K-lattices, for K an imaginary quadratic field. The quantum
statistical mechanical system we shall construct to recover the explicit class
field theory of imaginary quadratic fields will be related to commensurabil-
ity of 1-dimensional K-lattices. This will be analogous to the description of
the BC system in terms of commensurability of 1-dimensional Q-lattices. On
the other hand, since there is a forgetful map from 1-dimensional K-lattices
to 2-dimensional Q-lattices, we will also be able to treat the CM case as a
specialization of the GLo system at CM points.

Let O = Z + Z7 be the ring of integers of an imaginary quadratic field
K = Q(7); fix the embedding K — C so that 7 € H. Note that C then
becomes a K-vector space and in particular an O-module. The choice of 7 as
above also determines an embedding

¢r : K — My (Q). (90)
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The image of its restriction ¢, : K* < GLg (Q) is characterized by the prop-
erty that (cf. [32] Proposition 4.6)

¢-(K") ={g € GL{(Q) : g(r) =T}. (91)

For g = ¢, (z) with z € K*, we have det(g) = n(z), where n: K* — Q* is the
norm map.

Definition 14. For K an imaginary quadratic field, a 1-dimensional
K-lattice (A, @) is a finitely generated O-submodule A C C, such that A ®o
K = K, together with a morphism of O-modules

¢ K/O— KA/A. (92)
A 1-dimensional K -lattice is invertible if ¢ is an isomorphism of O-modules.

Notice that in the definition we assume that the O-module structure is
compatible with the embeddings of both O and A in C.

Lemma 15. A 1-dimensional K-lattice is, in particular, a 2-dimensional
Q-lattice. Moreover, as an O-module, A is projective.

Proof. First notice that KA = QA, since QO = K. This, together with A ®¢
K =~ K, shows that the Q-vector space QA is 2-dimensional. Since RA = C,
and A is finitely generated as an abelian group, this shows that A is a lattice.
The basis {1,7} provides an identification of K/O with Q?/Z2, so that we
can view ¢ as a homomorphism of abelian groups ¢ : Q?/Z? — QA/A. The
pair (A, ¢) thus gives a two dimensional Q-lattice.

As an O-module A is isomorphic to a finitely generated O-submodule of
K, hence to an ideal in O. Every ideal in a Dedekind domain O is finitely
generated projective over O. O

Suppose given a 1-dimensional K-lattice (4, ¢). Then the elliptic curve
E = C/A has complex multiplication by K, namely there is an isomorphism

1: K 5 End(E)® Q. (93)

In general, for A a lattice in C, if the elliptic curve E = C/A has complex
multiplication (i.e. there is an isomorphism (93) for K an imaginary quadratic
field), then the endomorphisms of E are given by End(FE) = O4, where O is
the order of A,

Op={zxeK: zAC A} (94)

Notice that the elliptic curves E = C/A, where A is a 1-dimensional K-lattice,
have Oy = O, the maximal order. The number of distinct isomorphism classes
of elliptic curves F with End(E) = O is equal to the class number hg. All
the other elliptic curves with complex multiplication by K are obtained from
these by isogenies.
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Definition 16. Two I-dimensional K -lattices (A1, ¢1) and (Ag, ¢p2) are com-
mensurable if KAy = KAy and ¢1 = ¢2 modulo Ay + As.

One checks as in the case of Q-lattices (cf. [10]) that it is an equivalence
relation.

Lemma 17. Two I-dimensional K -lattices are commensurable iff the under-
lying Q-lattices are commensurable. Up to scaling, any K -lattice A is equiva-
lent to a K-lattice A" = XA C K C C, for a A\ € C*. The lattice A" is unique
modulo K*.

Proof. The first statement holds, since for 1-dimensional K-lattices we have
KA = QA. For the second statement, the K-vector space K A is 1-dimensional.
If ¢ is a generator, then £ ="' A C K. The remaining ambiguity is only by scaling
by elements in K*. O

A more explicit description of the space of 1-dimensional K-lattices, the
commensurability relation, and the action of C* by scaling is the following

(cf. [11]).
Proposition 18. The following properties hold.

1. The data (A, $) of a 1-dimensional K -lattice are equivalent to data (p, s)
of an element p € O and s € A5 /K*, modulo the O*-action given by
(p,8) — (z71p,ws), x € O*. Thus, the space of 1-dimensional K -lattices
s given by A

O xp. (A /K™). (95)

2. Let Ay = Ak x C* be the subset of adéles of K with nontrivial

archimedean component. The map O(p,s) = ps,

0:0 x4. (A} /K*) — Ay /K™, (96)

preserves commensurability and induces an identification of the set of com-
mensurability classes of 1-dimensional K -lattices (not up to scale) with the
space Ay JK*.

3. The map defined as T : (A, ¢) — p € @/K* for principal K -lattices
extends to an identification, given by T : (A, ¢) — sy p € Ak ;/K*, of the
set of commensurability classes of 1-dimensional K -lattices up to scaling
with the quotient

O/K* = Ak /K" (97)

The proof (cf. [11]) uses the fact that the O-module A can be described
in the form A, = s7'(s;O N K), where s = (sf,54) € A%. This satisfies
Aps = Ag for all k € (@* x 1) K* C A}, so that, up to scaling, A can be
identified with an ideal in O, written in the form s;O N K (cf. [32] §5.2).

The quotient A ;/K* has a description in terms of elliptic curves, anal-
ogous to what we explained in the case of the GLo-system. In fact, we can
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associate to (A, ¢) the data (E,n) of an elliptic curve E = C/A with com-
plex multiplication (93), such that the embedding K < C determined by
this identification and by the action of End(E) on the tangent space of E at
the origin is the embedding specified by 7 (c¢f. [25] p.28, [32] §5.1), and an
Ak s-homomorphism

U:AK,fHA(X)OAK,f, (98)

The composite map
A5 A®0 Ak = Ak g,

determines an element sfp € Ag s. The set of equivalence classes of data
(E,t,m), where equivalence is given by an isogeny of the elliptic curve com-
patible with the other data, is the quotient Ag ;/K*.

This generalizes to the non-invertible case the analogous result for invert-
ible 1-dimensional K-lattices (data (E,¢,n), with n an isomorphism realized
by an element p € Aj. ;) treated in [25], where the set of equivalence classes
is given by the idéle class group of the imaginary quadratic field,

Ix/K* = GLy (K)\GL; (Ax.;) = Cx /D. (99)

4.2 Algebras of Coordinates

We now describe the noncommutative algebra of coordinates of the space of
commensurability classes of 1-dimensional K-lattices up to scaling.

To this purpose, we first consider the groupoid R of the equivalence rela-
tion of commensurability on 1-dimensional K-lattices (not up to scaling). By
construction, this groupoid is a subgroupoid of the groupoid R of commensu-
rability classes of 2-dimensional Q-lattices. Its structure as a locally compact
étale groupoid is inherited from this embedding.

The groupoid Ri corresponds to the quotient Ay /K*. Its C*-algebra is
given up to Morita equivalence by the crossed product

Co(Ay) x K*. (100)

The case of commensurability classes of 1-dimensional K-lattices up to
scaling is more delicate. In fact, Proposition 18 describes set theoretically the
space of commensurability classes of 1-dimensional K-lattices up to scaling
as the quotient A ¢/K*. This has a noncommutative algebra of coordinates,
which is the crossed product

Co(AKJ/O*) X K*/O* (101)
As we are going to show below, this is Morita equivalent to the noncom-

mutative algebra Ax = C*(G k) obtained by taking the quotient by scaling
Gk = Ri/C* of the groupoid of the equivalence relation of commensurability.
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Unlike what happens when taking the quotient by the scaling action of
C* in the GLg-system, in the CM case the quotient G = 7:\5,K/C* is still a
groupoid.

The simplest way to check this is to write R as the union of the two
groupoids Rr = Gy UGy, corresponding respectively to pairs of commen-
surable K-lattices (L,L') with L = (A,0),L’ = (A’,0) and (L,L’) with
L= (A¢ #0),L = (A,¢ # 0). The scaling action of C* on Gy is the
identity on O* and the corresponding action of C*/O* is free on the units of
Go. Thus, the quotient Go/C* is a groupoid. Similarly, the action of C* on
G is free on the units of G; and the quotient G;/C* is a groupoid.

The quotient topology turns G g into a locally compact étale groupoid. The
algebra of coordinates Ax = C*(G) is described equivalently by restricting
the convolution product of the algebra of R x to weight zero functions with C*-
compact support and then passing to the C* completion, as in the GLy-case.
In other words the algebra Ag of the CM system is the convolution algebra
of weight zero functions on the groupoid R of the equivalence relation of
commensurability on K-lattices. Elements in the algebra are functions of pairs
(A, @), (A, @) of commensurable 1-dimensional K-lattices satisfying, for all
e,

FOAL @), A, 6) = F((A,6), (A, 4)).

Let us compare the setting of (101) i.e. the groupoid Ak ;/O* x K*/O*
with the groupoid Gi. In fact, the difference between these two settings can
be seen by looking at the case of K-lattices with ¢ = 0. In the first case, this
corresponds to the point 0 € Ag ¢/O*, which has stabilizer K*/O*, hence we
obtain the group C*-algebra of K*/O*. In the other case, the corresponding
groupoid is obtained as a quotient by C* of the groupoid 7~2K,0 of pairs of
commensurable O-modules (finitely generated of rank one) in C. In this case
the units of the groupoid 7~2K,0/ C* can be identified with the elements of
Cl(O) and the reduced groupoid by any of these units is the group K*/O*.
The general result below gives the Morita equivalence in general.

Proposition 19. Let Ak prine := Co(Ag,r/O*) x K*/O*. Let H be the space
of pairs up to scaling (A, @), (A", ¢")) of commensurable K -lattices, with (A, ¢)
principal. The space H' is defined analogously with (A, ¢") principal. Then H
(resp. H') has the structure of Ak princ—Ax (Tesp. Ak —Ak princ) bimodule.
These bimodules give a Morita equivalence between the algebras Ag prine and

Ag = C*(Gk).

Proof. The correspondence given by these bimodules has the effect of reducing
to the principal case. In that case the groupoid of the equivalence relation
(not up to scaling) is given by the crossed product Ay x K*. When taking
the quotient by C* we then obtain the groupoid Ak, ;/O* x K*/O*. a

Recall that the C*-algebra for the GLo-system is not unital, the reason
being that the space of 2-dimensional Q-lattices up to scaling is noncompact,
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due to the presence of the modulus z € H of the lattice. When restricting to
1-dimensional K-lattices up to scaling, this parameter z affects only finitely
many values, corresponding to representatives A = Z + Zz of the classes in
Cl0).

Thus, the algebra Ag is unital.

In terms of the groupoid, this can be seen from the fact that the set Ggg)
of units of Gk is the compact space

X =G =0 xp. (A /K. (102)

obtained as the quotient of O X 3+ (AJ/K*) by the action of C*. Notice that
Aje /(K™ x 0%) is Cl(O).

By restriction from the GLa-system, there is a homomorphism n from
the groupoid Ry to R% given by the covolume of a commensurable pair of
K-lattices. More precisely given such a pair (L, L") = ((A, ¢), (A, ¢')) we let

|L/L'| = covolume(A’)/covolume(A) (103)

This is invariant under scaling both lattices, so it is defined on Gg =
Ri /C*. Up to scale, we can identify the lattices in a commensurable pair
with ideals in O. The covolume is then given by the ratio of the norms. This
defines a time evolution on the algebra Ax by

or(f)(L, L) = |L/ L[ f(L, L). (104)

We construct representations for the algebra Ag. For an étale groupoid
Gk, every unit y € G&g) defines a representation m, by left convolution of the
algebra of G in the Hilbert space H, = (*((Gk)y), where (Gk), is the set
of elements with source y. The representations corresponding to points that
have a nontrivial automorphism group will no longer be irreducible. As in the
GLo-case, this defines the norm on Ag as

11l = Sl;pHﬂ'y(f)”- (105)

Notice that, unlike in the case of the GLo-system, we are dealing here
with amenable groupoids, hence the distinction between the maximal and the
reduced C*-algebra does not arise.

The following result of [11] shows the relation to the Dedekind zeta func-
tion.

Lemma 20. 1. Given an invertible K -lattice (A, ¢), the map
(A, ¢")— J={x € OlzA" C A} (106)

gives a bijection of the set of K -lattices commensurable to (A, ¢) with the
set of ideals in O.
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2. Invertible K -lattices define positive energy representations.
3. The partition function is the Dedekind zeta function (x (8) of K.

As in Theorem 1.26 and Lemma 1.27 of [10] in the GLo-case, one uses the
fact that, if A is an invertible 2-dimensional Q-lattice and A’ is commensurable
to A, then A C A’. The map above is well defined, since J C O is an ideal.
Moreover, JA' = A, since O is a Dedekind domain. It is shown in [11] that
the map is both injective and surjective. We use the notation

T4, ¢) = (A, 9). (107)

For an invertible K-lattice, this gives an identification of (G k), with the set J
of ideals J C O. The covolume is then given by the norm. The corresponding
Hamiltonian is of the form

Hey =logn(J) ey, (108)

with non-negative eigenvalues, hence the partition function is the Dedekind
zeta function
2B = > )= (109)

J ideal in ©

4.3 Symmetries

We shall now adapt the discussion of symmetries of the GL(2) system to
K-lattices, adopting a contravariant notation instead of the covariant one
used in [10].

Proposition 21. The semigroup on A}}dc acts on the algebra A by endo-

morphisms. The subgroup O* acts on Ak by automorphisms. The subsemi-
group O acts by inner endomorphisms.

Consider the set of K-lattices (A, ¢) such that ¢ is well defined modulo
JA, for an ideal J = sO N K. Namely, the map ¢ : K/O — KA/ A factorises
as K/O — KA/JA — KAJA. We say, in this case, that the K-lattice (4, ¢)
is divisible by J. For a commensurable pair (A, ¢) and (A, ¢’), and an element
f € Ak, we set

05(£)((4,9),(A,¢))

(A, 57 e), (A, s7H¢))  both K-lattices are divisible by J (110)
o otherwise.

Formula (110) defines an endomorphism of A with range the algebra reduced
by an idempotent e ;. Clearly, for s € O*, the above defines an automorphism,
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which is compatible with the time evolution. For s € O*, the endomorphism
(110) is inner,

0s(f) = s f 1
with ps € Ax given by

1A=s"1A"and ¢' =
ps((4, 9), (A, ) = { v (111)

0 otherwise.

The range of us is the projection ey, with J the principal ideal generated by
s. The isometries ps are eigenvectors of the time evolution, namely o;(us) =
n(s)" us.

Recall that A f = O.K*. Thus, we can pass to the corresponding group of
symmetries, modulo inner, which is given by the idéle class group Aj f /K™,
which is identified, by the class field theory isomorphism, with the Galois
group Gal(K*/K).

This shows that we have an action of the idéle class group on the set of
extremal KMSg states of the CM system. The action of the subgroup @*/(’)*
is by automorphisms, while the action of the quotient group Cl(O) is by
endomorphisms, as we expected according to diagram (89).

4.4 Comparison with Other Systems

First we investigate the functoriality issue for the CM-system associated to a
quadratic imaginary extension K of Q as above. This describes the compati-
bility between the CM system and the BC system.

By Proposition 19 we can replace the C*-algebra Ak by the Morita equiv-
alent one Ag prine = Co(Ak, /O0*) x K*/O*. We need to relate it to the BC-
system i.e. again, up to Morita equivalence, to the crossed product algebra
Co(Af) X GLl(Q)+

Let N : Ag ¢ — Ay be the norm map and ¢ : N(K*) — K* be a group
homomorphism section of N : K* — N(K*).

Proposition 22. The pair (N, ) induces a morphism
0 : Co(Af) X N(K*) = M(Co(Ak,5/O%) x K*/O*) = M(Ak princ)
to the multiplier algebra of Ak princ.

Proof. This is an immediate application of the discussion in Section 3.7. In
fact, one checks that condition (74) is fulfilled by construction. Note that, in
the setup as above, N(K*) is a subgroup of GL1(Q)* and, moreover, N(0*) =
1. The noncommutative space Ay/N(K*), quotient of Ay by N(K*), is an
etale infinite covering of the space of one dimensional Q-lattices up to scaling.

O

It is also useful to see explicitly the relation of the algebra Ag of the
CM system to the algebras previously considered in generalizations of the
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Bost—Connes results, especially those of [5], [16], and [20]. This will explain
why the algebra Ak contains exactly the amount of extra information to allow
for the full explict class field theory to appear.

The partition function of the system considered in [16] agrees with the
Dedekind zeta function only in the case of class number one. A different sys-
tem, which has partition function the Dedekind zeta function in all cases, was
introduced in [5]. Our system also has as partition function the Dedekind zeta
function, independently of class number. It however differs from the system
of [5]. In fact, in the latter, which is a semigroup crossed product, the nat-
ural quotient of the C'*-algebra obtained by specializing at the fixed point of
the semigroup is the group ring of an extension of the class group Cl(O) by
K*/O*, while in our case, when specializing similarly to the K-lattices with
¢ = 0, we obtain an algebra Morita equivalent to the group ring of K*/O*.
Thus, the two systems are not naturally Morita equivalent.

The system considered in [20] is analyzed there only under the hypoth-
esis of class number one. It can be recovered from our system, which has
no restrictions on class number, by reduction to those K-lattices that are
principal. Thus, the system of [20] is Morita equivalent to our system (cf.
Proposition 19).

Notice, moreover, that the crossed product algebra C(O) x O considered
in some generalizations of the BC system is more similar to the “determi-
nant part” of the GLa-system (c¢f. Section 1.7 of [10]), namely to the algebra
C(My(Z)) x My (Z), than to the full GLa-system.

5 KMS States and Complex Multiplication

We can now describe the arithmetic subalgebra Ax g of Agx. The relation
between the CM and the GLs-system provides us with a natural choice for
Ak 0.

Definition 23. The algebra Ak g is the K-algebra obtained by
Ax o= A20lcx ®g K. (112)

Here As glc, denotes the Q-algebra obtained by restricting elements of
the algebra Aj g of Definition 11 to the C*-quotient Gk of the subgroupoid
7?,[{ C 7%2.

Notice that, for the CM system, Ak g is a subalgebra of A, not just a
subalgebra of unbounded multipliers as in the GLy-system, because of the fact
that Ax is unital.

We are now ready to state the main result of the CM case. The following
theorem gives the structure of KMS states for the system (A, o¢) and shows
that this system gives a solution to Problem 1 for the imaginary quadratic
field K.



54 Alain Connes, Matilde Marcolli, and Niranjan Ramachandran

Theorem 24. (Connes-Marcolli-Ramachandran [11]) Consider the system
(Ak,01) described in the previous section. The extremal KMS states of this
system satisfy:

In the range 0 < B < 1 there is a unique KMS state.
For 8 > 1, extremal KMSg states are parameterized by invertible K-
lattices,

€y~ A /K (113)

with a free and transitive action of Cx /Dy = A}yf/K* as symmetries.
o In this range, the extremal KMSs state associated to an invertible K -lattice
L = (A, ) is of the form

eor(f)=CkB®™ > fITLITL) n()), (114)

J ideal in ©

where (i (B) is the Dedekind zeta function, and J~ L defined as in (107).

o The set of extremal KMS states (as weak limits of KMSs states) is still
given by (113).

o The extremal KMSy stales poo,r, of the CM system, evaluated on the
arithmetic subalgebra Ax g, take values in K, with ¢oo 1.(AK g) = K.

o The class field theory isomorphism (2) intertwines the action of Aj ;/K*
by symmetries of the system (Ax, 1) and the action of Gal(K/K) on the
image of Ax g under the extremal KMSy states. Namely, for all poo.1 €
Es and for all f € Ak g,

(9o, () = (pooL 007 (@)(f), Vo € Gal(K™/K). (115)

Notice that the result stated above is substantially different from the GLs-
system. This is not surprising, as the following general fact illustrates. Given
an étale groupoid G and a full subgroupoid G’ C G, let p be a homomorphism
p: G — R%. The inclusion G’ C G gives a correspondence between the C*-
algebras associated to G’ and G, compatible with the time evolution associated
to p and its restriction to G’. The following simple example, however, shows
that, in general, the KMS states for the G’ system do not map to KMS states
for the G system. We let G be the groupoid with units G(©) given by an
infinite countable set, and morphisms given by all pairs of units. Consider
a finite subset of G0 and let G’ be the reduced groupoid. Finally, let p be
trivial. Clearly, the G’ system admits a KMS state for all temperatures given
by the trace, while, since there is no tracial state on the compact operators,
the G system has no KMS states.

5.1 Low Temperature KMS States and Galois Action

The partition function Zx(83) of (109) converges for § > 1. We have also
seen in the previous section that invertible K-lattices L = (4, ¢) determine
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positive energy representations of A on the Hilbert space H = ¢?(J) where
J is the set of ideals of O. Thus, the formula

_ Tr (w(f) exp(—BH))
vp,L(f) = TrL(exp(—ﬁH))

(116)

defines an extremal KMSg state, with the Hamiltonian H of (108). These
states are of the form (114). It is not hard to see that distinct elements in
Ak r/K* define distinct states @g, 1. This shows that we have an injection of
Ak s /K* C Eg. Conversely, every extremal KMSg state is of the form (114).
This is shown in [11] by first proving that KMSgs states are given by measures
on the space X of K-lattices (up to scaling),

o(f) = /X S L) du(L). Vf € Ax. (117)

One then shows that, when 8 > 1 this measure is carried by the com-
mensurability classes of invertible K-lattices. (We refer the reader to [11] for
details.)

The weak limits as 3 — oo of states in £g define states in £ of the form

<poo,L(.f) = f(Lv L) (118)

Some care is needed in defining the action of the symmetry group Ag r/K*
on extremal states at zero temperature. In fact, as it happens also in the
GLg-case, for an invertible K-lattice evaluating ¢ 1, on 65(f) does not give a
nontrivial action in the case of endomorphisms. However, there is a nontrivial
action induced on £ by the action on £ for finite 3 and it is obtained as

Ouloo,L)(f) = Jim (Ws(poo,1) ©05) (£), (119)

where Wp is the “warm up” map (9). This gives

@s(@oo,L) = Poo,L,> (120)

with L the invertible K-lattice (J;1A4,s71¢).
Thus the action of the symmetry group Ix /K™ is given by

L= (A¢)— Ly= (J;7 A, s ¢), Vseclg/K*. (121)

When we evaluate states ¢ 1 on elements f € Ag g of the arithmetic
subalgebra we obtain

(poo,L(f) = f(Lv L) = g(L) ) (122)

where the function ¢ is the lattice function of weight 0 obtained as the restric-
tion of f to the diagonal. By construction of Ag g, one obtains in this way all
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the evaluations f +— f(z) of elements of the modular field F' on the finitely
many modules z € H of the classes of K-lattices.

The modular functions f € F that are defined at 7 define a subring B of
F. The theory of complex multiplication (cf. [32], §5) shows that the subfield
F, C C generated by the values f(7), for f € B, is the maximal abelian
extension of K (we have fixed an embedding K C C),

F, = K%, (123)

Moreover, the action of a € Gal(K?/K) on the values f(z) is given by
af(z) = f770 (). (124)
In this formula the notation f — f7 denotes the action of an element v €
Aut(F) on the elements f € F, the map 6 is the class field theory isomorphism

(2), ¢r is the embedding of A} , in GL2(A) and o is as in the diagram with
exact rows

1 —> K* ——> GLy(Ag ;) —> Gal(K®/K) —> 1
iqT (125)
1 Q* GLy(Ay) — 7> Aut(F) —— 1.

Thus, when we act by an element o € Gal(K*/K) on the values on Ak g
of an extremal KMS., state we have

 o0,1(f) = $oo,r.(f) (126)

where s = 071 (a) € Ix/K*.

This corresponds to the result of Theorem 1.39 of [10] for the case of
2-dimensional Q-lattices (see equations (1.130) and following in [10]) with the
slight nuance that we used there a covariant notation for the Galois action
rather than the traditional contravariant one f +— f7.

5.2 Open Questions

Theorem 24 shows the existence of a C*-dynamical system (Ag,o;) with all
the required properties for the interpretation of the class field theory isomor-
phism in the CM case in the framework of fabulous states. There is however
still one key feature of the BC-system that needs to be obtained in this frame-
work. It is the presentation of the arithmetic subalgebra Ak g in terms of
generators and relations. This should be obtained along the lines of [10] Sec-
tion 6, Lemma 15 and Proposition 15, and Section 9 Proposition 41. These
suggest that the relations will have coefficients in the Hilbert modular field.



KMS states and complex multiplication (Part IT) 57

We only handled in this paper the CM-case i.e. imaginary quadratic fields,
but many of the notions we introduced such as that of a K-lattice should be
extended to arbitrary number fields K. Note in that respect that Proposition
18 indicates clearly that, in general, the space of commensurability classes of
K-lattices should be identical to the space A /K* of Adéle classes introduced
in [8] for the spectral realization of zeros of L-functions, with the slight nuance
of non-zero archimedan component. The scaling group which is used to pass
from the above “dual system" to the analogue of the BC system is given in
the case K = Q by the group R} and in the case of imaginary quadratic
fields by the multiplicative group C*. It is thus natural to expect in general
that it will be given by the connected component of identity Dy in the group
Ck of ideéle classes. A possible construction in terms of K-lattices should be
compared with the systems for number fields recently constructed in [13].

There is another important conceptual point that deserves further inves-
tigation. In the classical class-field theory and Langlands program for a field
K, the main object which is constructed is a certain “space”, which is acted
upon by two mutually commuting sets of operators: one is the Galois group of
an extension of K, while the other is a group (algebra, semigroup, set) of geo-
metric symmetries (like Hecke operators). In the very special case of abelian
class field theory, it turns out that the commutator of each of these sets essen-
tially coincides with it (or with an appropriate completion), so that these two
groups can be naturally identified. The quantum statistical mechanical sys-
tems considered in this paper, as well as the mentioned generalizations, give
new geometric objects, in the form of quantum statistical mechanical systems,
supporting a similar type of geometric symmetries (e.g. groups of symmetries
of adelic nature associated to Shimura varieties). The intertwining between
geometric and Galois actions is provided by the extremal KMS states at zero
temperature and by the presence of an arithmetic subalgebra. Even in the
abelian cases, like the BC system and the CM system, it is important to
maintain the conceptual difference between geometric and Galois actions. For
instance, in the CM case the intertwining via the states, which provides the
identification, relies essentially on the classical theory of complex multiplica-
tion, through the use of Shimura reciprocity. In the non-abelian setting, this
distinction becomes essential. One can already see that clearly in the case
of the GLy-system, where for a generic set of extremal KMS states at zero
temperature one still obtains a Galois interpretation of the geometric action
(again by means of the classical theory of Shimura reciprocity and automor-
phisms of the modular field), while other phenomena appear for non-generic
states, which reflect more clearly the difference between these two actions. For
more general case associated to Shimura varieties, while the geometric action
occurs naturally as in the GLs-case and the number fields case, the Galois
side is still not understood.
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Dedicated to the memory of Gert Pedersen

In index theory and in noncommutative geometry one often associates C*-
algebras with geometric objects. These algebras can for instance arise from
pseudodifferential operators, differential forms, convolution algebras etc.. How-
ever they are often given a priori as locally convex algebras and one looses a
certain amount of information by passing to the C'*-algebra completions. In
some cases, for instance for algebras containing unbounded differential oper-
ators, there is in fact no C*-algebra that accommodates them. On the other
hand, it seems that nearly all algebraic structures arising from differential
geometry can be described very naturally by locally convex algebras (or by
the slightly more general concept of bornological algebras). The present note
can be seen as part of a program in which we analyze constructions, that are
classical in K-theory for C*-algebras and in index theory, in the framework
of locally convex algebras. Since locally convex algebras have, besides their
algebraic structure, only very little structure, all arguments in the study of
their K-theory or their cyclic homology have to be essentially algebraic (thus
in particular they also apply to bornological algebras).

This paper is triggered by an analysis of the proof of the Baum-Douglas-
Taylor index theorem, [2], in the locally convex setting. Consider the extension

Eo: 0-K—->¥(M)—-C(S*M)—0

determined by the C*-algebra completion ¥ (M) of the algebra of pseudodif-
ferential operators of order 0 on M and the natural extension

Em: 0—-Co(T*"M)— C(B*M) — C(S*M) —0

determined by the evaluation map on the boundary S*M of the ball bundle
B*M. Both extensions determine elements which we denote by KK (Ey) and
KK(Ep+ ), respectively, in the bivariant K-theory of Kasparov.

*Research supported by the Deutsche Forschungsgemeinschaft
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The Baum-Douglas-Taylor index theorem determines the K-homology
class KK (Ey) in KK;(C(S*M),C) as

KK(Ey) = KK(Ep-nr) - [0+ 0]

where [Or-1/] is the fundamental K-homology class defined by the Dolbeault
operator on T*M. Note that multiplication by KK (Ep«ps) describes the
boundary map K°(Co(T*M)) — K*(C(S*M) in K-homology.

This theorem which determines K K (Ey) may be considered as a funda-
mental theorem in index theory, since it contains all the relevant information
on the K-theoretic connections between symbols and indices of pseudodiffer-
ential operators on a given manifold. In particular, it contains the classical
Atiyah-Singer theorem as well as Kasparov’s bivariant version of the index
theorem and determines not only the index of a given elliptic operator P, but
also the K-homology class determined by P. (Note however that Kasparov
proves his theorem in the equivariant case and for manifolds which are not nec-
essarily compact. In this generality Kasparov’s theorem remains the strongest
result). The connection between the index theorems by Baum-Douglas-Taylor,
Kasparov and Atiyah-Singer will be explained briefly in section 6.

The proof, by Baum-Douglas-Taylor, of their index theorem is a combi-
nation of a formula by Baum and Douglas [1], with a construction of Boutet
de Monvel [4], [3]. The formula of Baum-Douglas determines the image under
the boundary map, in the long exact sequence associated with an extension,
of K-homology elements described by cycles satisfying certain conditions.

From this formula they derive a formula for the bivariant K-theory class
determined by the Toeplitz extension on a strictly pseudoconvex domain. The
construction by Boutet de Monvel identifies the extension of pseudodifferen-
tial operators on a manifold M with the Toeplitz extension on the strictly
pseudoconvex domain given by the ball bundle on M with boundary given by
the sphere bundle.

The original proof by Baum-Douglas of their formula for the boundary
map has been streamlined substantially by Higson in [10], [11]. Higson gives
in fact two proofs. One makes use of Skandalis’ connection formalism the
other one of Paschke duality, see also [12]. Both approaches rely on a certain
amount of technical background. Higson also proves a formula in the case
of odd Kasparov modules (Baum-Douglas consider only the even case). We
also mention, even though this is not of direct relevance to our purposes that
a simplification of the proof that the relative K-homology of Baum-Douglas
coincides with the K-homology of the ideal is due to Kasparov [13].

We give algebraic proofs for the boundary map formula in the even and
in the odd case. It turns out that the Baum-Douglas situation is exactly the
one where the cycle representing the given K-homology element extends to a
cycle for a K-homology element of the mapping cone or dual mapping cone
(in the sense of [5]) associated with the given extension, respectively. This
leads to a simple proof in the odd case. In the even case there is a completely
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direct proof which is very short. This proof depends on a new description of
the boundary map which uses comparison to a free extension. We also include
another, slightly longer proof, using the dual mapping cones of [5], because
of its complete parallelism to the proof in the odd case using the ordinary
mapping cone. The dual mapping cones have also been used in the paper by
Baum-Douglas and this second proof resembles the proof by Baum-Douglas,
but it has been reduced to its algebraic content.

Our discussion contains much more material than what is needed to de-
termine the boundary map in the Baum-Douglas situation. We give different
descriptions of the boundary map for bivariant K-theory, but also for more
general homotopy functors. The argument for the Baum-Douglas formula it-
self is very short indeed and essentially contained in 4.2. In other descriptions
of the boundary map we also have to study its compatibility with the Bott
isomorphism. This compatibility has some interest for its own sake.

We would also like to emphasize the fact that our argument, even though
formulated in the category of locally convex algebras for convenience, is com-
pletely general. Because of its algebraic nature it works in many other cat-
egories of topological algebras. In particular it can be readily applied to the
category of C*-algebras and gives there the original result of Baum-Douglas.
For this, one has to use the appropriate analogs of the tensor algebra and of
its ideal JA in the category of C*-algebras as explained in [7]. We will discuss
this in section 5.

1 Boundary Maps and Bott Maps

1.1 Locally Convex Algebras

By a locally convex algebra we mean an algebra over C equipped with a
complete locally convex topology such that the multiplication A x A — A is
(jointly) continuous. This means that, for every continuous seminorm « on A,
there is another continuous seminorm «’ such that

a(zy) < o' (v)a'(y)

for all z,y € A. Equivalently, the multiplication map induces a continuous
linear map A ® A — A from the completed projective tensor product A ®
A. All homomorphisms between locally convex algebras will be assumed to
be continuous. Every Banach algebra or projective limit of Banach algebras
obviously is a locally convex algebra. But so is every algebra over C with a
countable basis if we equip it with the “fine” locally convex topology, see e.g.
[8]. The fine topology on a complex vector space V is given by the family
of all seminorms on V. Homomorphisms between locally convex algebras will
always be assumed to be continuous. We denote the category of locally convex
algebras by LCA.
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1.2 The Boundary Map for Half-Exact Homotopy Functors

By a well-known construction any half-exact homotopy functor on a category
of topological algebras associates with any extension a long exact sequence
which is infinite to one side. This construction is in fact quite general and
works for different notions of homotopy (continuous, differentiable or C*°) and
on different categories of algebras as well as for different notions of extensions.

We review this construction here in some detail, since we need, for our
purposes, the explicit description of the boundary map in the long exact se-
quence. To be specific we will work in the category of locally convex algebras
with C*°-homotopy. An extension will be a sequence

0—-I—-A—B—0

of locally convex algebras, where the arrows are continuous homomorphisms,
which is split exact in the category of locally convex vector spaces, i.e. for
which there is a continuous linear splitting s : B — A. An extension will be
called a split-extension if there is a continuous splitting B — A which at the
same time is a homomorphism.

Let [a, b] be an interval in R. We denote by Cla, b] the algebra of complex-
valued C*°-functions f on [a,b], all of whose derivatives vanish in a and in
b (while f itself may take arbitrary values in a and b). Also the subalgebras
C(a, b],Cla,b) and C(a,b) of Cla,b], which, by definition consist of functions
f, that vanish in a, in b, or in a and b, respectively, will play an important
role. The topology on these algebras is the usual Fréchet topology.

Given two complete locally convex spaces V and W, we denote by V &
W their completed projective tensor product (see [14], [8]). We note that
Cla, b] is nuclear in the sense of Grothendieck [14] and that, for any complete
locally convex space V, the space C[a, b]@V is isomorphic to the space of C°-
functions on [a, b] with values in V', whose derivatives vanish in both endpoints,
[14], § 51.

Given a locally convex algebra A, we write Ala,b], A(a,b] and A(a,b)
for the locally convex algebras A®QCla, b], A®C(a,b] and ARC(a,b) (their ele-
ments are A - valued C*°-functions whose derivatives vanish at the endpoints).
The algebra A(0, 1] is called the cone over A and denoted by C'A. The algebra
A(0,1) is called the suspension of A and denoted by SA. The cone extension
for A is

0—-SA—-CA—-A—-0

(it has an obvious continuous linear splitting). This extension is fundamental
for the construction of the boundary maps. In the following we will usually
consider covariant functors E on the category LCA. The contravariant case is
of course completely analogous and, in fact, in later sections we will also apply
the results discussed here to contravariant functors (such as K-homology).

Definition 1. Let E : LCA — Ab be a functor from the category of locally
convez algebras to the category of abelian groups. We say that
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o E is diffotopy invariant, if the maps evy : E(A[0,1]) — E(A) induced by
the different evaluation maps for t € [0,1] are all the same (it is easy to
see that this is the case if and only if the map induced by evaluation at
t =0 is an isomorphism).

e F is half-exact, if, for every extension 0 — I — A — B — 0 of locally
convex algebras, the induced short sequence E(I) — E(A) — E(B) is
exact.

Definition 2. Two homomorphisms «o,3 : A — B between locally convex
algebras are called diffotopic if there is a homomorphism ¢ : A — B[0,1] such
that

Q= evgop 8 = evyop.

A locally convex algebra A is called contractible if the endomorphisms id 4
and 0 are diffotopic. If @ and (8 are diffotopic and E is diffotopy invariant,
then clearly E(a) = E(3). Moreover E(A) = 0 for every contractible algebra
A.

Let o : A — B be a continuous homomorphism between locally convex alge-
bras. The mapping cone C, C A & B(0, 1] is defined to be

Co ={(z,f) € A B(0,1]|a(z) = f(1)}
Similarly, the mapping cylinder 7, is
Zo = {(z,f) € A® B[0, 1] |a(z) = f(1)}

Lemma 3. (a) The maps Zo, — A, (x, f) — x and A — Z,, x — (z,a(z)1)
are homotopy inverse to each other, i.e. their compositions both ways are
diffotopic to the identity on Z, and on A, respectively.

(b) If there is a continuous linear map s : B — A such that a o s = idg, then
the natural exact sequence

0—-Cy,—Zy,—B—0

is an extension (i.e. admits a continuous linear splitting).
(c) If E is half-exact and 7w : Co, — A is defined by n((z, f)) = =z, then the
sequence

E(m) E(a)
—

E(Co) — E(A) — E(B)

18 exact.

Lemma 4. Let 0 — I — A% B — 0 be an extension of locally convex alge-

bras. Denote by e : I — C, the map defined by e(z) = (z,0) € C; C A@ CB.

(a) The following diagram commutes

I — A— B

Le 11
0—SB-"~C, - A—0
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and the natural map k : SB — C, defined by k(f) = (0, f) makes the
second row exact.
(b) One has E(C.) = 0 and the map E(e) : E(I) — E(Cy) is an isomorphism.

Proof. (a) Obvious. (b) This follows from the exact sequences 0 = E(CI) —
E(C.) — E(SCB) =0and E(C.) — E(I) — E(Cy) (cf. 3 (¢)).

Proposition 5. Let
0-15A4%B—0
be an extension of locally convex algebras. Then there is a long exact sequence

2, B(s1) 2% pisa) "5 gsm)

2. B 22 g E9 g
which is infinite to the left. The boundary map O is given by & = E(e) "1 E(k).

Proof. Let m: Cy — A be as above. Consider the following diagram

E(I) E(A) E(B)

]

E(SB) —— E(C,) — E(A)

E(SA) E(Cx) E(Cy)

The rows are exact and the diagram is commutative except possibly for the
first triangle. By a well known argument one shows that the composition of the

IR

maps SA 2498 C, is diffotopic to the natural map SA — C, composed
with the self-map of SA that switches the orientation of the interval [0, 1].

In the category of locally convex algebras we can also define an algebraic
suspension and algebraic mapping cones in the following way.

Definition 6. Let A[t] = A ® C[t] denote the algebra of polynomials with
coefficients in A. The topology is defined by choosing the fine topology on Clt].
We denote by C*'8 A and S8 A the ideals tA[t] and t(1—t)A[t] of polynomials
vanishing in 0 or in 0 and 1, respectively.

Clearly, C?8 A is contractible and we have an extension 0 — S84 —
C*8A — A — 0. The associated long exact sequence shows that E(S*8A) =
E(SA) for every half-exact diffotopy functor E.

The algebraic mapping cone C# for a homomorphism o : A — B is
defined as the subalgebra of A @® C*8B consisting of all pairs (z, f) such that
a(x) = f(1). Again it is easily checked that the natural map E(C28) — E(C,)
is an isomorphism for every half-exact diffotopy functor E (compare the long
exact sequences associated with the extensions 0 — S¥8B — C38 — A — 0
and 0 - SB — C, — A —0).
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1.3 The Universal Boundary Map

A description of the boundary map which is, at the same time, elementary and
universal can be obtained by comparing a given extension to a free extension.
Let V be a complete locally convex space. Consider the algebraic tensor
algebra
TaV=VaoveyaoV®Pae..

with the usual product given by concatenation of tensors. There is a canonical
linear map o : V' — T4;,V mapping V into the first direct summand. We equip
TaigV with the locally convex topology given by the family of all seminorms of
the form cvo, where ¢ is any homomorphism from 75,V into a locally convex
algebra B such that ¢ oo is continuous on V', and « is a continuous seminorm
on B. We further denote by TV the completion of T,;,V with respect to this
locally convex structure. TV has the following universal property:

for every continuous linear map s : V' — B where B is a locally convex
algebra, there is a unique homomorphism 7, : TV — B such that s = poo.

(Proof. 75 maps z1 @ x2 ® ... Q x, to s(x1)s(z2)...s(x,) € B.)

For any locally convex algebra A we have the natural extension
0—-JA—-TAL A—o0.

Here m maps a tensor 11 @ 22 ® ... R x, to x122 ... 2, € A and JA is defined
as Ker . This extension is (uni)versal in the sense that, given any extension
E:0—-1— D — B — 0 of alocally convex algebra B with continuous
linear splitting s, and any continuous homomorphism « : A — B, there is a
morphism of extensions

0— JA — TA — A —0

b L la
00— I — D — B —0

The map 7: TA — D maps 1 ® 22 Q@ ... ® &, to §'(x1)s' (x2) ... (z,) € D,
where s’ :== so0 a.

Definition 7. If « =id : B — B, then the map v : JB — I (defined to be
the restriction of 7) is called the classifying map for the extension &.

The classifying map depends on s only up to diffotopy. In fact, if s is a second
continuous linear splitting, then the classifying maps associated to ts+(1—t)s
define a diffotopy between v and the classifying map associated with 5. Thus,
up to diffotopy, an extension has a unique classifying map. More generally, let
s: A — D be a continuous linear map between locally convex algebras and [
a closed ideal in D such that s(zy) — s(z)s(y) is in I for all z,y € A. Then
the restriction ~s, of 75 to JA, maps JA into I. We have the following useful
observation.
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Lemma 8. If s’ : A — D is a second continuous linear map which is congru-
ent to s in the sense that s(x) — s'(x) € I for allx € A, then vs,vs : JA— 1T
are diffotopic.

Proof. The diffotopy is induced by the linear map § : A — DJ0, 1], where
§=ts+ (1 —1)s.

Denote the classifying map JB — SB for the cone extension 0 — SB —
CB-5B — 0 by ¢p. Let E be a half-exact diffotopy functor. Comparing
the long exact sequneces for the extension 0 - JB — TB — B — 0 and for
the cone extension 0 — SB — CB — B — 0 gives

E(SB) -2~ E(JB) — > E(TB) — E(B

F e T

E(SB) ——> E(SB) — > E(CB) — E(B

Moreover E(CB) = E(TB) = 0, since CB and T B are contractible. Therefore
the boundary map, which we denote here by dp, is an isomorphism and 0 =

E(yp)".

Proposition 9. Let 0 — I — A — B — 0 be an extension of locally con-
vex algebras with classifying map v : JB — I. Then the boundary map
0 : E(SB) — E(I) in the long exact sequence associated with this extension
is given by the formula 8 = E(y) 0 0p = E(y) o E(vp)~!.

Proof. Consider the following commutative diagram

I A B
0 Cy, —"—Z, B 0

= |

JB——TB—>1B

The maps e oy and k o 1 are both classifying maps for the extension in
the middle row. By uniqueness of the classifying map they are diffotopic.
Therefore & = E(e) " E(k) = E(e) 'E(e)E(y)E(¥p)~ L.

1.4 The Toeplitz Extension and Bott Periodicity

The algebraic Toeplitz algebra 728 is the unital complex algebra with two
generators v and v* satisfying the identity v*v = 1. It is a locally convex
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algebra with the fine topology. There is a natural homomorphism 728 —
Cl[z, 271] to the algebra of Laurent polynomials. The kernel is isomorphic to
the algebra

Moo (C) = lim My (C)

k

of matrices of arbitrary size (to see this note that the kernel is the ideal gen-
erated by the idempotent e = 1 — vv*. The isomorphism maps an element
v™e(v*)™ of the kernel to the matrix unit E,,, in M (C)). M (C) is a lo-
cally convex algebra with the fine topology (which is also the inductive limit
topology in the representation as an inductive limit).

Given a locally convex algebra A, we consider also the algebra M., A de-
fined by

Muc(A) = Mo(€) & A 2 lim My (A)

k

Another standard locally convex algebra is the algebra IC of “smooth compact
operators" consisting of all Nx N-matrices (a;;) with rapidly decreasing matrix
elements a;; € C, ¢,7 = 0,1,2.... The topology on K is given by the family
of norms p,,, n =0,1,2..., which are defined by

pn((aij))= Z |1+ 14 5]™ |ais]

2]

Thus, K is isomorphic to the projective tensor product s ® s, where s denotes
the space of rapidly decreasing sequences a = (a;);en-

Definition 10. A functor E : LCA — Ab is called M, -stable (K-stable),
if the natural inclusion A — My A (A — K ® A) induces an isomorphism
E(A) — E(MyA) (E(A) — E(K® A)) for each locally convex algebra A.

We introduce the dual suspension SA of a locally convex algebra A as
the kernel of the natural map A[z,27!] — A, that maps z to 1 and abbre-
viate SC to S. The dual cone C' A is defined as the kernel of the canonical
homomorphism 7#8 & A — A that maps v to 1 and CC is abbreviated to C.

0 SA Alz,z71]—=A——>0
0 CA TalsHA—>A——0
0 M A MoA—0——0

The terminology “dual cone” and “dual suspension” is motivated by the fol-
lowing
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Proposition 11. For every half-ezact and Mo -stable diffotopy functor E and
for every locally convex algebra A , we have E(CA) = 0.

Proof (Sketch of proof). In the terminology explained in 3.3 there is a quasi-
homomorphism (¢, p) : CA — M. CA[0,1] such that E(po, po) = E(j) while
E(¢1,51) =0 (for a complete proof see [8], 8.1, 8.2 ).

We obtain the dual cone extension
0— MyA—CA— SA—0

Applying the long exact sequence, one immediately gets

Proposition 12. For every half-exact and M -stable diffotopy functor E
and for every locally convex algebra A there is a natural isomorphism (3 :
E(SSA) — E(A).

Proof. 8: E(SSA) — E(M,A) = E(A) is given by the boundary map in the
long exact sequence for the dual cone extension.

Remark 13. It is clear that the dual suspension is very closely related to the
construction of negative K-theory by Bass.

1.5 A Dual Boundary Map

In this subsection we assume throughout that F is a diffotopy invariant, half-
exact and M.-stable functor. Let oo : A — B be a continuous homomorphism
between locally convex algebras and 0 — M, B — CB - SB — 0 the dual
cone extension for B. We define the dual mapping cone by

Co ={(z,y) € SA® CB|Sa(z) = n(y)}

There is a natural extension 0 — M B — C’a — SA—0.
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Consider now an extension 0 — I . A~ B — 0 and the dual mapping
cone Cj. There are two natural extensions

O—>MOOA—>C'jL>§I—>O

and A R
0—>CI—>Cj£>MOOB—>O

The second extension and the fact that E(C’I ) = 0 for any locally convex
algebra I, shows that E(m) : E(C;) — E(MxB) = E(B) is an isomorphism.
Setting 6 = E(m1)oE(m2) ™!, we obtain the following commutative diagram

B(I) —= B(4) — E(B) __,
\\E(%)T \
E(r) A E(m) ~
E(Cj) —= E(S1)

where E(k) is induced by the natural inclusion x : A — M. A C C'j.
Since A = k(A) is isomorphic under E to the kernel Mo, A of the natural
surjection 7y : C; — SI, it can be shown easily that the two sequences

E(I) E(A) E(B) —= E(ST)
and
E(I) E(A) —= E(C)) ) E(SI)

obtained from this diagram are exact and can in fact be continued indefinitely
to the right (this is the dual mapping cone sequence discussed in [5]). We
mention that the surjective map C’j T8I ® B with 7 = m ® 7y is exactly
analogous to the dual inclusion map SB@® I — C, that has been used in the
construction of the boundary map 0 in 5.

We show now that, after identification by the Bott isomorphism 3, the
boundary maps 9 and ¢ coincide up to a sign.

Proposition 14. Let 9 : E(SB) — E(I) be the boundary map for the exten-
sion0 —-I—A— B—0andd: E(SB)— E(SSI) the dual boundary map
for the suspended extension 0 — ST — SA — SB — 0. Then 9 = —f( 04

Proof. Consider the mapping cones C,, Cr and C, for the natural surjections
p: CI— SI, w: C'j —~SI®Bandgq: A— B together with the associated
inclusion maps in the Puppe sequence SST — Co, SSI — Cr, SB — C, and
SB — C,. We identify SST with SSI.
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We obtain the following diagram in which the upper half and the lower
half commute:

V SSI\ m / ) X
Séj CT{' 63 I

We have E(e;) 1E(k1) = 3 and E(e3) 'E(kg) = 0.

Moreover, FE(ay o 1) + E(ag o thy) = 0, since oy o ¢y + ag o 1y is the
composition of the maps Séj — SSI & SB — C, in the mapping cone
sequence for w. Thus

0= E(e3) " (E(a1 01) + E(az 0 ) = BE(t)1) + OE(1h2)

Since, by definition § = E(t)1)E(1)2) "1, the assertion follows.

2 The Categories kk?8 and kk

From now on we will describe our constructions in the category kk*. Since
kk*e acts on every diffotopy invariant, half-exact functor which is also K-
stable in the sense of 10, statements derived in kk®® will pass to any functor
with these properties. Some of the statements that we prove in the kk™e-
setting could also be proved for functors which are just M. -stable, rather
than K-stable. This slight loss of generality could easily be recovered by the
interested reader wherever necessary. We mention at any rate that the argu-
ments below depend in general only on some formal properties of the theory
kk*e and work just as well for other functors or bivariant theories satisfying
the same conditions.
Explicitly, kk2'® is defined as

kk¥&(A, B) =lim[J* " A, K&S*B]

k

where, given two locally convex algebras C' and D, [C, D] denotes the set of
diffotopy classes of homomorphisms from C' to D, see [§].
Here are some properties of kk®8 which are essential for our constructions:

e Every continuous homomorphism « : A — B determines an element kk(«a)
in k:k:glg(A, B). Given two homomorphisms « and 3, we have kk(a o §) =
kk(8)kk().
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e Every extension £ : 0 — [ 3 A-% B — 0 determines canonically an
clement kk(£) in kk™8(B, ). The class of the cone extension

0—SA— A(0,1] - A—0
is the identity element in kk3'8(A, A) = kk™8(A, SA). If

():0— Ay — Ay — A3 —0

la [ s
(£):0—> By - By — B3 —0

is a morphism of extensions (a commutative diagram where the rows are
extensions), then kk(E)kk(a) = kk(8)kk(E’).

Moreover, for each fixed locally convex algebra D, the functor A — kkglg (D, A)
is covariant, half-exact, diffotopy invariant and M, -stable, while A — kk3'®
(A, D) is a contravariant functor with the same properties. Thus both of these
functors have long exact sequences where the boundary maps are given by the
construction described in section 1.2. We refer to [8] for more details.

In [9] we considered the category kkZ” defined by kkZ" (A, B) = kk2'8(A,
B & LP) where L£P denotes the Schatten ideal of p-summable operators for
1 < p < oo. We showed that it follows from a result in [6] that kkZ" does
not depend on p. Let us denote kk“” by kk, (this notation was not used
in [9]). As shown in [9], a big advantage of the resulting theory kk. is that
its coeflicient ring can be determined as kko(C,C) = Z and kk;(C,C) = 0.
Otherwise, the theory kk, has the same good formal properties as kk™& and
there is a natural functor from the category kk¥® to kk,. Thus all identities
proved in the category kk™® carry over to kk.

3 Abstract Kasparov Modules

Baum and Douglas consider K-homology elements in K°(A) for a C*-algebra
A which are represented by an even Kasparov module. Such a Kasparov mod-
ule consists of a pair (¢, F'), where ¢ is a homomorphism from A into the alge-
bra £(H) of bounded operators on a Z/2-graded Hilbert space H = H, & H_
and F is a (self-adjoint) element of £L(H) such that ¢ is even, F' is odd, and
such that for all x € A the following expressions lie in the algebra IC(H) of
compact operators on H

(p($)(F - Fz)a [(p((E),F]

In the direct sum decomposition of H, F’ and ¢ correspond to matrices of the

form
0w a0
r=(r5) o= (53)
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The corresponding K-homology element can be described by an associated
quasihomomophism (see below).

Higson considers also the case of K-homology elements in K1(A) rep-
resented by an odd Kasparov module. Such a module consists again of a
pair (¢, F'), where ¢ is a homomorphism from A into the algebra L£(H) of
bounded operators on a Hilbert space H (which is this time trivially graded)
and F is a (self-adjoint) element of £(H) such that for all z € A we have
o(z)(F — F?), [p(x), F] € K(H). In this case the K-homology element de-
fined by (p, F) is the one associated with the extension

0—-KH)—-D—-A—-0

where D is the subalgebra of A® L(H) generated by products of x®¢(x), = €
A together with elements of the algebra generated by 1 @ F.

We will now describe kk*#-elements associated with a Kasparov module
in an abstract setting.

3.1 Morphism Extensions

Let A and B be locally convex algebras. A morphism extension from A to B
will be a diagram of the form

A

lw

B

where ¢ is a homomorphism and the row is an extension.

We can encode the information contained in a morphism extension in a
single (pull back) extension in the following way.

Define D’ as the subalgebra of A @ D consisting of all elements (a,d)
such that ¢(z) = ¢(d). The natural homomorphism 7 : D’ — D defined by
7((a,d)) = d gives the following morphism of extensions

0 K D—2

0 K D’ A 0
L
0 K D B 0

If £ is the original extension in the second row and £’ the pull back extension,
then kk(E') = kk(p)kk(E). We say that this element kk(E') = kk(p)kk(E) is
the element of kkil%(A, K) associated with the given morphism extension and
denote it by kk(E, ).



An Algebraic Description of Boundary Maps Used in Index Theory 75
3.2 Abstract Odd Kasparov Modules

Definition 15. Let A be a locally convex algebra and0 — K — D — D/K —
0 an extension of locally convexr algebras where D is unital. An abstract odd
Kasparov (A, K)-module relative to D is a pair (¢, P) where

e is a continuous homomorphism from A into D.
e P is an element in D such that the following expressions are in K for all
T e A:

[P, ()], @(x)(P— P?)

With an odd Kasparov module we can associate the following morphism ex-
tension

A

.

0 K D D/K 0

where ¢ is the quotient map and 7(z) = ¢(Py(xz)P). We denote by kk(p, P)
the element of kk™$(A, K) associated with this morphism extension.

3.3 Quasihomomorphisms

Let @ and & be two homomorphisms A — D between locally convex algebras.
Assume that B is a closed subalgebra of D such that a(z) — @(z) € B and
a(x)B C B, Ba(z) C B for all x € A. We call such a pair (a, &) a quasiho-
momorphism from A to B relative to D and denote it by (o, @) : A — B.

We will show that (o, @) induces a homomorphism E(a,&) : E(A) —
E(B) in the following way. Define o/, &' : A — A®D by o/(z) = (z,a(x)), & =
(z,a(z)) and denote by D’ the subalgebra of D@ A generated by all elements
o/(x), x € A and by 0@ B. We obtain an extension with two splitting homo-
morphisms o’ and &’ :

0—-B—-D —-A—0

where the map D’ — A by definition maps (z,a(z)) to x and (0,b) to 0.
The map E(«, @) is defined to be E(o/) — E(&') : E(A) — E(B) C E(D’)
(this uses split-exactness). Note that E(a, @) is independent of D in the sense
that we can enlarge D without changing F(«, @) as long as B maintains the
properties above.

Proposition 16. The assignment (o, @) — E(a, &) has the following proper-

ties:

(o) E(q, ) = —E(a, @)

(b) If the linear map ¢ = o — & is a homomorphism and satisfies o(x)a(y) =
a(x)e(y) =0 for all z,y € A, then E(a,a) = E(p).



76 Joachim Cuntz

(c) Assume that « is diffotopic to o and & is diffotopic to & via diffotopies
v, @ such that pi(z) — a(x), gi(x) — a(x) € B for all x € A (we denote
this situation by a ~p o', @ ~p @ ). Then E(a,a) = E(o/,&).

Proof. (a) This is obvious from the definition. (b) This follows ¢ + @ = «
and the fact that E(p + a) = E(p) + E(a@). (c) follows from the definition of
E(a, @) and diffotopy invariance of E.

Choosing E(?) = kk3'®(A,?) produces in particular an element kk(o,a)
in kk3'8(A, B) (obtained by applying E(c,@) to the unit element 14 in
kk3E(A, A)) .

3.4 Abstract Even Kasparov Modules

Definition 17. Let A, K and D be locally convex algebras. Assume that D is
unital and contains K as a closed ideal. An abstract even Kasparov (A, K)-
module relative to D is a triple (a, &, U) where

a, & are continuous homomorphisms from A into D.
U is an invertible element in D such that Ua(z) — a(x)U is in K for all
x e A

From an even Kasparov module we obtain a quasihomomorphism («a, Ad Uo
@) : A— K. We write kk(a, @, U) for the element of kki'®(A, K) associated
with this quasihomomorphism. More generally, if F is a half-exact diffotopy
functor we write E(a, &, U) for the morphism E(A) — E(K) obtained from
this quasihomomorphism.

Remark 18. The connection with Kasparov’s definition in the C*-algebra/Hil-
bert space setting mentioned at the beginning of section 3 is obtained by setting

v=(Y1 )

where f1 =1 —vv* and fo =1 —v*v, and by replacing a,& by a & 0,0 & a.

This corresponds to replacing the Kasparov module (H, F) by the inflated
module (H',F') where H' is the Z/2-graded Hilbert space H & H with H =

Hy®H_ and F by
, (0 U
7=(s")

3.5 Special Abstract Even Kasparov Modules

Let ¢ : A — D be a homomorphism of locally convex algebras where D is
unital and contains a closed ideal K. Assume that D contains elements v, v*
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such that the expressions

[p(2), 0], [p(x), v™], p(2) (vv™ = 1), p(2)(v"0 — 1)

are in K for all x € A.

If we assume moreover that, in D, there are square roots for the elements
fi=1—wvv* and fo = 1—v*v, we can form an abstract even Kasparov module
(relative to My D) by choosing

(3 o= (5 D

If we suppose in this case moreover that there is a continuous linear split-
ting D/K — D, we can associate with this even Kasparov module («, o, U)
also a morphism extension

SA

|

0 K D—">D/K 0

by defining p(>" z;2%) = 7(> a(z;)U?).

It can be checked that the element in kk*%(SA, K) defined by this mor-
phism extension corresponds to the element kk(c,«,U) constructed above
under the Bott isomorphism kk™$(SA, K) = kki'8(A, K).

We will later consider the case where v*v =1 and thus f; =1 —vv* is an
idempotent.

Remark 19. In [9] we had considered a different notion of an even Kasparov
module. This notion is closely related to the situation considered here.

4 The Boundary Map in the Baum-Douglas Situation

Baum and Douglas consider an extension 0 — I — A — B — 0 of C*-
algebras and obtain for K-homology elements, that are realized by a special
kind of Kasparov modules, a formula for the boundary map K°7 — K'B
in K-homology in the long exact sequence associated with the extension

0 I—1>4—"sB 0 . The basic assumption on the given ele-

ment in K°I for which the boundary is determined is that it should be realized
by a Kasparov module (¢, F') for which ¢ extends to a homomorphism such
that ¢(A) still commutes with F' modulo compacts (however o(z)F? = ()
holds only for z € I and not necessarily for z € A). Higson gives a similar
formula under analogous conditions for the boundary map K'I — K°B.

It turns out that the condition imposed by Baum-Douglas on the Kasparov
module means exactly that the Kasparov module for ST extends to a Kasparov
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module for the dual mapping cone C’j, while Higson’s condition in the odd
case means that the corresponding Kasparov module extends to one for the
ordinary mapping cone Cj,.

With this observation and the preliminaries explained in the previous
sections it is completely straightforward to deduce explicit formulas for the
images of the given K-homology elements under the boundary map.

4.1 The Odd Case

Higson has stated and proved a formula, for the image under the boundary
map of certain odd K-homology elements, which is analogous to the Baum-
Douglas formula for even elements, [10], [11]. In this subsection we give a
simple proof for this formula. As in the even case, our proof carries over
verbatim to the case of C*-algebras and thus to the case considered by Higson.
Let 0 —» I — A% B — 0 be an extension of locally convex algebras with a
continuous linear splitting s. Assume, we are given an odd Kasparov (I, K)-
module (¢, P), where ¢ is a continuous homomorphism into a locally convex
algebra D, P is an element of D and K is a closed ideal in D. Thus by
definition [¢(I), P] C K and o(I)(P — P?) C K.

Suppose now that ¢ extends to a homomorphism ¢ : A — D such that
also [¢(A), P] C K. Consider the morphism extension (€, 7)

0 K D—=>D/K 0
associated to (p, P) as in 3.2.

Proposition 20. Let § : kk™5(I, K) — kk™$(S*$B, K) be the boundary
map. Then O(kk(E,T)) is represented by the morphism extension (E,1) given
by the diagram

sep

|

0 K D—">D/K 0

where T is the quotient map and v is defined by ¥(>_ bit') = w(> p(sb;) P?) .

Proof. We define a homomorphism p : Cglg — D/K as follows. Let (z, f) €
Cile where f = Y bit" is in C*8B and f(1) = q(z). We set p((z,[)) =
m(p(x — sq(x)) + 3 p(sbi) PY).

We have now three morphism extensions defined by the extension 0 —
K — D — D/K — 0 together with the homomorphisms I — D/K, S*&B —
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D/K and C2'8 — D/K. Consider the three extensions €1, & and &3 associated
to these morphism extensions as in 3.1. We obtain the following commutative
diagram of extensions

0 K D, I 0
0 K Dj Cals 0
0 K Dy Sale p 0

where the first row is £, the last one & and the extension in the middle is &3.
It follows that kk(E3)kk(k) = kk(E2) and kk(E3)kk(e) = kk(&E1). Since kk(e) is
invertible we conclude kk(&) = kk(E1)kk(e) tkk(k). But kk(e) 'kk(k) = 0
by 5.

4.2 The Even Case

This subsection contains the proof of the Baum-Douglas formula for the image,
under the boundary map, of certain even K-homology elements. Our proof is
extremely short. It uses only a small part of the discussion above, namely the
description of the boundary map in subsection 1.3.

Proposition 21. Let 0 — I — A — B — 0 be an extension of locally convex
algebras and s : B — A a continuous linear splitting. Let (o, @, U) be an even
(I, K)-Kasparov module relative to D and z = kk(a, &, U) the corresponding
element of kk3(I,K). Then 0z € kk¥(B,K) = kk3®(JB, K) is given by
kk((a ®0) ovs, AdU(a @ 0) o v,) where s : JB — I is the classifying map.

Proof. This follows immediately from 9 applied to E(?) = kki'%(?, K) and
using the identification kko(JB, K) = kko(SB, K) via E(¢p).

In order to transform this formula for 0z into a more usable form we need
the following trivial lemma.

Lemma 22. Let B, D, K be locally convex algebras such that K is a closed
ideal in D. Let p,p : B — D be continuous linear maps such that for the
induced maps 7y,,7v5 : JB — D we have v,(x) — v5(z) € K for all x € JB.
Assume moreover that p',p' : B — D is another pair of continuous linear
maps which are congruent to p,p: B — D in the sense that p(x) — p'(z) € K
and p(z) — p'(x) € K for all x in B. Then the quasihomomorphism (7,,75)
JB — K is diffotopic to (v,,7;) in the sense of 16 (c).

Proof. Let 0,6 : B — D|0,1] denote the linear maps defined by o:(x) =
tp(z) + (1 —t)p'(x) and 6¢(z) = tp(x) + (1 — t)p'(x). Then (75, v5) defines a
diffotopy between (v,,7;) and (v,,75)-
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Consider again the situation of 21. We will assume now that the unital
algebra D admits a “2x2-matrix decomposition” (i.e. D is a direct sum of
subspaces D;;, i,j = 1,2, with D;; D, C D;;) and that o, @ and U are of the

form
«=("0"0) = (Gam) U=(0)

where v € Djg,v* € Dy are elements such that e = 1p,, —vv* and e =
1p,, — v*v are idempotents. We also assume that the ideal K is compatible
with this 2 x 2-matrix decomposition. Recall that this is a typical form in
which Kasparov modules arise in applications.

Theorem 23. Let 0 - I — A — B — 0 be an extension of locally convex
algebras, s : B — A a continuous linear splitting and O : kkglg(l, K) —
kkidf(B,K) the associated boundary map. Let (o,a,U) as above represent
an even (I, K)-module relative to D. Assume that ag,a9 : I — D extend
to homomorphisms, still denoted by ag, @, from A to D11, resp. to Dao, and
assume moreover that the elements vag(x) — ap(x)v, ag(x)v* —v*ag(z) are in
K forallz € A. Let z = kk(a,a,U) € kkglg(I,K). Then Oz is represented by
kk(~;)—kk(vz) where 7,7 : B — D are given by 7(z) = e apgs(x) e and 7(x) =
eaps(z)e and vr,vz : JB — K are the corresponding homomorphisms.

Proof. We have a0y = Y05, AdU 0 & 095 = YAdUoaos (here we use the fact
that o and @ extend to A!). Therefore, from 21, the element 0z is represented
by the quasihomomorphism (v,,75) : JB — K where p(z) = a(sz) and
p(z) = Ua(sz)U™1L.

Writing e = 1 —e = vv* we have vag (sz)v* —etag(sz)et € K and ap(sz) —
etag(sz)et — 7(z) € K for all # € B. Therefore, setting po(z) = ap(sz),
Po(x) = @p(sx) we have the following congruences

etpoet +70 _ vpov* 0
”‘( 0 0 P=\ 0 7

Thus, by Lemma 22,

Yo ’U"—"_’VTO Yvpov* 0
() ()

whence kk(7,,75) = kk(vr,v7) = kk(yr) — kk(v7) (here it is important that
the homomorphisms .,y themselves and not only their difference map into

4.3 The Dual Boundary Map in the Even Case

There is an alternative way of describing the boundary map in the Baum-
Douglas situation using the dual mapping cone construction described in 1.5.
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We limit our discussion here to the case of special (see 3.5) even Kasparov
modules. _

Let 0 » I A — B — 0 be an extension of locally convex algebras
with a continuous linear splitting s. Assume that ¢ : I — D and v,v* € D
satisfy the conditions in 3.5 and thus, by the construction in 3.5, define an
even Kasparov (I, K)-module relative to D. We now assume that it satisfies
the Baum-Douglas condition that ¢ extends from I to a homomorphism still
denoted ¢ from A to D such that [¢p(A),v], [¢(A),v*] C K. Assume moreover
that v*v = 1 and denote by e the idempotent e = 1 — vv*.

Consider the morphism extension (€, 7)

ST

lT

0 K D—">~D/K 0

associated to (p,v) as in 3.5.

Proposition 24. Let 9 : kk™%(SI, K) — kk™8(B, K) be the boundary map
(where we identify kk™(SSB,K) with kk™$(B,K) via Bott periodicity).
Then O(kk(E,T)) is represented by the morphism extension (€,1) given by
the diagram

B

|
0 K D—=>D/K 0
where m is the quotient map and ¢ is defined by ¥(b) = w(ep(sb)e) .

Proof. The proof is exactly analogous to the proof of 20. We define a homo-
morphism p : C’j — D/K as follows. Let f € C’j c CA where f = a2t We
set p(f) = (> ¢(a;)v?) (where we use the convention that v=% = (v*)* for
k € N).

We have now three morphism extensions defined by the extension 0 —
K — D — D/K — 0 together with the homomorphisms SI — D/K, B —
D/K and C; — D/K. Consider now the three pull back extensions £}, & and
&3 associated to these morphism extensions as in 3.1. We obtain the following
commutative diagram of extensions

0 K D, ST 0
0 K Ds C; 0
0 K D, B 0
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where the first row is &1, the last one & and the extension in the middle
is 53. It follows that kk(gg) = kk(ﬂl)kk(&) and kk(gg) = kk(’]’(’z)kk(gg)
Since kk(ma) is invertible we conclude kk(E2) = kk(me)1kk(m )kk(E1). But
kk(my)~tkk(m1) = § and § corresponds to O after identifying by Bott period-
icity, see 14.

5 The Case of C*-Algebras

We can carry through the construction of bivariant K-theory described above
in the case of locally convex algebras in many other categories of algebras
and in particular in the category of C'*-algebras. We have to replace the basic
ingredients by the appropriate constructions in that category. Thus we replace:

the algebras of functions such as Ala, b], A(a,b), SA, C A by the correspond-
ing algebras of continuous (rather than smooth) functions, and diffotopy
by homotopy

the locally convex algebra I of smooth compact operators by the C*-
algebra IC of compact operators

the projective tensor product by the C*-tensor product

the smooth Toeplitz algebra by the well known Toeplitz C*-algebra

and - most importantly - the tensor algebra T'A by the tensor algebra in
the category of C*-algebras described in the next paragraph.

Let A be a C*-algebra. To construct the tensor algebra T'A in the category of
C*-algebras consider as before the algebraic tensor algebra

TugA=A® AvA @ A® @ ...

with product given by concatenation of tensors and let o denote the canonical
linear map o : A — T4 A.

Equip T4i9A with the C*-norm given as the sup over all C*-seminorms of
the form oy, where ¢ is any homomorphism from 754 A into a C*-algebra B
such that ¢ oo is completely positive contractive on A, and « is the C*-norm
on B. Let T'A be the completion of T,;4A with respect to this C*-norm. T'A
has the following universal property:

for every contractive completely positive map s : A — B where B is a C*-
algebra, there is a unique homomorphism ¢ : T'A — B such that s = p o 0.

The tensor algebra extension:
0—-JA—-TASA—0

is (uni)versal in the sense that, given any extension 0 - I - F — B — 0
admitting a completely positive splitting, and any continuous homomorphism
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«a: A — B, there is a morphism of extensions

0— JA — TA — A —0

b LT la
00— I —- E — B —0

We can now define

KK,(A, B)=1lim[J"* A K® S*B]

k

This definition is exactly analogous to the definition of kk*® in section 2.
By the same arguments as in the case of kk*# it is seen that this functor has a
product, long exact sequences associated to extensions with cp splitting and is
Bott-periodic and K-stable. In fact, it is universal with these properties and
this shows that KK gives an alternative construction for Kasparov’s K K-
functor.

The description of the boundary maps given above now carry over basically
word by word. In particular, for an extension

0—-I—-A—B—0

of C*-algebras with a completely positive splitting, the associated element
in KK_1(B,I) is represented by the classifying map 7, : JB — I and the
boundary map is given by composition with this homomorphism.

6 The Index Theorem of Baum-Douglas-Taylor

For completeness we briefly recall the argument by Baum-Douglas-Taylor in
[2].

Let M be a compact C°°-manifold. Then a neighbourhood of M in T*M
has a complex structure and, considering the ball bundle with sufficiently
small radius, B*M can be considered as a strongly pseudoconvex domain
with boundary S*M. We obtain an extension of C*-algebras

Eprpm: 0= Co(T"M) — C(B*M) — C(S*™M) —0

On B*M, there is an operator D =: V' — V', where V' denotes the space of
differential forms in A%* on B*M , satisfying a natural boundary condition on
S*M, such that the restriction of D to T*M defines the Dolbeault operator
d + 0*. Denote by H the L?-completion of V.

Let D denote the maximal extension of D defined on the completion of V
with respect to the norm || f|| = || f 4+ Df||2- Then 0 is an isolated point in the
spectrum of D, the range of D is closed and its cokernel is finite-dimensional.

With respect to the decomposition of A%* into even and odd forms H
splits into H = Hy ® H_.
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The Kasparov Co(T*M)-K-module (o, F), where F = D/VD? and ¢ de-
notes the representation of Co(7T*M) by multiplication operators, describes
the Dolbeault element [O7-yr]. With respect to the Z/2-grading of H and
modulo compact operators F' is of the form

(+3)

where v*v =1 and P = 1 — vv™* is the projection onto the Bergman space of
0-forms, thus functions u, for which du = 0 (i.e. holomorphic L?-functions).
Moreover, since D extends to B*M, it satisfies the conditions required in 23
for I =Co(T*M), A=C(B*M) and B = C(S*M).

Therefore by the Baum-Douglas formula in 23 the image of the element
[O7-11) € KKo(Co(T*M),C) in KKy(C(S*M),C) is represented by the ex-
tension

0—-K—-D—-C(S"M)—0 (1)

where D denotes the subalgebra of L(PH) generated by K = K(PH) together
with Po(C(S*M))P.

Boutet de Monvel [4], [3] constructs a unitary operator G mapping L?(M)
to PL?(T*M). It has the property that G*T+G is a pseudodifferential operator
with symbol f|s-a for a Toeplitz operator of the form Ty = PfP, f €
C(B*M).

Therefore G conjugates the extension (1) of Toeplitz operators into the
extension

Ev: 0-K—-U—->C(S"™M)—0

where ¥ denotes the C*-completion of the algebra of pseudodifferential oper-
ators of order < 0 and K the completion of the algebra of operators of order
< 0.

In conclusion we get the theorem that

KK(Eg«m)[0r-m] = KK (E)

where [O7-)s] is the K-homology element in KK (Co(T*M),C) defined by
(¢, F) and where Ey, Ep~pr are the two natural extensions of C(S*M).

The proof of the theorem that we outlined above works verbatim in the
setting of locally convex algebras. The Baum-Douglas-Taylor theorem then
reads as

kk(Ew) = kk(Ep-ar) - [0 1]

where kk(Ep=nr), kk(Ey), [0+ ) are the elements in kk, determined by the
corresponding extensions of locally convex algebras (using algebras of C°-
functions and replacing the ideal K by a Schatten ideal).

We briefly sketch the connection of this theorem to the index theorems
of Kasparov and of Atiyah-Singer. Kasparov’s theorem determines the K-
homology class [P] € KK (CM,C) determined by an elliptic operator P by
the formula
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[P] = [lo(P)] - [0r+ ]

Here [[o(P)]] = [[X(P)]] - KK (Ep«p) and [[X(P)]] € KK(CM,C(S*M)) is a
naturally defined bivariant class associated with the symbol of P. Kasparov’s
formula is (in the non-equivariant case) a consequence of the Baum-Douglas-
Taylor theorem, since - basically by definition - we have [P] = [[Y(P)]] -
KK(&Ep).

The Atiyah-Singer theorem determines the index of P as an element of
KK(C,C)=7Z by

ind P = ind +[o(P)]

where ind; is the “topological index” map. This formula is a consequence
of Kasparov’s formula since, by definition, ind P = [1] - [P], [0(P)] = [1] -
[[(P)]], and since one can check that ind;(z) = x - [Or«p] for each z in
KK(C,Co(T*M)).

Finally, we note that, by construction, the Baum-Douglas-Taylor theorem
of course also gives a formula for the index of Toeplitz operators on strictly
pseudoconvex domains. This formula is also discussed in [12].
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C*-Algebras with One Non-Trivial Ideal
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Summary. We extend Rgrdam’s stable classification result for purely infinite C*-
algebras with exactly one non-trivial ideal to allow for the lifting of an isomorphism
on the level of the invariants to a *-isomorphism, and to allow for unital isomorphism
when the isomorphisms of the invariant respect the relevant classes of units.

1 Introduction

Rgrdam in [14] establishes that the six term exact sequence

L

Ko(RA) —— Ko(€) —— Ko(&/2)

/ A

is a complete invariant for stable isomorphism of C*-algebras & with precisely
one non-trivial ideal 2, provided that the ideal 2 and the quotient /2 are
both in the class of purely infinite simple C*-algebras classified by Kirchberg
and Phillips ([9]).

Most classification results of C*-algebras by K-theoretical invariants are
established in such a way that one with little or no extra effort can prove
that any isomorphism between a pair of invariants may be lifted to a
x-isomorphism. It is often also easy to pass between results yielding stable
isomorphism for general C*-algebras and isomorphism of unital C*-algebras
in a certain class, by adding or leaving out the class of the unit in the invariant.

Rgrdam’s classification result forms a notable exception to these two rules.
Indeed, there is no obvious way to extract from Rgrdam’s proof a way to estab-
lish these kinds of sligthly improved classification results. It is the purpose
of this note to show that by invoking more recent results by Bonkat and
Kirchberg, one may prove such results in the class considered by Rgrdam.
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Using the language promoted by Elliott ([6]) this proves that the classification
functor used by Rgrdam is indeed a strong classification functor.

We are first going to prove, by straightforward observations on central
results in Bonkat’s thesis, that every isomorphism among invariants of the type
(1) - i.e., a 6-tuple of coherent group isomorphisms - lifts to a *-isomorphism.
With this in hand we can then prove a unital classification result by appealing
to a useful principle which we shall develop in a rather general context.

An update on the status of the work of Bonkat may be in order. Bonkat sets
out to reprove the classification result of Rgrdam using Kirchberg’s results.
However, the class classified by Bonkat is, a priori, smaller than the class
classified by Rgrdam, and to prove that they coincide in this case, Bonkat
is forced to appeal to Rgrdam’s result. Fortunately, more recent results by
Kirchberg or Toms and Winter ([16]) show in a direct way that the classes
coincide, rendering Bonkat’s proof truly independent of [14]. More details are
given after Lemma 4.

2 Bonkat’s Method

We shall concentrate on C*-algebras € having exactly one non-trivial ideal 2,
noting that this is the case exactly when the extension

0 A—>¢ "> ¢/A 0 (2)

is essential and the C*-algebras 2 and ¢/2 are simple. The primitive ideal
spectrum of such C*-algebras we denote by Xj; it has two points of which the
closure of one is the whole space while the other point is closed.

Kirchberg proves in [7, Corollary N] (cf. [8, Folgerung 4.3]) a result which in
the case of C'*-algebras with one non-trivial ideal specializes to the following:

Theorem 1. Let € and €' be strongly purely infinite, separable, stable and nu-
clear C*-algebras, each with exactly one non-trivial ideal. If z € KK (Xq; €, &)
is a KK (Xq; —, —)-equivalence then there exists a x-isomorphism

¢: ¢ — ¢
with [¢] = z.

Analogously to the characterization of the bifunctor KK by universal
means (cf. [1, Corollary 22.3.1]) we may describe KK (X1; —, —) by the univer-
sal property that any stable, homotopy invariant and split exact functor from
the category of extensions of separable C*-algebras into an additive category
factorises uniquely through KK (Xi;—, —). Strong pure infiniteness is consid-
ered in [11], and it is shown that a separable, stable and nuclear C*-algebra
€ is strongly purely infinite if and only if & absorbs O, i.e. if and only if
C¥ER 0.
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This extremely general and powerful result should be considered as an
isomorphism theorem allowing one to conclude from the existence of a very
weak kind of isomorphism, at the level of ideal-preserving KK-theory, the
existence of a genuine *-isomorphism at the level of C*-algebras.

This result could be turned into a bona fide classification result for such
algebras with one non-trivial ideal by a suitable universal coefficient theorem
allowing one to lift an isomorphism at the level of K-theory to one at the level
of ideal-preserving KK. And by a very generally applicable trick originating
with Rosenberg and Schochet, cf. Lemma 3 below, all one seems to need is a
surjective group homomorphism

KK(X1; €, &) — Hom(&(€), ¢(¢)).

where £ is an appropriately chosen variant of K-theory. The main challenge
for carrying out such a program thus becomes to identify a feasible flavour
of K-theory to use as #(—), and to establish the existence of such an epimor-
phism. However, we are aware of no approach to doing so which does not also
involve identifying the kernel of this map.

Indeed, this is exactly what Bonkat manages to do in his thesis work [2] in
the case when Rgrdam’s classification result indicates that the correct flavor
of K-theory is the class of six term exact sequences considered in [14], thus
providing an alternative proof for many of the results there.

A UCT for Kirchberg’s KK(Xi;—,—) is established in [2] as follows.
Bonkat works in the category of 6-periodic complexes

Go Po Gy 1 G

G o] |+

Gs<—Gys<=—0G3
Pa P3

of abelian groups and group homomorphisms, which he establishes is additive.
For two such complexes G and G’ the natural notion of homomorphisms is
the abelian group of coherent 6-tuples of group homomorphisms:

Homp (G, G') = {(&)5_ | & : Gi — G, i = &1}

Note that any C*-algebra € with precisely one non-trivial ideal 2 gives rise
to a 6-periodic complex

Ko(A) — = Ko(€) ——> Ko(¢/2)
aT la
Ky (€/2A) < — K1 (€) <—— K1 (%)

which we may denote K (&) without risk of confusion, and that any *-isomor-
phism ¢ : € — &' (as well as any other *-homomorphism sending 2 into ')
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induces an element ¢, € Homp (K (&), Ko(¢')). We let Koy, 1(€) denote the
complex obtained by shifting the groups by three indices.

Bonkat identifies the projective objects in this category as those com-
plexes which are exact and have projective, i.e. free, groups at each entry and
proves that there are enough projectives so that the Homgn-functor of coher-
ent 6-tuples defines left derived functors Extg. It is then proved ([2, Korollar
7.2.14]) that all exact such periodic complexes have a projective resolution of
length at most one, and by giving in [2, Abschnitt 7.4] a geometric resolution
— i.e. a realization at the level of C*-algebras — of this, Bonkat arrives at the
following universal coefficient theorem

Theorem 2. [2, Cf. Satz 7.5.3] Let € and € be separable C*-algebras each
with exactly one non-trivial ideal A and A, respectively. Assume further that
A, A E/A and & /A lie in the UCT class N'. There is a short exact sequence

Extd (Ko (€), Koy (€) —= KK (Xi; €, ¢) — > Homg (Ko (€), Ko (¢'))

Along the way Bonkat works in a different picture of KK (X;; &, ¢'); the
differences are explained in [2, Abschnitt 5.6]. By naturality of the UCT one
proves as in [15, Proposition 7.3|:

Lemma 3. [2, Proposition 7.7.2] Let € and €' be as in Theorem 2. The ele-
ment z € KK (X1; €, &) is an equivalence precisely when

I'(z) € Homg(Ko(€), Ko(¢'))
is a 6-tuple of group isomorphisms.

Following Rgrdam we say that a C*-algebra is a Kirchberg algebra if it is
purely infinite, simple, nuclear and separable. We need to use the following;:

Lemma 4. Let € be an essential extension of two stable Kirchberg algebras
from the UCT class N. Then € is strongly purely infinite.

In Bonkat’s thesis (|2, Satz 7.8.8]) this is established using Rgrdam’s clas-
sification, but applying more recent results by Kirchberg or (using the fact
that strong purely infiniteness coincides with Ou-stability in this case) by
Toms and Winter [16, Theorem 4.3] this may be proved directly.

Theorem 5. Let € and & be C*-algebras each with exactly one non-trivial
ideal A and A, with the property that A, A", /A & /A" are all Kirchberg al-
gebras in the UCT class N'. Any invertible element of Homg (Ko (€), Ko(€))
can be realized by a *-isomorphism ¢ : € 9 K — ¢’ @ K.

Proof. We may assume that € and ¢ are themselves stable. By Lemma 3
and Theorem 2 there exists an equivalence v € KK (X;;—, —) realizing this
6-tuple of morpisms. Thus by Theorem 1 and Lemma 4 the map is realized
by a #-isomorphism ¢ : & — &',
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Corollary 6. Let & be a C*-algebra with exactly one non-trivial ideal U, with
the property that A and €/ are both stable Kirchberg algebras in the UCT
class N'. The map

Aut(€) — Autp(Kp(€))

18 surjective.

It would be interesting to investigate when two such realizing #-isomorphisms
¢, ¢’ were approximately unitarily equivalent. It is necessary that ¢ and ¢’
induce the same map on K,.(€;Z/n), K.(A;Z/n), and K.(B;Z/n) for any
n € {2,3...}, and it is tempting to conjecture that this condition is also
sufficient. It is, however, not even clear that any automorphism on a six term
exact sequence of total K-theory lifts to a *-automorphism.

3 Unital Classification

Using the main theorem of preceding section, Theorem 5, we will extend
Rordam’s stable classification to allow for unital isomorphism when the iso-
morphisms of the invariant respect the relevant classes of units. This will be
done by appealing to a useful principle which we shall develop in a rather
general context. First we need some facts about properly infinite projections.

In [5] Cuntz considers C*-algebras 2 that contain a set & of projections
satisfying the following conditions:

(II) fp,ge & and p L q, then p+ q € Z.

(II) If p e &2 and p’ is a projection in 2 such that p ~ p’, then p’ € .
(II3) Forallp,q € £, thereisp’ € & such that p ~p',p’ < gand g—p' € L.
(I14) If g is a projection in 2, which majorizes an element of &2, then q € Z.

If p is a projection in a C*-algebra, then we let [p] denote the Murray—von
Neumann equivalence class of this projection. Cuntz shows in [5, Theorem 1.4]
the following theorem:

Theorem 7. Let 2 be a C*-algebra with a non-empty set &2 C A of pro-
jections satisfying (II1), (IIz) and (II3) above. Then G = {[p] | p € £} is a
group with the natural addition [p|+[q] = [p'+¢], where p’,q' € &P are chosen
such that p ~p', g ~ ¢ and p’ L ¢ by (II3). Moreover, if A is unital and &
also satisfies (I14), then G > [p] — [plo € Ko(A) defines a group isomorphism.

Recall that a projection p in a C*-algebra 2 is called full if 2 is the
only ideal in 2 containing p, and p is called properly infinite if there exist
projections pi,pe < p in A such that p; L py and p; ~ pa ~ p. See e.g. [10]
and [11] for more on infinite projections and related topics.

Lemma 8. Let 2 be a C*-algebra and let &2 be the set of full, properly infinite
projections in A. Then P satisfies (I1), (I12), (II3) and (I14).
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Proof. (II1): Suppose there are given projections p,q € & with p L ¢. Then
there exist projections pi, ps2,q1, g2 in 2 such that

PL,P2 <P, q1,92<¢q, p1Lp2, @ Lg, p1~p2~p, @ ~q@~g

Put r1 = p1 +q1, 72 = p2+q2 and r = p+q. It is easy to check that these are
projections satisfying 1,70 < r, 1 L 79 and ry ~ r9 ~ 7; i.e. r is properly
infinite. Clearly r is full, so r € Z.

(II3): Let there be given projections p € & and p’ € A such that p ~ p'.
Then there exist orthogonal projections pi,ps < p, such that p; ~ ps ~ p,
and there exists a partial isometry v € 2 such that p = vv* and p’ = v*v.
Define pj = v*p1v and py = v*pav. Then one easily shows, that p} and pj
are orthogonal projections such that p|,p5 < p’ and p| ~ p), ~ p’. From
p = p? = vvrvv* = vp'v* it is clear that p’ is full. Hence p' € &

(I14): Let g be a projection in 2 such that p < g for a p € &. Then p 3 q,
and hence ¢ is properly infinite by [10, Lemma 3.8] (see Section 2 in the same
paper for more on Cuntz comparison 3). From p < ¢ we immidiately get that
pq = p, so q is clearly full. Thus we have shown that g € £2.

(IT3): Let p,q € & be given projections. Then the ideal Ag2A generated
by ¢ is 2 (g is full). According to [10, Proposition 3.5] we have p 3 ¢, i.e.
there exists a projection p’ < ¢ such that p ~ p’. So there exist orthogonal
projections pj,p5 < p’ in A such that pj ~ p) ~ p’. The projection p is in 22,
which by (II2) implies that p), ph € £. From p} +pf < p’ < g we deduce that
ph < q—p} < q. From (I1,) we get ¢ — pj € &, because ph € L.

Analogous to Brown’s result ([3, Corollary 2.7]) one easily proves the fol-
lowing theorem:

Theorem 9. Let p be a full projection in a separable C*-algebra A. Then the
embedding v: pAp — A induces an isomorphism Ko(i): Ko(pAp) — Ko(2).

Proposition 10. Let p and q be full, properly infinite projections in a sepa-
rable C*-algebra A. Then [plo = [q]o if and only if p is Murray—von Neumann
equivalent to q.

Proof. Let p and g be full, properly infinite projections in a separable C*-alge-
bra . Assume that [p]o = [¢g]o- We want to show, that p ~ ¢. By (II3) we can
w.l.o.g. assume that p L q. Put r =p+gq.

The hereditary corner algebra r2dr of 2 is unital. The set & of full, prop-
erly infinite projections in rr contains p and ¢. By Theorem 9, [plo = [g]o
in Ko(r?dr). By Cuntz’ result is p ~ ¢ (in r2r).

The claims in this proposition are stated several places in the literature
for unital C*-algebras without the separability condition, but the proofs do
not readily generalize to the non-unital case. It is likely that one can get by
without the separability condition — it may even be a known result — but we
will not need this here.

We can use Cuntz’ argument in the proof of [13, Theorem 6.5] to prove
the following meta-theorem:
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Theorem 11. Let € be a subcategory of the category of C*-algebras, and let
F: € — 2 be a covariant functor defined on this subcategory. Assume that

(i) For every C*-algebra 2 in €, ARK belongs to €, and the x-homomorphism
Adar—a®e € ARK induces an isomorphism from F(A) onto F(ARK),
where e is a minimal projection in K.

(ii) For all stable C*-algebras A and B in €, every isomorphism from F(2)
to F(B) is induced by a x-isomorphism from A to B.

(iii) There exists a covariant functor G from @ into the category of abelian
groups such that Go F = K

Let A and B be unital, properly infinite, separable C*-algebras from €. If
there exists an isomorphism p from F(2A) onto F(B), such that G(p) maps
[La]o onto [Ls]o, then the C*-algebras A and B are x-isomorphic. (If AR K
and B QK have the cancellation property, we may omit the assumption of the
algebras being properly infinite. )

Proof. Let p: F(2) — F(B) be an isomorphism such that o = G(p) maps [Lg(]o
onto [L]o, i-e. @([La]o) = [Lm]o- Let e denote a minimal projection in K. The
homomorphisms A3 a—a®e e AQRK and Bo3b— bR e € B ® K induce
isomorphisms from F() to F(2 ® K) and from F(B) to F(B ® K), resp.
Therefore we get an induced isomorphism p from F(2A® K) to F(B ® K), with
& = G(p) being an isomorphism from Ky(2 ® K) to Ko(B ® K) such that
a([ly @ e€lo) = [Ln ® elo.

By assumption, p (and therefore also &) is induced by a #-isomorphism
o ARK — B ® K. So

[¢(La @ e)]o = Ko()([1a @ €lo) = a([la @ €]o) = [Ls @ €lo.

The projections ¢(ly ® e) and 1y ® e are full and properly infinite — we
show this only for 1 ® e (¢ is a x-isomorphism). It is clear that 1y ® e
is a full projection. The projection L is properly infinite, so there exist
partial isometries u; and ug such that uju] = ugud = 1y and ujur L usus;
from this we see that (u; @ e)(u; ® €)* = Iy ® e = (uz R e)(u2 ® €)* and
(u1®e)* (ur1®e)(uz®e)* (ua®e) = ufuiuius ®e = 0. We have thus shown that
the projection is properly infinite. By Proposition 10, therefore ¢(1y ® e) is
Murray—von Neumann equivalent to 1, ®e. So there exists a partial isometry v
such that

w'=1x ®e and v'v=¢(ly ®e).

Then z ® e — vp(x ® e)v* is a *-isomorphism from A ® Ce onto B ® Ce.
Because it is

o well-defined: For all z € 2 is

vop(x ®e)v* = (1p ® e)vep(z @ e)v™ (Ip ®e) € B @ Ce.
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e a homomorphism: The map z ® e — vo(x ® e)v* is clearly linear and
x-preserving. For z,y € U is

vé(zy ® e)v* = vd(z ® e)d(ly ® e)d(y ® e)v™ = vd(x ® e)v*vP(y ® e)v™.
o surjective: Let y € B be given. Then there exists x € A ® K such that
o(x) =v*(y ® e)v. So
vP((1g ®e)x(ly ®e))v* = vo(z)v" = vv*(y ®e)vw* =y e.

Because (14 ® e)z(ly ® e) € AR Ce the homomorphism is surjective.
o injective: Let z,y € A. If vp(z ® e)v* = vh(y ® e)v*, then
P(r®e) = P(la ©e)p(r ® e)p(la @ €) = v vd(x © e)v™v
= 0"0d(y © e)vv = ¢(la @ )Py © e)p(la ® e) = oy O e)

and, consequently, z = y.

Corollary 12. Let 2,2, and B’ be Kirchberg algebras from the UCT
class N', and assume that € and €' are unital, essential extensions:

L ™

0 A ¢ B 0

’ ’

¢ —

L

0 A’ B’ 0.

Then € =2 & if and only if there exists an isomorphism between the siz term
exact sequences from K-theory mapping [Lelo onto [Le]o.

Proof. By [14, Proposition 4.1] € and ¢’ are properly infinite. This Corollary
follows now directly from the Theorems 5 and 11 (where the objects of the
subcategory are the C'*-algebras, which are essential extensions of Kirchberg
algebras from the UCT class AV, and the morphisms are the *-homomorphisms
mapping the non-trivial essential ideal into the non-trivial essential ideal).

Let 0 - 2A — & — B — 0 be an essential extension of (non-zero) Kirch-
berg algebras. It is well known that Kirchberg algebras are either stable or
unital. This forces 2 to be stable. Then, as pointed out in [14], there are three
kinds of extensions: (i) € (and hence 9B) is unital, (ii) B is unital but € has no
unit, and (iii) B (and hence €) has no unit. In the latter case, both € and B
are stable. Assuming that the algebras belong to the UCT class N, we have
classified the algebras of the first type up to *-isomorphism, while Rgrdam has
classified the algebras of the third type up to *-isomorphism. What remains
is to classify the algebras in the intermediate case, where € is neither unital
nor stable!.

'Note added in proof: This problem has been solved by the second named author
and Efren Ruiz in On Rgrdam’s classification of certain C*-algebras with one non-
trivial ideal, II, preprint, 2006. The range question for the case considered in the
present paper is also addressed there.
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Corollary 13. Let A and A’ be non-degenerate {0, 1}-matrices in the follow-

ing block form
(MO , (M0
A - (X N) ) A - (X/ N/) )

where N and N’ are irreducible non-permutation matrices, the mazimal
non-degenerate principal submatrices of M and M' are irreducible non-
permutationmatrices, X # 0, and X' # 0. So the matrices A and A’ satify
condition (II) of Cuntz ([4]) and the Cuntz-Krieger algebras O and O 4 have
exactly one non-trivial closed ideal.

Then O4 = Oy if and only if there exist isomorphisms

v1: ker(I — NT) — ker(I — N'T),

ag: cok(I — MT) — cok(I — M'T),
Bo: cok(I — AT) — cok(I — A'T)
such that

[o)— (%]
ker(I — NT) cok(I — MT) —2% cok(I — AT)

EJ(% EJ/% glﬁo
—1X'Ty] [z]—~[§]
ker(I — N'TY ——"cok(I — M'T) —% cok(I — A'T)

y—[XTy]
—_—

commutes and Bo([11---1]7) =[11---1]T.

Proof. This follows from the previous Corollary combined with the paper [12]
— the invariant there also asks for an isomorphism between the Ky-groups of
the quotients, but here the existence is automatic, and no other commutative
diagrams are required (because we have only one non-trivial ideal).
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Summary. We investigate the class of unital C*-algebras that admit a unital em-
bedding into every unital C*-algebra of real rank zero, that has no finite-dimensional
quotients. We refer to a C*-algebra in this class as an initial object. We show that
there are many initial objects, including for example some unital, simple, infinite-
dimensional AF-algebras, the Jiang-Su algebra, and the GICAR-algebra.

That the GICAR-~algebra is an initial object follows from an analysis of Hausdorff
moment sequences. It is shown that a dense set of Hausdorffl moment sequences
belong to a given dense subgroup of the real numbers, and hence that the Hausdorff
moment problem can be solved (in a non-trivial way) when the moments are required
to belong to an arbitrary simple dimension group (i.e., unperforated simple ordered
group with the Riesz decomposition property).

1 Introduction

The following three questions concerning an arbitrary unital C*-algebra A,
that is “large” in the sense that it has no finite-dimensional representation,
are open.

Question 1. Does A contain a simple, unital, infinite-dimensional sub-C*-al-
gebra?

Question 2 (The Global Glimm Halving Problem). Does A contain a full® sub-
C*-algebra isomorphic to Cy((0,1], M2)?

Question 3. Is there a unital embedding of the Jiang-Su algebra Z into A?

3 A subset of a C*-algebra is called full if it is not contained in any proper closed
two-sided ideal of the C*-algebra.
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The Jiang-Su algebra (see [7]) is a simple, unital, infinite-dimensional C*-al-
gebra, which is K K-equivalent to the complex numbers (and hence at least
from a K-theoretical point of view could be an initial object as suggested
in Question 3). An affirmative answer to Question 3 clearly would yield an
affirmative answer to Question 1. A version of a lemma of Glimm (see [9,
Proposition 4.10]) confirms Question 2 in the special case that A is simple
(and not isomorphic to C); so Question 2 is weaker than Question 1.

Question 2 was raised in [10, Section 4] because a positive answer will
imply that every weakly purely infinite C*-algebra is automatically purely
infinite.

The Jiang-Su algebra plays a role in the classification program for amen-
able C*-algebras (a role that may well become more important in the future).
An affirmative answer to Question 3 will, besides also answering the two other
questions, shed more light on the Jiang-Su algebra. It would for example follow
that the Jiang-Su algebra is the (necessarily unique) unital, simple, separable
infinite-dimensional C*-algebra with the property stipulated in Question 3 and
with the property (established in [7]) that every unital endomorphism can be
approximated in the pointwise-norm topology by inner automorphisms.

We provide in this paper an affirmative answer to the three questions
above in the special case in which the target C*-algebra A is required to be
of real rank zero (in addition to being unital and with no finite-dimensional
representations).

Zhang proved in [14] that in any unital simple non-elementary C*-alge-
bra of real rank zero and for any natural number n one can find pairwise
orthogonal projections pg, p1, ..., p, that sum up to 1 and satisfy py = p1 ~
po ~ - -+ ~ py. In other words, one can divide the unit into n+1 pieces where n
of the pieces are of the same size, and the last piece is smaller. This result was
improved in [11] where it was shown that for every natural number n one can
unitally embed M,, & M, into any unital C*-algebra of real rank zero, that
has no non-zero representation of dimension < n. Thus, in the terminology of
the abstract, M,, @ M, is an initial object for every n. We shall here extend
this result and show that also the infinite tensor product P = @/, Ms & M3
is an initial object.

We shall give an algorithm which to an arbitrary unital AF-algebra, that
has no finite-dimensional representations, assigns a unital simple infinite-
dimensional AF-algebra that embeds unitally into A. This leads to the
existence of a unital infinite-dimensional simple AF-algebra that unitally em-
beds into P, and hence is an initial object. The Jiang-Su algebra was shown
by Jiang and Su to embed unitally into any unital simple non-elementary
AF-algebra, and so is also an initial object.

In Section 4 we shall show that the Gauge Invariant CAR-algebra is an
initial object. Along the way to this result we shall prove a perturbation result
that may be of independent interest: the set of Hausdorff moment sequences,
with the property that all terms belong to an arbitrary fixed dense subset of
the real numbers, is a dense subset of the Choquet simplex of all Hausdorff
moment sequences.
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We shall show in Section 5 that a simple, unital, infinite-dimensional C*-
algebra of real rank zero must have infinite-dimensional trace simplex if it
is an initial object. This leads to the open question if one can characterise
initial objects among (simple) unital infinite-dimensional C*-algebras of real
rank zero (or among simple AF-algebras).

We hope that our results will find application in the future study of real
rank zero C*-algebras; and we hope to have cast some light on the three
fundamental questions raised above.

2 Initial Objects in Unital Real Rank Zero C*-Algebras

Definition 4. A unital C*-algebra A will be said in this paper to be an initial
object if it embeds unitally into any unital C*-algebra of real rank zero which
has no non-zero finite-dimensional representations. (Note that we do not re-
quire A to belong to the class of algebras with these properties.) (Also we do
not require the embedding to be unique in any way.)

It is clear that the algebra of complex numbers C is an initial object, even in
the category of all unital C*-algebras—and that it is the unique initial object
in this larger category. It will be shown in Proposition 6 below that the infinite
C*-algebra tensor product P = ®:°=1 My & Ms is also an initial object in the
sense of the present paper. Note that this C*-algebra in fact belongs to the
category we are considering, i.e., unital C*-algebras of real rank zero with no
non-zero finite-dimensional quotients. It follows that a C*-algebra is an initial
object in our sense if and only if it is (isomorphic to) a unital sub-C*-algebra
of P. We shall use this fact to exhibit a perhaps surprisingly large number of
initial objects, including many simple AF-algebras, the Jiang-Su algebra, and
the GICAR-algebra (the gauge invariant subalgebra of the CAR-algebra).
Let us begin by recalling the following standard fact.

Lemma 5. Let A be a unital C*-algebra and let F be a unital finite-dim-
ensional sub-C*-algebra of A. Let ¢1,...,g, denote the minimal (non-zero)
central projections in F and let ey, ..., e, be minimal (non-zero) projections
in Fgi,..., Fgy,, respectively.

The map consisting of multiplying by the sum e; + - - + e, is an isomor-
phism from the relative commutant AN F' of F in A onto the sub-C*-algebra
e1Ae; @ exAes B - De,Ae, of A. Moreover, if B is another unital C*-alge-
bra and pj: B — e;Ae; are unital *-homomorphisms, then there is a unique
unital *-homomorphism p: B — AN F' such that p(b)e; = e;p(b) = p;(b) for
allbe Bandallj=1,...,n.

Proposition 6. The C*-algebra P = @, M> ® Ms is an initial object (in
the sense of Definition /).

Proof. Let A be a unital C*-algebra of real rank zero with no non-zero finite-
dimensional representations. We must find a unital embedding of P into A.
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Set ®;L:1 M>®M; = P,, sothat P, 1 = P, ®(My® M3). Let us construct
for each n a unital embedding ¢,,: P, — A in such a way that ¢,11(z®1) =
¢n(z) for each x € P,. This will yield a unital embedding of P into A as
desired. In order to be able construct these maps inductively we must require
in addition that they be full.4

For each full projection e in A there is a full unital embedding
1 My@® Mz — eAe. Indeed, eAe cannot have any non-zero finite-dimensional
representation since any such representation would extend to a finite-dimen-
sional representation of A (on a larger Hilbert space). Hence by [11, Proposi-
tion 5.3], there is a unital *-homomorphism from Mz @ M7 into eAe. Compos-
ing this with a full unital embedding Ms & M35 — My & My yields the desired
full embedding .

The preceding argument shows that there is a full unital embedding
p1: Pp = My ® M3 — A. Suppose that n > 1 and that maps @1, p2,...,©n
have been found with the desired properties.

Choose minimal projections f1, fa,..., for in P,, one in each minimal non-
zero direct summand, and set ¢, (f;) = e;. Each e; is then a full projection
in A. Choose a full unital embedding p;: My @ M3 — e;jAe; for each j, and
note that by Lemma 5 there exists a a unital *~-homomorphism p: My @ Mz —
AN, (P,)" such that p(b)e; = e;p(b) = p;(b) for all b € My & M3z and all j.
There is now a unique *-homomorphism @, 1: P11 = P, @ (Ma® M3) — A
with the property that ¢,11(a®0b) = v, (a)p(b) for a € P,, and b € My @ M.
To show that ¢,41 is full it suffices to check that ¢, +1(f; ® b) is full in A
for all j and for all non-zero b in My & Ms; this follows from the identity
Ont1(fn ®@b) = on(f;)p(b) = ejp(b) = p;(b) and the fact that p; is full. O

Corollary 7. Let A be a unital C*-algebra of real rank zero. The following
three conditions are equivalent.

1. A has no non-zero finite-dimensional representations.
2. There is a unital embedding of @, , M ® Ms into A.
3. There is a unital embedding of each initial object® into A.

Proof. (i) = (iii) is true by Definition 4. (iii) = (ii) follows from Proposition 6.
(ii) = (i) holds because any finite-dimensional representation of A would
restrict to a finite-dimensional representation of ®Z°:1 My @ Ms, and no such
exists. a

As remarked above, a C*-algebra is an initial object if and only if it embeds
unitally into the C*-algebra P = @.-,; My ® M;s. The ordered Ky-group of
P can be described as follows. Consider the Cantor set X = [ —,{0,1}.

4By a full *~-homomorphism we mean a *-homomorphism that maps each non-
zero element to a full element in the codomain algebra. (A full element is one not
belonging to any proper closed two-sided ideal.)

5The list of initial objects includes some simple unital infinite-dimensional AF-
algebras and the Jiang-Su algebra Z as shown in Section 2.
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Consider the maps vg,v1: X — Ng U {oo} that for each z € X count the
number of 0s and 1s, respectively, among the coordinates of z, and note that
vo(x) + v1(x) = oo for every x € X. For each supernatural number n denote
by Q(n) the set of rational numbers p/q with ¢ dividing n, and consider
the subgroup G C C(X,R) consisting of those functions g for which g(x) €
Q(2v0(*)3¥1(2)) for every z € X. Equip G with the pointwise order, i.e., g > 0 if
g(x) > 0forall zx € X. Then (Ko (P), Ko(P)™,[1]) is isomorphic to (G, GT, 1).
Note in particular that G is a dense subgroup of C(X,R).

3 Simple Initial Objects

We shall show in this section that the class of initial objects, in the sense

of the previous section, includes several simple unital (infinite-dimensional)
AF-algebras.

Lemma 8. The following two conditions are equivalent for any dimension
group G.

1. For each order unit x in G there exists an order unit y in G such that
2y < x.

2. For each finite set of order units x1, ..., xx in G and for each set of natural
numbers ny,...,ny there is an order unit y in G such that n;y < x; for
i=12... k.

Proof. The implication (i) = (ii) follows from the well-known fact (which
is also easy to prove—using the Effros-Handelman-Shen theorem) that if

T1,%2,...,2 are order units in a dimension group G, then there is an or-
der unit yo in G such that yo < z; for all j. The implication (ii) = (i) is
immediate. O

A dimension group will be said to have the property (D) if it satisfies the two
equivalent conditions of Lemma 8.

Lemma 9. Let A be a unital AF-algebra. The ordered group Ko(A) has the
property (D) if and only if A has no non-zero finite-dimensional representa-
tions.

Proof. Suppose that A has no non-zero finite-dimensional representation,
and let  be an order unit in Ky(A). Then = = [e] for some full projec-
tion e in M, (A) for some n. Since any finite-dimensional representation of
eM,,(A)e would induce a finite-dimensional representation of A (on a different
Hilbert space), eM,,(A)e has no non-zero finite-dimensional representation. By
[11, Proposition 5.3] there is a unital *-homomorphism from M, & M3 into
eM,(A)e. (Cf. proof of Proposition 6 above.) Let f = (f1, f2) be a projection
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in My & Ms, with f1 and fo one-dimensional, and denote by f € eM, (A)e the
image of f under the unital *-homomorphism Ms & M35 — eM,,(A)e. Then f
is full in eM,,(A)e (because f is full in My & Ms), and 2[f] < [e], as desired.

Suppose conversely that Ko(A) has the property (D). Condition 2.1 (ii)
with k£ = 1 implies immediately that every non-zero representation of A is

infinite-dimensional. O

We present below a more direct alternative proof (purely in terms of ordered
group theory) of the first implication of the lemma above. Consider a decom-
position of K(A) as the ordered group inductive limit of a sequence of ordered
groups G; — Go — --- with each G; isomorphic to a finite ordered group
direct sum of copies of Z, and let « be an order unit in Ky(A). Modifying the
inductive limit decomposition of K(A), we may suppose that z is the image
of an order unit z; in G1, and that the image x,, of z; in G,, is an order unit
for G, for each n > 2. Let us show that for some n the condition 2.1 (i) holds
for z,, in G, —or else, if not, then GG has a non-zero quotient ordered group
isomorphic to Z. If not, then for every n there exists at least one coordinate
of x, in G, equal to one, and the inductive limit of the sequence consisting,
at the nth stage, of the largest quotient of the ordered group G, in which
every coordinate of z,, is equal to one is a non-zero quotient of G every prime
quotient of which is Z. As soon as Condition 2.1 (i) holds for z,, in G,, then
it holds for x in G. In other words, if G has no non-zero quotient isomorphic
to Z, then it has the property (D).

Proposition 10. Let (G,G™) be a dimension group with the property (D).
Denote by Gt the set of all order units in G, and suppose that GT # (.
Then (G,G*t1 U{0}) is a simple dimension group.

Proof. Observe first that Gt+ + Gt = G**. With this fact (and with
the assumption that G is non-empty) it is straightforward to check that
(G,GTT U {0}) is an ordered abelian group. We proceed to show that it is
a dimension group. This ordered group is unperforated as (G,GV) is, and so
we need only show that it has the Riesz decomposition property. Equip G
with the two orderings < and S given by z <y ify —x € GT and x 3 y if
y—x € GTTU{0}. Suppose that x = 41 + y2 where z,y1,y2 € GTTU{0}. We
must find 1,22 € GTT U {0} such that = 21 + 2 and z; Sy, j =1,2. It
is trivial to find z; and x5 in the cases that one of z, y1, y2, and y; + y2 — x
is zero. Suppose that the four elements above are non-zero, in which case by
hypothesis they all are order units. By hypothesis (and by Lemma 8) there is
z € GTT such that

2z<x, z2z<y1, 2ZyY2, 22Zyi+y2—T.

Then x—2z < (y1 —22)+ (y2—22). Since (G, G) has the Riesz decomposition
property there are vi,vs € G such that

T — 2z =v1 + v, v1 <y — 2z, vy < Yoy — 22.
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Set v; + 2z = 21 and vy + z = x9. Then x1, x5 belong to G+, © = x1 + 29,
21 2 y1, and xo 3 yo; the latter two inequalities hold because

yi—x; = yi—v;—z = (y;—v;—22)+z € GT+GtT = GTT.
O

Proposition 11. Let A be a unital AF-algebra A with no non-zero finite-
dimensional representation. There exists a unital sub-C*-algebra B of A which
is a simple, infinite-dimensional AF-algebra, and for which the inclusion map-
ping B — A gives rise to

1. an isomorphism of simplices T(A) — T(B), and
2. an isomorphism of groups Ko(B) — Ko(A) which maps Ko(B)* onto
Ko(A)™ U {0}, and so in particular,

(Ko(B), Ko(B)*.[1]) 2 (Ko(A), Ko(A)"+ U {0}, [1]).
If A is an initial object, then so also is B.

Proof. We derive from Lemma 9 that Ky(A) has property (D), and we
then conclude from Proposition 10 that Ky(A) equipped with the posi-
tive cone G := Ko(A)*™" U {0} is a simple dimension group. Let B; be
the simple, unital, infinite-dimensional AF-algebra with dimension group
(Ko(A),G™,[14]), and use the homomorphism theorem for AF-algebras ([12,
Proposition 1.3.4 (iii)]), to find a unital (necessarily injective) *-homomor-
phism ¢: By — A which induces the (canonical) homomorphism Ky(B;) —
Ko(A) that maps Ko(B1)t onto G* and [1p,] onto [14]. Set ¢(B1) = B.
Then B is a unital sub-C*-algebra of A, B is isomorphic to By, and (ii) holds.

The property (i) follows from (ii) and the fact, that we shall prove, that
the state spaces of (Ko(4), Ko(A)™, [14]) and (Ko(A), GT, [14]) coincide. The
former space is contained in the latter because G is contained in Ko(A)™.
To show the reverse inclusion take a state f on (Ko(A4),G,[14]) and take
g € Ko(A)T. We must show that f(g) > 0. Use Lemmas 8 and 9 to find for
each natural number n an element v,, in Ko(A)™" such that nv,, < [14]. Then
nf(v,) < 1,50 f(v,) < 1/n; and g+v, belongs to Ko(A)™, so f(g+wv,) > 0.
These two inequalities, that hold for all n, imply that f(g) > 0. O

Corollary 12.

1. There is a simple unital infinite-dimensional AF-algebra which is an initial
object.
2. The Jiang-Su algebra Z is an initial object.

Proof. The assertion (i) follows immediately from Propositions 6 and 11.
The assertion (ii) follows from (i) and the fact, proved in [7], that the

Jiang-Su algebra Z embeds in (actually is tensorially absorbed by) any unital

simple infinite-dimensional AF-algebra. 0O
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The corollary above provides an affirmative answer to Question 3 (and hence
also to Questions 1 and 2) of the introduction in the case that the target
C*-algebra A is assumed to be of real rank zero.

The question of initial objects may perhaps be pertinent in the classifi-
cation program, where properties such as approximate divisibility and being
able to absorb the Jiang-Su algebra Z are of interest. We remind the reader
that a C*-algebra A is approximately divisible if for each natural number n
there is a sequence ¢i: M, ® M,+1 — M(A) of unital *~homomorphisms
(where M(A) denotes the multiplier algebra of A) such that [pr(x),a] — 0
for all a € A and all x € M,, ® M,, 1. (It turns out that if A is unital, then
we need only find such a sequence of *-homomorphisms for n = 2.) It is easily
seen that a separable C*-algebra A is approximately divisible if, and only if,
there is a unital *~homomorphism

H(Mn@MnJrl)/Z(Mn@MnJrl) — M(A), N A, (1)

neN neN

and it follows from [12, Theorem 7.2.2] and [7] that A is Z-absorbing if and
only if there is a unital embedding of Z into M(A), N A’; here, w is any
free ultrafilter on N, and M(A) is identified with a sub-C*-algebra of the
ultrapower M (A),, (the C*-algebra of bounded sequences in M(A), modulo
the ideal of bounded sequences convergent to 0 along w).

Toms and Winter recently observed ([13]) that any separable approxi-
mately divisible C*-algebra is Z-absorbing, because one can embed Z unitally
into the C*-algebra on the left-hand side of (1). (The latter fact follows from
our Corollary 12, but it can also be proved directly, as was done in [13].) In
the general case, when A need not be approximately divisible, it is of interest
to decide when A is Z-absorbing, or, equivalently, when one can find a unital
embedding of Z into M(A), N A’. Here it would be extremely useful if one
knew that Z was an initial object in the category of all unital C*-algebras
with no non-zero finite-dimensional representations.

The proof of Corollary 12 yields an explicit—at the level of the invariant—
simple unital AF-algebra which is an initial object. Indeed, consider the initial
object P = @~ M> ® M3, the Ky-group of which is the dense subset G of
C(X,R) described above (after Corollary 7), with the relative order, where
C(X,R) is equipped with the standard pointwise ordering. The simple di-
mension group (G, GTTU{0}) of Proposition 10 is obtained by again viewing
G as a subgroup of C(X,R) but this time endowing C'(X,R) with the strict
pointwise ordering (in which an element f € C(X,R) is positive if f = 0 or if
f(x) >0 for all z € X). Any other simple dimension group which maps onto
this may also be used.

It would of course be nice to have an even more explicit (or natural)
example of a simple unital infinite-dimensional AF-algebra which is an initial
object in the sense of this paper.
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The trace simplex of the simple unital AF-algebra referred to above is the
simplex of probability measures on the Cantor set. We shall show in Section 5
that the trace simplex of an initial object, that has sufficiently many pro-
jections, must be infinite-dimensional. Let us now note that a large class of
infinite-dimensional Choquet simplices arise as the trace simplex of an initial
object.

Proposition 13. Let X be a metrizable compact Hausdorff space which ad-
mits an embedding of the Cantor set.5 There exists a simple unital AF-algebra
A which is an initial object, such that T(A) is affinely homeomorphic to the
simplex M1(X) of (Borel) probability measures on X.

Proof. By hypothesis X has a closed subset Xy which is (homeomorphic to)
the Cantor set. The dimension group of the known initial object @~ ; Mo ®
Ms is isomorphic in a natural way to a demse subgroup G of C(Xp,R)
(equipped with the standard pointwise ordering), with canonical order unit
corresponding to the constant function 1x,, cf. the remark after Corollary 7.
We shall construct below a countable dense subgroup H of C'(X,R) such that
the constant function 1x belongs to H, and such that the restriction f|x,
belongs to G for every f € H. Equip H with the strict pointwise ordering
on C(X,R) and with the order unit 1x. Then we have an ordered group ho-
momorphism ¢: H — G given by ¢(f) = f|x,, which maps 1x into 1x,. It
follows that we may take A to be the unital, simple AF-algebra with invariant
(H,H™",1x), as by the homomorphism theorem for AF-algebras (cf. above)
¢ induces a unital embedding of A into @), -, Ma ® M3, whence A is an ini-
tial object, and the trace simplex of A is homeomorphic to the state space of
(H,H™",1x), which is M (X).

Let us now pass to the construction of H. Each ¢ € G extends to
g € C(X,R) (we do not make any assumption concerning the mapping
g — §). Choose a countable dense subgroup Hy of Cp(X \ Xo,R) C C(X,R),
and consider the countable subgroup of C(X,R) generated by H, and the
countable set {g : g € G}. Denote this group, with the relative (strict
pointwise) order, by H; let us check that this choice of H fulfils the re-
quirements. First, f|x, € G for every f € H. To see that H is dense in
C(X,R), let there be given f € C(X,R) and € > 0. Choose g € G such
that ||f|x, — 9llec < €/2. Extend f|x, — g to a function f; € C(X,R) with
[ folloe = Iflxs — gllse < /2. Note that f — § — fo belongs to Co(X\ Xo,R).
Choose hg € Hy such that || f —§— fo —holleo < €/2, and consider the function
h=G+he € H We have [|f = hlloo < If = - fo — holloe + follee < &,
as desired. a

6 An equivalent formulation of this (rather weak) property is that X has a non-
empty closed subset with no isolated points.
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4 Hausdorff Moments, the GICAR-Algebra,
and Pascal’s Triangle

In this section we shall establish the following result.

Theorem 14. The GICAR-algebra is an initial object (in the sense of Defi-
nition 4).

We review some of the background material. Consider the Bratteli diagram
given by Pascal’s triangle,

WL
/N
.1 01
/N /N
.1 .2 01
/N /N /N
.1 03 03 .1

and denote by
(C:BO—>Bl—>B2—>~-~—>lii>an(:B)

the inductive system of finite-dimensional C*-algebras associated with that
Bratteli diagram. The C*-algebra B is the GICAR-algebra. (It can also, more
naturally, be realized as the fixed point algebra of the CAR-algebra under a
certain action of the circle referred to as the gauge action, cf. [3].)

For each n > 0 and 0 < k < n, choose a minimal projection e(n, k) in the
kth minimal direct summand of B,,. Note that e(0,0) = 15 and that e(n, k)
is Murray-von Neumann equivalent to e(n+1,k) +e(n+1,k+1) in Byp41. A
trace 7 on B,, is determined by its values on the projections e(n, k), 0 < k < n.

The group Ko(B) is generated, as an ordered abelian group, by the ele-
ments [e(n, k)], with n > 0 and 0 < k < n; that is, these elements span Ky(B)
as an abelian group, and the semigroup spanned by the elements [e(n, k)] is
equal to Ko(B)'. Our generators satisfy the relations

le(n, k)] = [e(n+ 1, k)] +[e(n+1,k+1)], n>0 0<k<n (2

Moreover, (Ko(B), Kq(B)™") is the universal ordered abelian group generated,
as an ordered abelian group, by elements g(n, k), n > 0 and 0 < k < n, with
the relations g(n, k) = g(n+ 1,k) + g(n + 1,k + 1).

For brevity we shall set (Ko(B), Ko(B)",[1g5lo) = (H, H",v).

For each abelian (additively written) group G and for each sequence
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t: Ng — G associate the discrete derivative t': Ng — G given by ¢/(k) =
t(k) — t(k + 1). Denote the nth derivative of ¢ by t(), and apply the conven-
tion ¢ =¢.

We remind the reader of the following classical result. The equivalence
of (i) and (iv) is the solution to the Hausdorff Moment problem (see e.g. [1,
Proposition 6.11]). The equivalence of (i), (ii), and (iii) follows from Proposi-
tion 16 below (with (G,GT,u) = (R,R*,1)).

Proposition 15 (Hausdorff Moments). The following four conditions are
equivalent for any sequence t: Nyg — R.

(i) t*)(n) >0 for all n,k > 0.
(ii) There is a system, {t(n,k)}o<k<n, of positive real numbers (necessarily
unique) such that

tin+ 1,k)+tn+1,k+1) =t(n, k), t(n,n) = t(n),

form>0and0<k<n.

(iii)There is a (unique) tracial state T on the GICAR-algebra such that t(n) =
7(e(n,n)) for alln > 0.

(iv)There is a Borel probability measure p on the interval [0,1] such that

t(n) = / A" dp(A),

for allm > 0.

It follows from Proposition 16 below and from (iv) that the coefficients t(n, k)
from (ii) are given by

1
t(n, k) =t P (k) = / M=) Fdu(N). (3)
0

A sequence t = (¢(0),t(1),...) satisfying the condition in Proposition 15 (iv)
(or, equivalently, the three other conditions of Proposition 15) is called a
Hausdorff moment sequence. Note that ¢(0) = 1 in every Hausdorff moment
sequence. Let us denote the set of all moment sequences by M. Note that M
is a compact convex set and in fact a Choquet simplex. For each n € Ny let
us set

M, = {((0),¢(1),4(2),...,t(n)) : (£(0),£(1),¢(2),...) € M} C R

and denote by m, the canonical surjective affine mapping M, ;1 — M,,.

Let us say that a moment sequence ¢t = (¢(0),¢(1),£(2),...) is trivial if
the corresponding measure in Proposition 15 (iv) is supported in {0, 1}, and
say that t is non-trivial otherwise. A sequence t is trivial if and only if it is a
convex combination of the two trivial sequences (1,1,1,...) and (1,0,0,...).



108 George A. Elliott and Mikael Rgrdam

It follows from this and (iv) above that ¢ is non-trivial if and only if £(2) < #(1).
One can use Equation (3) to see that ¢ is non-trivial if and only if ¢(n, k) # 0
for all n and k.

We seek unital embeddings from the GICAR algebra B into unital AF-
algebras (and into unital C*-algebras of real rank zero). At the level of the
invariant we are thus seeking positive unit preserving group homomorphisms
from the dimension group with distinguished unit (H, H™,v) associated to
the GICAR algebra into the ordered Ky-group with distinguished unit of the
target algebra; call this invariant (G, GT,u). The proposition below rephrases
this problem as that of the existence of a function g: Ny — G with certain
properties.

Proposition 16. Let (H, H",v) be as above, and let (G,G¥,u) be an ordered
abelian group with a distinguished order unit u. Let g: Ng — G be given, and
assume that g(0) = v. The following conditions are equivalent.

1. ¢®)(n) € Gt for all n,k > 0.
2. There is a system, {g(n, k) }o<k<n, of elements in G* (necessarily unique)
such that

gin+Lk)+gn+1L,k+1)=g(n,k), g(n,n) = g(n),

foralln >0 and 0 < k <n.
3. There is a (unique) homomorphism of ordered groups ¢: H — G with
w(v) = u such that p([e(n,n)]) = g(n) for all n > 0.

If the three conditions above are satisfied, then

p(le(n, k)]) = g(n,k) = g" (k)

for alln >0 and 0 < k < n; and the homomorphism ¢ is faithful if and only
if g(n, k) is non-zero for allm >0 and 0 < k < n.

Proof. (i) = (ii). Set g(n,k) = g™ (k) € G*. Then g(n,n) = ¢\®(n) =
g(n), and

g(nk) = g(n+ 1,k +1) = g" P (k) = g Pk +1) = gD (k)
=gn+1,k).

(ii) = (iii). We noted after Theorem 14 that H = K((B) is generated, as
an ordered abelian group, by the elements [e(n, k)], n > 0 and 0 < k < n,
and that H is the universal ordered abelian group generated by these ele-
ments subject to the relations (2). Accordingly, by (ii), there exists a (unique)
positive group homomorphism ¢: H — G with ¢([e(n, k)]) = g(n, k). Also,
e(v) = ¢([e(0,0)]) = 9(0,0) = g(0) = u.

To complete the proof we must show that ¢ is uniquely determined by
its value on the elements [e(n,n)], n > 0. But this follows from the fact that



Perturbation of Hausdorff moment sequences 109

the elements [e(n, k)], with n > 0 and 0 < k < n, belong to the subgroup
generated by the elements [e(n,n)], for n > 0, by the relations (2).

(iii) = (i). This implication follows from the identity ¢([e(n + k,n)]) =
gk (n), that we shall proceed to prove by induction on k. The case k = 0 is
explicitly contained in (iii). Assume that the identity has been shown to hold
for some k > 0. Then, by (2),

g (n) = g™ (n) — g®(n+1) = o(le(n+k,n)] — le(n+k+1,n+1)])
= o(le(n+k+1,n)]).

To prove the two last claims of the proposition, assume that g satisfies
the three equivalent conditions, and consider the homomorphism of ordered
groups ¢: H — G asserted to exist in (iii). It follows from the proofs of (i)
= (ii) and (i) = (iii) that p([e(n,k)]) = g(n, k) = ¢ ~® (k). Any non-zero
positive element h of H is a finite (non-empty) sum of elements of the form
[e(n, k)]. Thus ¢(h) is a finite (non-empty) sum of elements of the form g(n, k).
This shows that (k) is non-zero for all non-zero positive elements h in H if
and only if g(n, k) is non-zero for all n and k. O

Let us now return to the convex set M of Hausdorff moment sequences in R™
and to the truncated finite-dimensional convex sets M,,.

Lemma 17. dim(M,,) = n.

Proof. The convex set M., is a subset of {1} xR", and has therefore dimension
at most n. On the other hand, the points (1, A, A\2,..., A\") belong to M,, for
each A € (0,1), and these points span an n-dimensional convex set. O

Let M¢ denote the relative interior” of M,,. By standard theory for finite-
dimensional convex sets, see e.g. [4, Theorem 3.4], dim(M?) = dim(M,,) = n.
Note that

M1:{(1,)\)2)\€ [07”}a T:{(L)\))\G(O,l)}

For n > 2 we can use Lemma 17 to conclude that M$ = {1} x U, for some
open convex subset U, of R™.

Lemma 18. 1, (M5 ) = M;.

Proof. This follows from the standard fact from the theory for finite-dimen-
sional convex sets (see e.g. [4, §3 and Exercise 3.3]) that the relative interior
of the image of 7, is the image under 7, of the relative interior of M, 11
(combined with the fact that 7, is surjective). O

"The relative interior of a finite-dimensional convex set is its interior relatively
to the affine set it generates.
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Theorem 19. Let G be a dense subset of the reals that contains 1. Then there
is a non-trivial moment sequence (to,t1,ta,...) such that t,, belongs to G for
every n € Ngy. Furthermore, the moment sequences with all terms belonging
to G constitute a dense® subset of M. If G also is a group, and has infinite
rank over Q, then there exists a moment sequence in G the terms of which are
independent over Q.

Proof. Let (s, $1,82,-..) be a moment sequence, let m be a natural number,
and let 1, €9, ...,&, be strictly positive real numbers. Since (sg, S1,. .., 8m)
belongs to M,,, since M?, is dense in M,, (cf. [4, Theorem 3.4]) and is equal
to {1} x Uy, for some open subset U, of R™, since 1 € G, and since G is
dense in R, we can find (to,t1,...,t,) in M;, such that ¢; belongs to G for
j=0,1,...,mand |t; —sj| <eg; for j=1,...,m.

Let us choose inductively t,,, n > m, such that ¢, € G and (to,t1,...,t,) €
M. Supppose that n > m and that ¢, %1, ...,t, have been found. The set

{seR:(to,t1,... ,tn,s) € My 1}

is non-empty (by Lemma 18) and open (because My, ; = {1} x U,y for
some open subset U, ; of R"™1). Hence there exists t,11 € G such that
(to,t1y .- stnp1) € M5 .

The resulting sequence (tg,t1,%2,...) in G is a moment sequence by con-
struction and is close to the given moment sequence (sg, s1, S2, . .. ).

The inequality to < ¢; holds because (to,t1,t2) belongs to the open set

5 = {1} x Us. (Indeed, note that ¢; < to whenever (tg,t1,t2) belongs to
My and, hence, that the element (1,¢1,¢1) of Mz belongs to the boundary.)

Concerning the desired independence of the terms of the moment sequence
when G is a group, of infinite rank, it will suffice to choose each t, in the set

G\ spang{to, t1,...,tn—1}.
This is possible because this set is dense in R by the assumption on G. O

Corollary 20. Let G be a dense subgroup of R with 1 € G. There is a faithful
homomorphism of ordered groups from the dimension group H associated with
the Pascal triangle to G (with the order inherited from R) that maps the
canonical order unit of H to 1. Furthermore, the set of such maps into G
is dense in the set of such maps just into R, in the topology of pointwise
convergence on H. If G is of infinite rank there exists such a map which is
injective.

Proof. Propositions 15 and 16 give a one-to-one correspondence between mo-
ment sequences t: Ny — G and homomorphisms ¢: H — G of ordered abelian
groups that map the canonical order unit v € H into 1 € G, such that
o(le(n,k)]) = t(n,k) for all n > 0 and 0 < k < n. If ¢ is non-trivial, then

8In the standard pointwise (or product) topology.
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t(n, k) is non-zero for all n,k, whence p(g) > 0 for every non-zero positive
element g in H (because each such element g is a sum of elements of the form
fe(n, k).

A pointwise converging net of moment sequences corresponds to a point-
wise converging net of homomorphisms H — G.

The first two claims now follow from Theorem 19.

A homomorphism ¢: H — G is injective if the restriction of ¢ to the sub-
group spanned by {[e(n, k)] : k = 0,1,...,n} is injective for every n. The latter
holds, for a specific n, if and only if ¢(n,0),t(n,1),...,t(n,n) are independent
over Q, or, equivalently, if and only if ¢(0),#(1),...,t(n) are independent over
Q. (Use the relation in Proposition 15 (ii) to see the second equivalence.)
This shows that a moment sequence t: Ng — G, where £(0),¢(1),... are in-
dependent over QQ, gives rise to an injective homomorphism ¢: H — G. The
existence of such a moment sequence ¢, under the assumption that G has in-
finite rank, follows from Theorem 19. O

Lemma 21. With X the Cantor set, let fi,...,fn: X — R be continuous
functions, and let U C R™*! be an open subset such that

{8 eR: (fl(x)7f2(x)7vfn(m)as) € U}

is non-empty for every x € X. It follows that there exists a continuous function

frna1: X — R such that

(fl(x),fg(a:), = ~7fn(1')afn+1($)) ev
forallx € X.

Proof. For each s € R consider the set Vs of those x € X for which
(f1(x), fa(x),..., fn(z),s) belongs to U. Then (V;)scgr is an open cover of
X, and so by compactness, X has a finite subcover Vs,,Vs,,..., Vs, . Be-
cause X is totally disconnected there are clopen subsets W; C Vs, such that

W1, Wa, ..., Wy partition X. The function f,11 = Zk

j=1 51w, is as desired.

O

Proposition 22. With X the Cantor set, let G be a norm-dense subset of
C(X,]0,1]) that contains the constant function 1. There exists a sequence
(90,91, 92, -.) in G such that (go(x), g1(x), g2(x), . ..) is a non-trivial moment
sequence for every x € X.

Proof. Choose go, g1,... in G inductively such that (go(x),g1(x),...,gn(x))
belongs to M; for every x € X. Begin by choosing go to be the constant
function 1 (as it must be). Suppose that n > 0 and that go,g1,...,9, as
above have been found. As observed earlier, M;,_ | = {1} x U,41 for some
open subset U, 1 of R"*1. The set

{seR:(91(2),...,9n(2),5) € Unt1}
= {S eR: (go(z),gl(z),. .- ,gn(x),s) € M:H—l}
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is non-empty for each x € X (by Lemma 18), and so we can use Lemma 21
to find a continuous function f: X — R such that (g1(x),...,gn(z), f(x))
belongs to U, 41 for all x € X. By compactness of X, continuity of the func-
tions ¢1,...,9n, f, and because U, 1 is open, there exists § > 0 such that
(g1(x),. .., gn(x), h(zx)) belongs to Uy 41 for all x € X whenever || f —h||oo < 0.
As G is dense in C'(X,R) we can find g1 € G with ||f — gn+1llec < J, and
this function has the desired properties.

As in the proof of Proposition 15, since (go(z),g1(z), g2(x)) belongs to
M3, we get go(x) < g1(x), which in turns implies that the moment sequence
(go(x), 1(x), g2(x), . ..) is non-trivial for every z € X. O

Proposition 23. With X the Cantor set, let G be a norm-dense subgroup of
C(X,R) that contains the constant function 1. There exists a faithful homo-
morphism of ordered groups from the dimension group H associated with the
Pascal triangle to G (with the strict pointwise order) that takes the distin-
guished order unit v of H into the constant function 1.

Proof. Choose a sequence g, g1,92,.-. in G as specified in Proposition 22,
and consider the (unique) system {g(n, k) }o<k<n in G such that

gin+1,E)+gn+1,k+1)=g(nk), g(n,n) = gy

for n > 0 and 0 < k < n. Use Proposition 15 and the non-triviality of the
moment sequence (go(z), g1(x), g2(x),...) to conclude that g(n, k)(x) > 0 for
all x € X. Hence, by Proposition 16, there exists a homomorphism of ordered
groups ¢: H — G such that ¢([e(n, k)]) = g(n, k) foralln > 0and 0 < k < n.

Each function g(n, k) is strictly positive, and hence non-zero, so it follows
from Proposition 16 that ¢ is faithful. O

Proof of Theorem 14. By Corollary 7 it suffices to find a unital embedding
of the GICAR-algebra B into the AF-algebra P = Q.- M> @® M;. The
ordered Ky-group of P is (isomorphic to) a dense subgroup G of C'(X, R) which
contains the constant function 1 (as shown immediately after Corollary 7). The
existence of a unital embedding of the GICAR-algebra into the AF-algebra P
now follows from Proposition 23. g

5 Properties of Initial Objects

We shall show in this last section that initial objects in the sense of this
paper, although abundant, form at the same time a rather special class of
C*-algebras.

An element g in an abelian group G will be said to be infinitely divisible
if the set of natural numbers n for which the equation nh = g has a solution
h € G is unbounded.
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Proposition 24. If B is an initial object, then Ko(B)™ contains no non-zero
infinitely divisible elements.

Proof. There exists a unital C*-algebra A of real rank zero and with no
non-zero finite-dimensional representations, such that no non-zero element
in Ko(A) is infinitely divisible, and such that any non-zero projection has a
non-zero class in Ky(A). (For example, any irrational rotation C*-algebra.) If
B is an initial object, then B embeds into A, and by choice of A the corre-
sponding ordered group homomorphism Ky(B) — Ky(A) takes any non-zero
positive element of Ky(B) into a non-zero positive element of Ky(A). Since
the image of an infinitely divisible element is again infinitely divisible, no non-
zero element of Ko(B)™ can be infinitely divisible. O

Lemma 25. Let (G,G7,u) be an ordered abelian group with order unit. Let
P1,P2,---,Pn be distinct primes and suppose that fi,..., fn are states on
(G,G",u) such that f;(G) = Z[1/p;] for j = 1,...,n. Then f1,..., [, are
affinely independent.

Proof. The assertion is proved by induction on n. It suffices to show that
for every natural number n, for every set of distinct primes pq,...,pn,q, and
for every set of states f1,..., fn, f on (G,G*,u), with f;(G) = Z[1/p,] and
f(G) = Z[1/q] and with fi,..., f, affinely independent, f is not an affine
combination of fi,..., fy.

Suppose, to reach a contradiction, that f = a1 f1 + -+ + anfn, with
ai,...,a, real numbers with sum 1. If n = 1, then f = f;, which clearly
is impossible. Consider the case n > 2. Since f1,..., f, are assumed to be
affinely independent, there are g1,...,gn,—1 € G such that the vectors

Ty = (f_](gl)7f_](92)7 . ~7fj(gn—1)) € anl’ .] = 1a2a )

are affinely independent. The coeflicients o; above therefore constitute the
unique solution to the equations

fl(g_])al +f2(gj)a2 ++fn(gj)an = f(gj)7 .7: 172,77?;— 17
ay+ -+ a, =1

As these n equations in the n unknowns a1, as, ..., «, are linearly indepen-
dent, and all the coefficients are rational, also o, as, ..., o, must be rational.

Denote by Q'(gq) the ring of all rational numbers with denominator (in
reduced form) not divisible by ¢. Observe that f;(g) € Q'(¢) forallj =1,...,n
and for all g € G. There is a natural number k such that ¢*a; € Q'(q) for all
7=1,...,n. Then

" fl9) =" arfi(g) + - + "anfulg) € Q(q),

for all g € G. But this is impossible as, by hypothesis, f(g) = 1/¢**! for some
g €q. a
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Proposition 26. Let B be an initial object (in the sense of Definition 4), and
suppose that no quotient of B has a minimal non-zero projection. Then the
trace simplex T(B) of B is necessarily infinite-dimensional.

It follows in particular that any simple unital C*-algebra of real rank zero,
other than C, which is an initial object has infinite-dimensional trace simplex.
(Note for this that no matrix algebra M,, with n > 2 is an initial object.)

Proof. Any initial object embeds by definition into a large class of C*-alge-
bras that includes exact C*-algebras (such as for example any UHF-algebra),
and is therefore itself exact, being a sub-C*-algebra of an exact C*-alge-
bra (see [8, Proposition 7.1]). It follows (from [2] and [5], or from [6]) that
the canonical affine map from the trace simplex T'(B) to the state space of
(Ko(B),Ko(B)*t,[1]) is surjective. It is therefore sufficient to show that the
latter space is infinite-dimensional. For each prime p there is a unital embed-
ding of B into the UHF-algebra of type p>, and hence a homomorphism of
ordered groups f,: Ko(B) — Z[1/p] with f,([1]) = 1. Let us show that the ho-
momorphisms f,, when considered as states (i.e., homomorphisms of ordered
groups with order unit from (Ky(A),[1]) to (R, 1)), are affinely independent.

For each prime number p, the image of f, is a subgroup of Z[1/p] which
contains 1, but the only such subgroups are Z[1/p] itself and the subgroups
p~*Z for some k > 0. The latter cannot be the image of f,, because the image
of B in our UHF-algebra, being isomorphic to a quotient of B, is assumed to
have no minimal non-zero projections. (Indeed, if {p, } is a strictly decreasing
sequence of projections in the sub-algebra of the UHF-algebra, and if 7 is the
tracial state on the UHF-algebra, then {7(p, —pn+1)} is a sequence of strictly
positive real numbers which converges to 0.)

Hence f,(Ko(B)) = Z[1/p] for each prime p. It now follows from Lemma 25
that the states {f, : p prime} are affinely independent. This shows that the
state space of (Ko(B), Ko(B)",[1]) is infinite-dimensional, as desired. 0

We end our paper by raising the following question:

Problem 27. Characterise initial objects (in the sense of Definition 4) among
(simple) unital AF-algebras.

We could of course extend the problem above to include all (simple) real rank
zero C*-algebras, but we expect a nice(r) answer when we restrict our attention
to AF-algebras. Propositions 24 and 26 give necessary, but not sufficient,
conditions for being an initial object. (A simple AF-algebra that satisfies the
conditions of Propositions 24 and 26 can contain a unital simple sub-AF-
algebra that does not satisfy the condition in Proposition 26, and hence is not
an initial object.)
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Twisted K-Theory and Modular Invariants:
I Quantum Doubles of Finite Groups
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Summary. A twisted vector-bundle approach to a-induction and modular invari-
ants.

1 Introduction and Statement of Results

The Verlinde algebra is central to conformal field theory and consequently also
to the braided subfactor approach to modular invariants. In the braided sub-
factor approach to modular invariants one has first a factor IV, which we can
take to be type III, and a non-degenerately braided system of endomorphisms
~NXn of N whose fusion rules as sectors are precisely those of our Verlinde
algebra.

Fixing a braided system of endomorphisms on a type III factor N, we
look for inclusions ¢ : N < M such that its dual canonical endomorphism
0 = =u decomposes as a sum of endomorphisms from yXy. To produce a
modular invariant from such an inclusion, we first employ the Longo-Rehren
a*-induction method [48] of extending endomorphisms of N to those in M
and then compute the dimensions of the intertwining spaces 2, := (a;\r, a;).
The matrix Zycar = [Z),,] thus constructed from a braided inclusion N € M
is a modular invariant [11, 21]. Now we use a-induction and the inclusion
map ¢ to construct finite systems whose general theory has been developed
in [11, 12]. Let us choose representative endomorphisms of each irreducible
subsector of sectors of the form [1AZ], A € yXn. Any subsector of [o} v, ] is
automatically a subsector of [tv7] for some v in y X and since we assume the
non-degeneracy of the braiding the converse also holds [11]. This set of sectors
yields a system »;X)s of sectors in general non-commutative (the original
sectors from the system n Xy is commutative since it is braided). We define
in a similar fashion the chiral systems ;X Ai4 to be the subsystems of 8 € py Xy
such that [3] is an irreducible subsector of [af]. The neutral system ,, XY,
is defined as the intersection ,,X,; N ,,X;; and is non-degenerately braided,
so that we obtain ,, XY C ;X3 C m&a (see e.g [8]). A braided subfactor



118 David E Evans

N C M producing a modular invariant Z is said to be type I when the
dual canonical endomorphism is determined by the vacuum row or column
®Zo A[A\] = ®Zxo[A]. In this case, which is equivalent to chiral locality, we
can identify both MXAi{ with y Xy (by 8 — Bou, B € MXAj/[[ if ¢ is the inclusion
of NC M.)

There are two cases of interest where there are natural constructions of
braided systems or Verlinde algebras. The first is the case of affine Lie algebras
or loop groups and their positive energy representations. In this WZW or loop
group settings, the modular data (.S, and 7" matrices etc) can be constructed
from representation theory of unitary integrable highest weight modules over
affine Lie algebras or in exponentiated form from the positive energy repre-
sentations of loop groups. The subfactor machinery is invoked as follows. Let
LG be a loop group (associated to a simple, simply connected loop group
G). Let L; G denote the subgroup of loops which are trivial off some proper
interval I C T. Then in each level & vacuum representation my of LG, we
naturally obtain a net of type III factors {N(I)} indexed by proper intervals
I C T by taking N(I) = mo(L;G)"” (see [59, 35, 6]). Since the Doplicher-
Haag-Roberts DHR selection criterion is met in the (level k) positive energy
representations 7y, there are DHR endomorphisms A naturally associated with
them. The rational conformal field theory RCFT modular data matches that
in the subfactor setting — the RCFT Verlinde fusion coincides with the (DHR
superselection) sector fusion, i.e. that NY , = (Au,v). The statistics S- and
T-matrices are identical with the Kac-Peterson S- and T-modular matrices
which perform the conformal character transformations.

The second is the case of quantum double of finite groups. A given finite
system of endomorphisms may not be commutative or even braided but by
taking the subfactor analogue of the quantum double of Drinfeld we obtain
a subfactor with a non-degenerately braided system of endomorphisms. This
construction can in particular be applied to a finite group G. This quantum
double subfactoris basically the same as the Longo-Rehren inclusion [48] and is
a way of yielding braided systems from not necessarily commutative systems.
The modular data from a quantum double subfactor was first established by
Ocneanu [23, Section 12.6] using topological insight, later by Izumi [37] with
an algebraic flavour (see also [55, 43]).

Twisted equivariant K-theory [4] is relevant for both of these settings.
Here the equivariant K-theory is twisted by an element of H*(BG,Z). When
G is a compact simply connected Lie group, this manifests itself through the
equivariant cohomology group HZ(G,Z) [3, 32, 29, 30, 31], and for a finite
group through H3(G,T) [28, 33].

The quantum double of the finite group subfactor My C My x G, (where
the finite group G acts outerly on a type III factor My) was identified by
Ocneanu and later by Izumi (see [23]) to be the group-subgroup subfactor
N = My x A(G) € My x (GxG) = M where A(G) = {(9,9) : g € G}
denotes the diagonal subgroup of G x GG. This data can be twisted for every
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[w] € H3(G,T) [16], and the subfactor interpretation of this data is in [37].
The parameter [w] is regarded as the level in this setting [16].

It is therefore natural to think in terms of A(G) C G x G and in particular
the ambient group G x G with the diagonal actions. Indeed according to [50],
the module categories of the double are given by pairs (H, ) for H a subgroup
of G x G and 9 an arbitrary element of the 2-cohomology group H2(H, T). The
corresponding Frobenius algebra or Q-system gives rise to a subfactor N C M
and hence by [11, 20| produces a modular invariant through the a-induction
machinery. The yX); sectors are identified with the A-H bundles or the the
equivariant K-group K9, (G x G), and the p X sectors with the H-H
bundles or the equivariant K- group K%, (G x G). These identifications of
sectors with bundles is compatible with the natural product of sectors and
the product of bundles mentioned above.

To translate between equivariant twisted bundles on G, for the adjoint
action, and equivariant twisted bundles on G x G with the diagonal action on
left and right we need a corresponding cocycle on G x G. If w is a 3-cocycle
in Z3(G,T), we define the 3-cocycle a = mjw — 5w on G x G if w1, o are
the projections of G x G on the first and second factors respectively.

In Sect. 2.5, we make precise the relationship between *K2. (G x G) and
“K2(G) where G x G acts on G x G by the first factor acting on the left and
the second on the right using the diagonal embedding, and G acts G by the
adjoint action. The map (a,b) — ab~! takes the G-G action to the adjoint G
action. This identifies the two K-theories

This work begins the study of understanding a-induction and the subfactor
approach to modular invariants through twisted equivariant K-theory for the
case of quantum doubles of finite groups. This has been thoroughly analysed
in [25] from the subfactor viewpoint and in [50] from the viewpoint of module
categories. From this we should understand the modular invariants which can
be realised by subfactors as arising from a subgroup H of G x G and possible 2-
cohomology from H?(H,T). The corresponding full system will be the twisted
equivariant K-theory K% (G x G), where H acts on the left and right in
the natural way. We should identify two homomorphisms a®

K2,a(G % G) = Kiy, g (G % G) (1)

whose images commute and generate K%, (G x G). In the case of a type
I pair (H,), where the Q-system satisifies chiral locality (or in categorical
language the corresponding Frobenius algebra is commutative), the images
are isomorphic to each other and to K9, (G x G). The neutral system,
i.e. the intersection of the images, will not only be commutative, but a non-
degenerately braided system — such as K A(K)x A(K (K x K) for some subgroup
K of G, i.e. isomorphic to the Verlinde algebra of) the quantum double of K.
For simplification we only discuss this here in the case of the doubles of the
finite cyclic groups Zs, Zs and the symmetric group Ss on three symbols in
level zero (i.e. the untwisted case).
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2 Twisted Quantum Doubles of Finite Groups

2.1 G-kernels and 3-cohomology

Let G be a finite group, and take a G-kernel on an infinite factor M. That is
we have a homomorphism from G into the outer automorphism group Out(M)
of M, namely the automorphism group Aut(M) of M modulo Int(M) the inner
automorphisms of M. If v, in Aut(M) is a choice of representatives for each
g in G of the G-kernel, then

vgvn, = Ad(u(g, h))vgn ,

for some unitary u(g,h) in M, for each pair g,h in G. We can assume the
normalisation v, = idy, u(g,e) = u(e,g) = 1, for all g in G, where e is the
unit of the group. By associativity of vyvpvy, we have a scalar w(g, h, k) in T
such that

u(g, h)u(gh, k) = w(g, h, k)v,(u(h, k))u(g, hk) (2)

i.e. w = d,u, the v-coboundary of u. A computation [56] shows that w is a
3-cocycle in Z3(G, T):

w(g, h, k)w(g, hk,Dw(h, k,1) = w(gh, k,Dw(g, h,kl), g.h,k,l€G. (3)

Every element of Z3(G, T) arises in this way from some G-kernel [56, 40] (see
also [42, 60]).

If o, are two endomorphisms between two algebras we let Hom(a, 3)
denote the intertwiner space {z : za(a) = B(a)z,Va} in the target algebra.
Then Hom(vgn, vsin) is a line bundle P(g, h) spanned by u(g, h).

The conjugate 7, of the automorphism v, can be taken to be v,-1. We
define isometries:

rg=ulg”l,9),  Ty=wl(g.97 " 9)ulg,97). (4)
Then ry € Hom(1,75v,) and 7y € Hom(1, v,7;) such that
?;Vg(rg) = 1w, 7”;’79(?9) =1nm. (5)
Intertwiners can be written graphically in the notation and conventions
of [11]. The set {v, : g € G} of automorphisms forms a system of endomor-
phisms in the sense of [11], and we can form the quantum double system and
consequently the associated topological quantum field theory. The vanishing
of the 3-cohomology class of w in H3(G,T) is precisely when we can adjoin
unitaries {v, : g € G} so that [56]:
VgUp = u(g7 h’)vgha Vg(m) = Ad(vg)(m),g, h e va € M.
In this special case we can form the twisted cross product M x G = M x, G,
and then perform the iterated Jones construction

McCMxGCM CMyC...

and complete to obtain M.,. The quantum double system in this case is the
Moo-M system for the subfactor A= MV M’ C B = M.
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2.2 Rectangular Algebra

Ocneanu has introduced tube algebras and double triangle algebras for un-
derstanding and handling the combinatorics of intertwiner spaces (see e.g.
[50, 51, 23, 11]). We need variants of this - a rectangular algebra and a super-
tube algebra. First consider the rectangular algebra R = R¥(G):

R¥(G) = @) Hom(vnva, Vhak k) - (6)
a,h,k

Note that Hom (v, v, 17k ) vanishes unless b = hak, when Hom (v v, VhakVk)
is one dimensional or a line bundle

R(h,a,k) ~ P(hak,k~') @ P(h,a)*, (7)
spanned by the intertwiners
r(h,a, k) = u(hak, k™ )u(h,a)*. (8)
There is a natural product map
Hom(vp ver, vy ok ) X Hom(vpvg, Vhak Vi)
— Hom(vanva, Vi hakk Uikt ) 5

given by
S/ xS — 6a/,hakuh/(5’)5, (9)

so that we have the coherence:
R(W , hak, k') ® R(h,a,k) ~ R(h'h,a,kk'). (10)
In addition, there is an involution
Hom(vnva, vhaxVx) — Hom(VhakVk, Vnva,) — Hom(VhVhak, VaVi)

S — ST = r,’;ﬂh[S*uhak(?k_l)] ,

obtained by first taking the involution in the von Neumann algebra M and
then using Frobenius reciprocities [11]. Here to avoid confusion we denote
as the involution in the algebra M, and t as the involution in the rectangular
space. Conseqently,

R(h,a,k)' ~ R(h™* hak,k~1). (11)

It is this involution that we will use to get a *-structure on our algebras and
when there is no likely confusion we will denote this by * as usual.

However, there is another related conjugate linear automorphism. First,
note that there are natural identifications of intertwiner spaces
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Hom(vpvy, vhpkUr) — Hom(vppr ¥k, vivyy) — Hom (T Ty, Unirvn)

S — S = Dhak[vn(F2)S™)| hak »

by first taking adjoints and then using Frobenius reciprocity. This is a conju-
gate linear automorphism so that

R(h,a,k)* ~ R(k™',a™*, n7Y). (12)

This endows R“(G) as a finite dimensional C*-algebra. In terms of the
canonical generators we have the relations:

r(h',a' K Yr(h,a,k) = 0ar parw(W, hya)w(h', hak, k™)

xw(h' hakk' k'~ k= 1)r(h'h, a, kE') (13)
r(h,a,k)* =w(h™ ' h,a)w(h™ !, hak, k™)

xw(a, k, k= )r(h™", hak, k1), (14)
r(hya, k) = wk ™Y aa Dok e h7Y hak, k™Y)

xw(k ta 'h hya)r(k7 a7 R (15)

2.3 Tube Algebra

We will use this rectangular space to construct the tube algebra and the super-
tube algebra. First the tube algebra is the space of intertwiners D = D¥(G):

D¥(G) = @ Hom(vhVa, Vian-1v1) - (16)
a,h

Here Hom(vp Ve, Vpan-1Vn) is one dimensional or a line bundle
C(a,h) ~ P(hah™,h) @ P(h,a)*, (17)
spanned by the intertwiners
c(a,h) = r(h,a,h™") = u(hah™', h)u(h,a)*. (18)
We have the coherence and involutive properties:

C(hah™, W) ® C(a,h) ~ C(a,h'h), (19)
C(a,h)" ~ C(hah™',n71), (20)
The tube algebra is then a finite dimensional C*-algebra with generators
{c(a,h) : a,h} and relations:
c(a’,h)e(a, h) = 64 pan-1w(h', hya)w(h' ,hah ™, h)
x  w(h'hah™ '~ 1/, h)c(a, 'h), (21)
c(a,h)* =@w(h™*, h,a)w(h™*, hah™*, h)
x w(a,h~" h)e(hah™" h™1). . (22)
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The group G has two parent algebras. One is the function algebra C(G)
of complex valued functions on G under pointwise multiplication fg(a) =
f(a)g(a) and co-multiplication A(f)(a,b) = f(ab), spanned by the delta func-
tions d4(h) = g n. The other is its dual C(G)* as a Hopf algebra, the group
algebra C(G) with multiplication a ® b — ab and co-multiplication a — a® a.
The function algebra C(G) and group algebra C(G) embedd into the tube
algebra as 6, — ¢(g,e), and h — c(e, h), so that indeed the tube algebra is
their tensor product C(G) ® C(G) as a vector space, with ¢(g, h) identified
with §; ® h, but the product on D¥(G) is twisted by the 3-cocycle w. The
representations of the tube algebra D*(G) is described by G-equivariant vec-
tor bundles over G. If p is a representation of D = D“(G) on V, then since
it is in particular a representation of the function algebra C(G), we can write
Vg = p(d4)V to give a vector bundle over G.
We can read the coherence or the D“(G)-action on V as G-equivariance
expressed as
C(a, h) ® Va >~ Vhah*I 5 (23)

where C(a, h) is the line bundle Hom (v vy, Vpan-1v1), so that we have maps
7y Cla,h) @ Vy — Vign—1
iy (£® va) = p(£)ve.
By some abuse of notation we find it convenient to write this as
howe =7 (¢ ® va) = p(€)va,

for the particular interwiner ¢ = c(a, h) or cross section as in Eq. (18). Thus
h.vg € Viun-1, for v, € V,. We can think of this as one vector space V, sitting
over one end of the tube and V},,;,-1 over the other, with one transported to
the other via the line bundle C(a, k). Note that the coherence Eq. (19) of line
bundles is reflected as a twisted left action:

B .(hwe) = w(h/, hya)a (k' hah™  R)w(h' hah 'K~ B W)W ho, . (24)

Elements of Rep(D¥(G)), the representations of D¥ (@), are thus described
as vector bundles over G, with a twisted left action satisfying Eq. (24).

To take a fusion product of two representations of D = D¥(G), we need the
co-multiplication operator A from D — D ® D, which is obtained as follows:

Ac(a, h) = Z w(h,d',a"w(ha'h™, ha”"h™1, 1)
x  @w(ha'h™ hya")e(a',h) @ cla” h).  (25)
Suppose py1 and py2 are representations of D¥(G) on V! and V2 respec-

tively, then we can define the fusion product representation py1 X py2 on
Vi® V2 by:

(pv1 B py2)(2) = (pv1 @ py2)A(x),x € DY(G).
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This can be interpreted as a product on G-equivariant vector bundles, using

Ac(a,e) = Z cld',e) @ c(a’,e).

We form the vector bundle V! X V? by

(VIRV2), = (pys B pya)(ela o))V BV?)
= (pvr @ py2)A(c(a,e)) (VI @ V?) = ®par=aV) @ V2, .

The G-action on V! X V2 is then expressed as

h.(vt @ v2,) = w(h,d',a")w(ha' k™' ha ™1, h)
x  w(ha'h™* h,a"hol, @ hao?,, (26)
for vl € V1,02 € V2.
The trivial bundle V! = §, .C, with trivial action, defines a representation
or equivariant bundle V° so that VO X V! ~ V! ~ V1 K VO for any other

bundle V1.
The tube algebra D“(G) is a (quasi-associative) Hopf algebra with R-

matrix:
R= Z cla’ye) @ c(a’,a’).
a/7a//

Then the braiding operator is the isomorphism
e(VLV2) =1(py1 @ py2)(R) : VIRV?2 - VZR VY

where 7 is the transposition from V! ® V2 to V2 ® V1. In terms of vector
bundles, this braiding takes the form:

e(VE VAl ®@v2.] = d w2 @ vk (27)

for v! € V1,02 € V2, and is a G-equivariant bundle isomorphism.

This is one picture of the twisted quantum double of Drinfeld of the finite
group [1, 2, 18, 37, 49]. It is more convenient for us look at this from another
perspective starting in the next section.

2.4 Super-Tube Algebra and A-A Equivariant Bundles

We want to switch from G-equivariant vector bundles on G to equivariant
vector bundles over G x G. For this we consider the super-tube algebra & =
E¥(@), defined as the following finite dimensional C*-algebra. First note that
there are natural identifications of intertwiner spaces

HOHI(Vth, Vhbkvk) — Hom(yhbkﬁk, Vhl/b) — Hom(fkfbﬂhbsz)
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by first taking adjoints and then using Frobenius reciprocity [11]. Let S — S°
denote the composition of these identifications. We then combine to form the
map

Hom(vpVa, VharPi) X Hom(vpve, vppkTk) — Hom(vpveUs, VhakUhbkVn)

where
(T, S) — vhar(S*)T.

We denote this intertwiner by 7' x S. Furthermore there is an involution which
takes the intertwiner 7' x S to T x ST.
The interwiner space

T(h, (a,b), k) = Hom(vp VDb, VhakVrnokVn) =~ R(h,a,k) @ R(h,b, k)*
has generators

t(h, (a,b), k) = vhar(r(h, b, k)*)r(h,a, k)
= [r(h,a,k)] x [r(h,b, k)] .

We have the coherence and involutive properties:

T(W  hak, k') @ T(W ,a,k) ~ T(h'h,a,kE'), (28)
T(h,a, k)t ~T(k™', hak,h™1). (29)

Consequently, the super-tube algebra £ = £¥(G) defined as

E = gw(G) = @ HOIn(l/hl/an7 Vhakyhbkyh)y (30)
a,b,h,k

is a finite dimensional C*-algebra, with generators {t(h, (a,b),k) : h,a,b,k €
G} and relations :

t(h', o' Kt (h, 2, k) = 60 parce(B by z)a(, hok, k1)

% a(h'hakk K~ k=Y t(h hakk' K~ k1Y), (31)
t(h, 2, k)T =a(h=™', h,x)a(h™t, hak, k=)
x a(z, k,k~O)t(h™Y hak, k7). (32)

for z,y in I' = G x G and h, k in A(G), the diagonal subgroup identified with
G. Here if w is a 3-cocycle in Z3(G, T), we define the 3-cocycle o = 7w — mhw
on [ if w1, mo are the projections of G x G on the first and second factors
respectively.

We now consider Rep(£“(G)), the representations of £¥(G). We claim that
these are described by A-A equivariant twisted vector bundles over G x G. The
function algebra on G x G embedds in £¥(G) by 0, — t(e,z,e), =z € GXG.
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Thus if p is a representation of £¥(G) on W, it is in particular a representation
of the function algebra and so we can write

We=p(0.)W, z2€GxG, (33)
to get a vector bundle over G x G. The A-A equivariance is expressed as
T(hyz,k) @ Wy ~Whar, z€GXG, hkeAG).

In other words, we can act with the diagonal subgroup G = A(G) on the left
and right as
how, = t(h,x,e)v, , (34)

Vg k= te,xk, k™) v, . (35)

So for v,, € W, we have h.v, € Wy, v,..k € W,r. Then we have the projective
relations:
B (hag) = a(h h,x)h'ho, (36)

(vg.k). K =a(z, k, kK v, kK. (37)
Note that the left and right actions do not in general commute but
h.(vg.k) = a(h,z,k)(hvg).k, (38)
as a consequence of the super-tube relation:
t(h, xk, e)t(e,xk, k™ ")* = alh, x, k)t(e, hak, k= )*t(h,z,e).

To take the fusion product of two representations of Rep(£“(G)), we need
the co-multiplication operator A from £ — £ ® £. The co-multiplication is
given by:

At(h,x, k)= Y alha!,2")a(ha'l,l 2"k, k)
L'z =x

x ah'l,17 Y ") t(h, o' D) @t 2" k). (39)

Suppose py1 and pyz are representations of £(G) on W' and W? re-
spectively, then we can define the fusion product representation py:1 X py2
on W& W? by:

(w8 py2) (@) = (o @ pw) Aw), @ € E9(G)

This can be interpreted as a product on A-A-equivariant vector bundles on
G x G, using

At(e,z,e) = Z a(ha'l, 17 aNt(e, o', ) @t(I7, 2" e).

lx'x! =z
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The bundle is given by
(WHRW?), = (pwr @ pw2)A(t(e,z,€)) (W' @ W?) = Gurpn—g Wy @ W
where we must identify according to the equivalence relation:
Uzl @ wer = @’ 1, 2" vy @ Lawgn (40)
Then the A-A action on W' K W? is given by

At(h,x,e) = Z alh, 2’ x"Ya(ha'l, 171 2"Yt(h, 2’ 1) @ t(171, 2" e) (41)

L'z =x

At(e,z, k) = Z a2l 2k ka1, 17t 1)
Lo’z =x

x tle, )@t 2" k). (42)
Thus the diagonal group A acts on the left and right of W' X W?2 by
h.(vr ®@v2,) = a(h,2’, 2" )hvt @2, (43)

(vl @vi)k=a(a, 2" k)l @, k. (44)

The trivial bundle W9 = 4, .C, with trivial action, defines a representation
or equivariant bundle W° so that WO K W?! ~ W' ~ WK W? for any other
bundle W.

2.5 Morita Equivalence of G Equivariant and
A-A Equivariant Bundles

We relate the tube algebra D and the super-tube algebra £ via a Morita
equivalence implemented by an intermediary D-£ bimodule V which we define
as

V¢(G) = @ Hom (vp VeV, Vhap-1h-1Vh) - (45)
a,b,h

We can embedd elements of the tube algebra D in the super-tube algebra
& by
Hom (vpVa, Vhan-1vn) — Hom(VpvaVe, Vian-1VeVh)
by S — S x c(e,h)”, if S € Hom(vpVa, Vhan-1Vn), so that we identify c(a, h)
and t(h, (a,e),h).
Similarly, we can regard an element of the space V as an element of the
super-tube algebra £ by identifying

Hom(vpVa, Vhap-10-1Vhy) X Hom(vpeTy, vy) = Hom(Vpve U, Viap-11-1Vh)

in YV with
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HOIIl(I/hI/a7 Vh,akﬁk) X HOIIl(l/hl/b7 Vhbkvk) = HOm(VhVaﬁb, l/hakvhbkl/h)

in &, for k = (hb)~!. Then using the product in the super-tube algebra &, we
can regard V as a D-£ bimodule. This space V has generators

v((a,b),h) = t(h, (a,b), (hb)_l) , h,abed, (46)
with the D-£ bimodule relations:

o(@ W)t (h, 2, k) = Ogr parae(B, b, x)o(B hak(h hbk) ™, b hbk, k)

xa(h, hxk, k)v(x, h'h), (47)
c(@’, h)v(z,h) = 6p pap-1n-10(W, b, x)o(h ha(h'hb) ' B, hb)
xa(h', ha(hb)~, hb)v(x, h'h), (48)

for z = (a,b) .

Thus if W is an £ module, we can form V®¢ W as a natural D module, and
if V is an D module, we can form V*®pV as a natural £ module. This gives an
equivalence of D and £-modules or a correspondence between G-equivariant
vector bundles on G and A-A equivariant vector bundles on G x G. Let us
look at this in more detail at the level of vector bundles. If V' is a D-module
or a G-equivariant twisted vector bundle, then we form a vector bundle over

G x G by:
Wap = Pla,b™h) @ Vg1, (49)

where P is the vector bundle P(a,b~!) = Hom (-1, V), as before. Then
W becomes an £-module by the coherent actions:

T(h,(a,b),k) @ W, ~T(h,(a,b),k) @ P(a,b™') @ Vo1
~ P(hak, (hbk) 1) @ C(ab™t, h) @ Vg
~ P(hak, (hbk)_l) ® Vhabflhfl ~ Whakfl,hbkfl .
In particular if v € V', we define w € W by
Wb = V((a,0),€)" @ Vgp-1. (50)

Then W becomes a A-A equivariant twisted bundle by the actions:

hawap = a(h™ hyx)a@(xb™ ! A= hb)a(h ™, hab™t, hb) (51)
xv(h(a,b),e) @ h.vgy-1, (52)
Wa p-k = 0(ab™ b, k" Hv((a, bk, e) @ vgp-1 . (53)

Conversely, suppose that W is an £-module or an equivariant A-A twisted
bundle over G x G, then we can form a bundle V over G by:

Vi = @ap-1—qP(a, bil)* R Wap. (54)
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This becomes a D module by the coherence:

O(d, h) ® Vi = @p-1-qC(d, h) @ P(a,b~1)* @ Wa
~ Bgp-1=qP(ha, (hb)"1)* @ Whanp =~ Vian-1 -

In particular if w € W, we define v € V' by
Va = Bap-1=qv((a,b), €) @ wap - (55)
Then V becomes a G equivariant twisted vector bundle over G by
hvg = ©ap-1—q@(h,ab™ "t b)w(hab™ A= h,b)v(h(a,b),e) @ hawap. (56)

This gives a (Morita) equivalence of Rep(D“(G)) and Rep(E¥(G)), because
Ve V* =D and V*@pV =¢, cf [54].

The multiplicative properties of these equivalences are as follows. Suppose
V1, V2 are D modules. Then we form the fusion product module V = VKV ?2,
and the corresponding £ modules, W! = V* ®@p V!, W? = V* @p V! and
W = V* ®p V respectively. Then

Wa,b = P(a7 bil) ® Vab_l =~ P(a‘7 bil) ® (Vl X V2)llb_l
~ Bap-1=zy-1 P(a,07") @ Pz, y~ ) @V @ V2,
= @a:a’a”P(ala a”)* ® P(a‘//a b_l) & Val’ ® ‘/0,2”17*1
~ @a:a/a//P(a/, a”)* X I/V'al/,e ® W2”,b =~ (W1 X W2)a,b )

a

so that W ~ W R W?2.

On the other hand suppose that W', W2 are £ modules. Then we form
the fusion product module W = WK W2, and the corresponding D modules,
V=V WLV2=V®: W? and V =V ®¢ W resepectively. Then

Vi = @ap-1=qP(a,b71)* @ Wap =~ Bap-1-qP(a,b71)* @ (WK W?) 4
~ Oap-1=d Darar=a Pla, b ") @ P(d’,a")* @ Wy, ,@ W2,
~ Qarar=d Barp-1=qw P(d',d")* @ P(a" b ) @ Wy, , @ WS, ,
~ Bgar—gP(d,d")* @V @VZ ~ VIRV,

so that V ~ VI K V2.

2.6 Braiding on A-A Equivariant Bundles

We can use this Morita equivalence to understand the braiding on the repre-
sentations of super-tube algebra £. Thus the A-A twisted equivariant bundles
on G x G becomes a braided tensor category.

Suppose that W', W2 are £ modules. Then we form the fusion product
module W = W! X W2, and the corresponding D modules, V! = V ®¢
WLV2 =V W2 and V =V ®¢ W resepectively, so that W! K W? ~
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V ®p VK V2. The braiding on Rep(€“(G)) is then simply: e(W?!, W?) from
WIRW?2 - W2XKW! given by

eWELW?) =1y @pe(VLVY) : Vep VIRV? » Vep VPR V!
To be more explicit in terms of twisted vector bundles, we first have:

(Vl X V2)d ~ @d’d”=dp(d/7d/,)* ® le’ ® VdQN
~ Dgrdar=d @a”b*1=d” P(d/, d”)* X P(a”, b_ ) ® Wd’ X W "

If v! € V1 0% € V2, then according to Eq. (27), we have
e(VL VAl @vi]=d i @vy  €Vigg—r @Vy (57)
If w' € W, w? € W2, we define v' € V! v? € V2 by
o = o((de),e) @ wh ., (59)

vy =v((d",e),e) ®wi, . (59)

Writing v = v?, w = w?, we compute:

dvgr =c(d”,d)v((d",e),e) @ wyr ¢
=v((dd"d 1 e), e)t(d,(d", e),d ) war .
=v((dd"d 1 e),e)tle,d(d" e),d)t(d,(d" e), e)wa .
— o((dd"d ), e)w(dd”, d Y, d Vo (d, d Y ) (dwd )d

Untangling this, we get that
(Wl W2)[w;g/ X U}C2l// ] =
(dld// d/ 1 d/) (d/ d/ 1 d/)(dlwd//)d/ 1 ® wd/ S Wd'd”d’ 1 e ® Wd’ .(60)

By equivariance, this is enough to compute the brading on anything. For
example, we have:

e(WHW2)[wg , ® wi ]

= w(b, b=, b)e(WL, W2)b(b~wl,) @ w? ]
= w(b, b=, 0)w(b, b7, a)e (W, W) b0 w}, @ w? )]
= w(b,b~1,b Db we, @ wi

e)b ® bilwé,b]

s

)

) w2
(b,b=1, a)bes(WL, W

) a, b,

@

)@ ]
= w(b, =L, 0)@(b, b7, a)w(b~ a, b, b= H)@(b~L, b, b= 1)b.[(b~Lw?
)@ ( ]

= w(b, b=t )@ (b, L, @)@(b1, bbb b w2, @ b(blwl,
=w(b, b~ a)w(b L, ,b Do [b ! ae@web]
=w(b, b~ a)[b.(b~? )® ]

=Wy @,

s
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We record this as:
e(WH W) [we, @ wi ] = wg o @ wey,. (61)
In the case of trivial twisting w = 1, we have

' ? Way by az,b2 1Way by 21 ; a1b1 2 -
eW WHwt , @w? . 1=aw? , by ®a b (62)

Taking inverses, e(W1, W2)~1 : W2RW! — WIKW?2 will then be determined
as:
(Wl WQ) [ (l2 b2 ® wa1 bl] wa

L@ by w? (63)

a1,b:@ az,b2 @

3 Twisted Equivariant Bundles over Finite Groups

Let I' be a finite group, a a 3-cocycle in Z3(I',T), with H and K subgroups
of I', and % and v’ are 2-cocycles in Z?(H,T), Z?(K,T) respectively. We
consider a H-K bundle V twisted by a with base space I', where H and K
act on the fibres on the left and right with multipliers 1) and 1)’ respectively,
satisfying the following consistency relations:

(hiho)w = &(hi, h, g)Y(hi1, he)(h1(haw))
w(kiks) = ( k1 ko) T (R Ke) (whe ) (K2)
h(wk) = a(h, g, k) (hw)k,

—~ o~
D O D
S Ot
= Z

where hi,ho,h € H, ki,ko,k € K, and w = wy € Vg, the fibre over g €
I'. Here hw, wk lie in the fibres over hg, and gk respectively, etc. We let
“Bun®~K(I") denote such twisted bundles.

The equivalence classes generate the equivariant twisted K-group
“KY (). If Vis an H-K bundle, we can naturally associate the conju-
gate K-H bundle V*. If L is another subgroup of I', we can naturally form
from an H-K bundle V and a K-L bundle W a H-L bundle V ® x W:

*Bun*K(I') x * Bun®*L(I")— ® Bun™>L(I") (67)
and hence a product on K-theory:
K (D) X “Key (1) = Ky (). (68)
We divide the tensor product V@ W over I' x I' by the relation:
vk @ wp = afa, k,b)v, @ kwy (69)

and then push forward under the product map I'x I" — I" to obtain V ®x W,
a bundle over I" where (V ®x W)y = Bap=gVa ® Wp. Then V @ g W becomes
a H-K « twisted bundle gV ® g W, under the natural actions:

h(ve @ wp) = a(h,a,b)hv, @ wy (70)
(ve @ wp)l = @(a, b, l)v, @ wpl (71)
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Now if V' is a bundle, we let s(V) denote its support {g € I' : V, # 0}.
For an irreducible bundle, the support s(V') is a single double coset HgK. To
compute the equivariant K-group *K%. .- (I"), we first take representatives for
the double cosets H \ I'/K. Then for each double coset HgK we consider the
stabilizer subgroup H x4, K = {(h,k) € H x K : hg = gk} which is isomorphic
to HN9K and H9 N K, where 9K = gKg~', HY = g~ Hg, under the projec-
tions (h,g 'hg) = (gkg~',k) — to h and k respectively as h determines k
and vice versa. Then (h, k) : wy — h(wgk) gives a projective representation
of H x4 K on V,, with multiplier or 2-cocycle

ad(h, 1) : =1 (h, W Yo (g ™ W " g, g7 W g)a(hh g, g W T g, g7 h T g)
xa(h, W, g)a(h,l g, g_lhlflg) )

Then the irreducible bundles are labelled by a coset and an irreducible pro-
jective representation of the stabilizer.

Suppose G is a finite group and let I' = G x G, and A(G) = {(g,9) :
g € G} denote the diagonal subgroup which we denote simply by A when
there is no confusion. If w is a 3-cocycle in Z3(G, T), we define the 3-cocycle
a =7miw —msw on G x G if w1, my are the projections of G x G on the first
and second factors respectively.

The Verlinde algebra y Xy for the quantum double of G is then the space
of A-A bundles or the equivariant K-group K%, ,(G x G). Since

A(G)(g. M A(G) = A(G)(gh™, 1) A(G)

for any g,h € G, it is the case that every double coset A(G)(g, h)A(G) gives
rise to a conjugacy class Cyp-1 of A(G). Moreover, the stabilizer of (g,h)
equals the centraliser of gh™1, i.e.

(g, NAG) (g Y NAG) = {2z € G:agh™ = gh™'a}.

Consequently, the primary fields or irreducible bundles are given by pairs
(a,x) where a are representatives of conjugacy classes of G and x are irre-
ducible representations of the centraliser Cz(a) of a € G.

There are a number of special cases of particular interest. One is when
H = A, and ¢ = 1. The double cosets A\ I'/K are labelled by

A(G)(g, K = AG)(gh™, 1)K

i.e. of the form A(x,1)K where x in G is defined up to an action of (h,k) €
K x K by conjugation x — hxk~!. For each such z, we identify the stabiliser
subgroup A X, 1y K with the subgroup K* = {(h1,hs) € K : hizhy' = x} of
K. Again, since hy is determined by h; the group K® can be understood as
a subgroup of G through projecting K C G X G to the first component. The
multiplier w®1) of the subgroup A X (z,1) K is then regarded as a multiplier
on K*.
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3.1 The Frobenius Algebra

For the remaining exposition, we take for simplicity the case of trivial twist or
level zero w = 1 in Z3(G, T), for a finite group G. The quantum double of the
group G is identified with the inclusion N = My x A(G) C My x (G x G) =
M = Ma where A(G) = {(g,9) : g € G} denotes the diagonal subgroup of
G xG. The N-N system is described by Bun?~4(I), if I' = G x G [45, 46, 25].
For H a subgroup of G x GG, we define an irreducible element ¢, a bundle
in Bunfl=4(I'), using the trivial representation on the trivial double coset:

L=y =[HA,O0

and similarly,
T=1yg = [AH,0]

in Bun®~H (I"). Again for simplicity, we take ) = 1 in Z2(H, T), We compute
the products using [46]:

b=u= > [AhAInd0)304].
h€ ANH\H/ANH
k
¥=u = Z [HkH, I”d(o)gkggrm] )
kEANH\A/ANH

in Bun?=4(I"), Bun®=H (I') respectively. The former yields a Frobenius alge-
bra © = Oy, or Q-system in the braided tensor category Bun®~4(I"). Since
this is identified with the N-N system, we thus have a subfactor N C Mpy.
Thus if we have two such subgroups H, and Hj of I', then the corresponding
M,-M,, system is identified with Bun'’e=#+(I") (the irreducible components
of {taAly : A}). In particular, we identify the N-Mpy sectors with Bun?~H (I")
and the Myg-Mp system with Bun® —H(I).
In particular, for the special cases:

ACH:nu= Y [AhA0]=[H,0],
heA\H/A

HCA:u=[A,Ind0)%g].

3.2 a-Induction and Modular Invariants

We can use the Frobenius algebra © = @ or Q-system for each H to define
a-induction from Bun?~4(I") to Bun~H (I") and hence construct a modular
invariant.

We identify Bunf=4(I"), with left © modules, Bun“~H(I") with right ©
modules and Bunf =H (TI"), with ©-6© bimodules. More generally, if ©, = Op,,
and Oy, = 0y, , we identify following [25] Bun'«~Hv(I") with 6,-0;, bimodules.
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Recall that a 6,-0y, bimodule [50, 25] is an element M of Bun?~4(I") with
morphisms from 0, ¢ M and M ®a0), into M satisfying natural compatibility
conditions.

Every irreducible 8 in Bun®s=Ho(I") arises from the decomposition ¢, Az,
with X in Bun®~4(I") . Define now & : Bunfa=(I") — ©,-0,-bimodules
by ®(3) = .8, for 3 € Bunfe=He(I'). In particular, ®(1,\ip) = 04\
If 8,8 € Bunf«=H(I'), then we map an intertwiner t € Hom(s3,3’) to
D(t) = Tyt € Hom(z,fu, 0o tp) = Hom(P(6),P(5')). Then @ is a O4,-6,
morphism. We note that & is injective. Suppose that 7,8t, ~ 7,0ty as O,-
O, bimodules. Then ¢t = 1; ® t" ® 1,, with " € Hom(3,0). If ¢ is an
isomorphism so is t”, therefore 8 ~ [’. That @ is surjective can be seen by
counting dimension (cf. proof of Lemma 3.1 in [25]).

In this formulation, a-induction looks as follows. Take a bundle V in
Bun?~4(I'), and form the bundle V ®¢ 6 again in Bun®~4(I"). The latter
determines a ©-6 bimodule, since 6 itself is a @-@ bimodule. Consequently,
V ®¢ 0 becomes a @-O bimodule using the natural action of 6 on the right
on 6, and the braiding e*(V,6) to hit § in V ®¢ 6 on the left. We can then
identify these induced bimodules a‘i, with elements of Bun®—H (I") using the
previous paragraph.

In the special case when A C H C I', we can also view this construction
as follows. For a bundle V' in Bun®~4(I") we form the product A-A bundle
V ®a 0. This can be considered as a H-H bundle since 8 can be viewed as a
H-H bundle, and so V ® 4 6 has a natural right H action on 6, and using the
braiding to identify V ® o 0 with 6§ ® o V', which has a natural left H action.
Since we can use the braiding e = £(V, 6) or its adjoint e~ = £(6, V)*, we can
form two inductions ot in this way. Note that the relation t®qV ~ a‘jﬁ RHLla
as H-G bundles since t ¢V ~ (Vg it) g t, as 0 @ ¢ ~ ¢ as H-G bundles.

Any such subgroup A C H C I, is of the form H = A(1,N) = A(N, 1),
where N is a normal subgroup of G (or A). Indeed N = p(H), where p is
the projection (g1, g2) — 9195 ! from I to G. Clearly any such subgroup H is
invariant under the flip o on I'. We will see in the examples of Sect. 4 that the
neutral system can be identified with the non-degenerately braided system,
Bun?W)=AW)(N x N), i.e. the quantum double of N.

We compute explicitly the induced bundle a‘i, when V' = [AaA, x] is an
irreducible A-A bundle, with a € I' and a representation w of the stabiliser
A, = AN®A with character xy. We have

e(V,0) " [1(e(V; 0)(a1(€az b,05 1) © (a1 va, b, )b2)]

e(V,0) 7 h(a1(eaz 0,05 1) @ (a7 Mvay 0, )2)]
e(V,0)~ [hal(eaz,bzb 1) ® (a1 " vay b, )b2]

= hyay[a] " Vayp, b2]by ' @ (hia1) " [hay (€ay.,05 1)]b2

=h1va1b1(ad(a1 )(h1) @ (ad(a; " (B))(€as,p,) -

ht (vlh by @ €ayby )

V,
V,
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We arrive at:
A -1
Ofagam = [HaH,IndAR2R5 - (m)7*] = [HaH, 2], (72)

for 7 € Rep[A NaAa~!] where 7% : (hy,h_) — (hy,hy)or(h_,h_) takes
HnNnaHa ' - ANnaHa t.
Let us examine this case A C H C I' when G is abelian. Then

71 (hi,he) = w(hy), T (h1, ha) = m(h2).
This means that:

Ahayg = e, (x x D],
¥y = [aH, (1 xX)[a]. (73)

Now we can write H = A x N, as sets using the identification (a,b) —
(a7a_1b) = (6, n)’ so that (X X 1)|H(a7b) = X(6)7 (1 X ¢)|H(a’7b) = ¢(5)¢(”)

Then
(X Dla, (0 x D) = (x,¥)
(XX D], A x9)|m) = (6 (ln, 1)
Consequently, (a[ZA’X],a[JgA,wQ =1, if ab~! € H, x = ¢, and 0 otherwise.

. . . . . + — o
Moreover, the modular invariant mass matrix is given as (a[a Al YA, 1/)]} =1
ifab=! € H, x = and x|x = 1, and 0 otherwise.

4 Examples

For a cyclic groups Z,4, the primary fields are parametrized by pairs (m,n)
for m,n € Zg4 (the first factor labels the double cosets and the second the
stabilisers) whose conjugate is (—m, —n), and the S and T matrices:

Smon),(m! ) = d~texp[—2nv/—1(nm’ +mn’)/d],
T(m,n),(m,n) = exp[(27r \% 71nm/d)] . (74)

When d = p is a prime number, the complete list of all modular invariants
is described in [16, 27]. There are four non-permutation modular invariants:
Zy = zxx*, 27 = xy*, Zg = yzr*, and Z5 = yy* where xz = Zf:_ol Xi0 and
Y= Z?;é Xo;- For any prime p > 2, there will be four permutation modular
invariants: 2, = Ei;o XijXij> 22 = Zf;io XijXji» 23 = Zf;o XiiXZj,—i
and Zg = Z?,;io XijX*;_; the charge conjugation. When p = 2, Z5 = 2,
and Z3 = Z5 and we have six distinct modular invariants. When p = 3, there
are precisely eight distinct modular invariants. In the cases p = 2,3, these
exhaust all the modular invariants.
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4.1 G = Z»

Here there are six distinct modular invariants, four of which are symmetric.
All can be realised from subfactors or from module categories. The following
are the 5 subgroups of Zs X Zs:

Hy ={(0,0)},

Hz = {(0,0), (1,1)} = A(Z),
Hy, =75 x {0},

H; = {0} x Zsy,

Hg =75 X Zs .

In this case the 2-cohomology groups H?(H,T) are all trivial except for Hg
when it is Zs and only Hy, Hs and Hg give rise to type I modular invariants
or commutative Q-systems.

(i) Example: H3 and Hg.
The subgroups Hz and Hg contain A with N = 0, and N = G = Zs re-
spectively. We see that the corresponding modular invariants are Z = 1, and
X, =xx* = Z4.
(ii) Ezample: Hy.
The subgroup H; C A. To understand a-induction we first take V =
[z,9] — ix,9]i. Now Bunfr=H1(I') ~ Bun(I'), and a*-induction takes
[z,9¥] — [(x,0)],[(0,x)] respectively. Consequently, the corresponding modu-
lar invariant is Z5 = yy* = X;.
(iii) Ezample: Hy and Hs.
There are two further non symmetric groups Hy = Z2 x {0}, and Hs =
{0} X Zo. Writing H = Hy, there are two double cosets H(0,0) = Z2 x {0} and
H(0,1) = Zy x {1}, both with stabilisers H, so that there are four irreducible
objects in Bun1~H1(I") which we write as [[i, j]], where i = 0, 1 represents the
double coset H(0,7), and j is a character of H. The double cosets decompose
as

HA(0,0)AH =HA=H(0,0)+ H(0,1),

HA(0,1)AH = H(0,0) + H(0,1).

Then a-induction gives:

ap,0 = [[0,0]],

agy = [[0,0]], gy =[[0,1]],
a;r,o = [[1,0]], Q9= [ )
af; =[[1,0]], ag; =0,

This gives the modular invariant Q = zy* and Q* = yx*.
(iv) Example: Hg with nontrivial twist. This yields the permutation invariant
Z, = Z,.
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4.2 G =73

Here there are 8 distinct modular invariants. All can be realised from subfac-
tors or module categories. The following are the 6 subgroups of Z3 x Zg:

Hl = {(0’0)}a
Hy = {(07 0)’ (17 2)’ (2a 1)}a
Hjz = {(Ov 0)7 (17 1)3 (2a 2)} = A(Z3)a

]{4:Z3><{0}7
H5:{0}><Zg,
H6:Z3XZ3..

In this case the cohomology H?(H, T) is nontrivial only for Hg when it is Zs.
Only Hy, Hy, H3 and Hg give rise to type I modular invariants or commutative
Q-systems. As for Zs, the subgroups H; and Hg give the modular invariants
Z1 =1 and 24 = xzx* respectively and H; gives Z5 = yy*. The subgroups Hy
and Hj give Z; = xy* and Zg = yx*, whilst Hg with its nontrivial twists from
H? = 73 give Z5 and Z3. The remaining subgroup H» yields the conjugation
invariant Zg.

4.3 G= 53

There are 48 distinct modular invariants but only 28 can be realised from sub-
factors from module categories. There are 22 distinct non-conjugate subgroups
of S3 x S3, which together with some non-trivial 2-cohomology is enough to
produce all the 28 invariants. The following are the subgroups of S35 x S35 which
give rise to type I modular invariants or commutative Q-systems:

Hy ={(1,1)},

Hy = A(Zs),

Hy = A(Zs),

Hy =79 x Zs

Hy = A(Ss),

Hyy =73 x7Zs,

Hyg = K = A(S3) - (1 X Z3) > (Z3 x Z3) X ZLa ,
Hyy = S3 x S3.

The 2-cohomology H?(H,T) is non trivial only for Hg, Hy4, Hig, Hao in the
above list as well as for Zo x S3 and S3 X Zo.

The group Sz is generated by o and 7, with 03 = 72 = 1,707 = 02,
There are three A-A double cosets: A(1,1)A, A(e,1)A, A(r,1)A, with sta-
bilisers isomorphic to S3,Zs,Zs, respectively. Denote the correspoding irre-
ducible representations by {1,e,7}, (where ¢ is the parity and 7 the two

2
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dimensional representation), {1,w,w?},{1, ¢}, and we denote in this order the
corresponding irreducible bundles as {0,1,2,3,4,5,6, 7} as usual as in [16, 25].
(1) Example: Hy = A(Sg),ng = (23 X Zs) Dl Z27H20 = 53 X 53 .

The subgroups Hi1, H1g, Hag contain A and (in the case of the untwisted 2-
cohomology) have corresponding modular invariants 1, Z(s3), Zs5 respectively:

Zs) = Ixo +x3l* + Ix1 + xsl® + |xel® + Ix7[?,
Zss = |xo+xs+ xel*-

Next consider the symmetric cases contained in A, namely Hy, Hy and Hy
(where H? always vanishes).
(ii) Example: Hy = {(1,1)}.
Take an irreducible bundle [Ak A, ] of Bun“~4(I"), where 1 is an irreducible
representation of the stabiliser Ay of the double coset AkA. Then, for the
subgroup H; = 0, a*-induction is again [A(g,1)A,v] — dim()[(g, 1)] and
dim(¢)[(1, g)] respectively, so that the corresponding modular invariant is

(@F[A(g, ) A, ¢], 0" [A(h, 1) A, x]) = dim(v)dim(x)[dg,1, In,1],

i.e. the mass matrix Zos:

Zas = |x0 + x1 + 2x2/?

There are two further subgroups contained in A, namely Hy = A(Z3) and
H; = A(Zs).
(iil) Example: Hy = A(Z3) .
Consider first the case H = Hy, which has ten double cosets:

H(1,1)H = H,H(1,0)H,H(0,1)H, H(0,0)H, H(0,0%)H,
H(l,o7)H,H(o7,1)H,H(07,0)H, H(0T, 02)H7 H(1,7)H,

with corresponding stabilisers Zy for the first and last listed cosets and 1 for
the remaining eight cosets, giving twelve irreducible bundles in Bun —#(I").
We decompose as H-H double cosets:

HAQ,1)AH = H(1,1)H + H(o,0)H

HA(0,1)AH = H(0,1)H + H(o,0 )H+H(1,0)H,

HA(r,1)AH = H(r,1)H+ H(o7,1)H + H(1,07)H
+ H(o,o7)H + H(oT,0%)H .
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Then a-induction becomes:

ai [(1,1),0)],

od. =111,

af,  =[(11),0]+[(L1),1)],
of 1y =M 1,0], [(1,0),0),
af . =1@,1,0)], [(1,0),0)],
oy = (@100, [(1,0),0)],

o = [(n1),0)]+ [(or, 1,01, [(1,7),0)] + [(1,a7),0],
o = [(n 1), D]+ [(on 1,01, [(1,7), D]+ [(1,07),0
Consequently, we have the irreducible objects [aZ], [af], [aF] = [ao] ® [af],
03] = [af] = [03], [05] = [05™"] @ [0g™) and [o] = o] © [a7 ]
Moreover, (o] = [a]] denoted henceforth by [o], oy ] = [ag )] denoted
from now by [oyg @ )] and similarly [a @ )] Thus ,, XY, = {ao,oq,ocﬁ et }
Also the Xi—chlral systems are MX]@ = {ao,al,aé ),oz; ),ai, =) 1. Th

corresponding modular invariant is Z(22):

Zia2) = Ix0 + x21* + Ix1 + x2® + |xel® + |x7|?

(iv) Example: Hy = A(Zs).
The next case H = H7 has 8 double cosets:
H(1,1) = H,H(1,0)H=H(1,0), H(1,0")H = H(1,0°), H(1,7)H = (Zs x Z3)(1, ),

H(r,1)H = (Z3 x Z3)(r,1), H(r,7)H = H(r,7), H(or,7)H, H(c*7, 7)H ,
with corresponding stabilisers Zs,Zs,Zs,1,1,7Z3,Z3,Z3 respectively giving
twenty irreducible objects in Bun®"=H7(I"). We decompose as H-H double
cosets:

HA(1,1)AH =H(1,1)H + H(r,7)H
HA(o0,1)AH = H(1,0)H + H(7,07)H + H(o7,7)H + H(1,0%)H ,
HA(r,1)AH =H(1l,7)H + H(r,1)H .

Then a-induction becomes:

1,1 =[(1,1),0)],

of,  =I1,1),0)],

of,  =[11),w)]+[1,1),0?)],
Eoa =@, )] +((1,0),1)],

ol 1w =0 1),@)] +[(1,0),w?)],

o 1) = (0, 1),03)] +[(1,0),0)],

of 1y, =111, (17,10,
Cne =100 (17,1
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Coin(s;)equently, we hav(e1 )the 1rrf(€121)1(:1b1e obJects [ao ] :ﬂ[: ;] [af] = [aii((ll))]
[0 @), 03] = [a3 V)@ a3 ]7[af}f[ Vo), lof]=las"]e
[z ®), [ag] = [aF], with [aF], [a;")] and [aF] irreducible sectors (i =

1,2;5=2,3,4,5). The commutatlve neutral system as sectors is formed with

nine automorphisms [ag], [ (i)], with ¢ = 1,2;5 = 2,3,4,5 isomorphic to

Z3 x Z3. Hence the system ,, X = |, &Y, U{aZ}, with the other fusion rules
given by [« (Z)][ £ = [of][a (Z)] = [aZ],i = 1,2;j = 2,3,4,5. The other nine
irreducible obJects are from the decomposition:

afag = Z[(T, o'r),w].
4,J
The corresponding modular invariant is:
Zs = [xo + xal* + 2Ixal* + 2|xa|* + 2|xal® + 2[xs|*.
There are two further symmetric groups Hg = Zg X Zo, and H1y = Z3 X Z3.
(vi) Example: Hg = Zs X Zo. Here with H = Hg, there are four double cosets:
H(l,)H=H,H(c,1)H,H(1,0)H,H(0,0)H

with stabilisers Zo X Zo ,1 X Zs ,Z2 x 1,1 respectively so that there are nine
irreducible objects in Bun ~H(I"). We decompose as H-H double cosets:

HA(1,1)AH = H(1,1)H + H(c,0)H
HA(o,1)AH = H(1,0)H + H(0,1) + H(0,0)H
HA(1,1)AH =H(1,1)H+ H(l,0)H + H(0,1) + H(o,0)H .

Then a-induction becomes:

ar o =[(1,1),0)],

of,  =[1L,1),(1,0)], [(1,1),(0,1))],

of,  =[1,1,0]+[(1,1),(1,0)], [(1,1),0)]+[(1,1),(0,1)]

ol yy =0,1),(0,00], [(1,0),(0,0)],

ot 1w =1(@,1),00,0)], [(1,0),(0,0)],

ot 1y = (0,1),0,0)],  [(1,0),(0,0)],

ol iy = (1,1),0]+[(0,1),0],[(1,1),0] +[(1,0),0],

of ). =11,1),(1L,0)] + [(, 1), (1,0)],[(1,1),(0,1)] + [(1, ), (0,0)].

So computing we get that ,, X35 = {ap,af,ad} with [af] = [ag] @
o], [of] = [aF] = [0F], [a5] = [ao] ® [05],[0F] = [of] @ [aF]. The

sectors of ;X ]\i4 are S3. The corresponding modular invariant is

Zaa = |xo0 + x2 + x6|* -
(vi) Example: H = Hyy = Z3 X Zs3.
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Taking H = Hy4, we have four double cosets:
H(lL,)H=H,H(r,))H ,H(1,7)H,H(r,7)H ,

all with stabilisers H so that there are 36 irreducible objects in Bun®~#(I").
We decompose as H-H double cosets:

HAQ,1)AH = HQ,1)H + H(r,7)H ,
HA(0,1)AH = H(1,1)H + H(r,7)H ,
HA(T,1)AH = H(1,7)H + H(r,1)H .

Then a-induction becomes:

ai =[(1,1),1)],

of,  =[1,1).1],

of,  =2[(1,1),1],

o 1 = (LD @ D]+ (LD, @ D], (L), (Lw)] +[(1,1), (Lw?)],
o o =1L, (@ D]+ (L), @3 D], [(1,1), (Lw)] +[(1,1), (1,2,
e = (LD, @ D]+ [(L1), @3 D], (1,1, (Lw)] +[(1,1), (1,w?)],
Foa =D DI+ (), (@, D]+ [(7.1), (w2, 1)],

a1y, = 17), (L D]+ [(L7), (Lw)] +[(1,7), (1,w?)],

of e =D, +[(1,1), (@ D] + (1, 1), (@2, 1)],

o e =L7), (L D]+ (L 7), (Lw)] +[(1,7), (1,w?)]

Hence we have the chiral system:

JVIXJ\—Z = {avo, Oz;_(l), a;@)’ agr(l)’ aZ{(Q), agr(fi)}
with [ao] = [of], [of] = 2[ae], [0F] = [af] = [0f] = [e5 ) & [0 ®),

(o] = [og] = [Oég(l)] ® [04:{(2)] ® [Ozg(s)], and similarly

- (1) -2 -1 —(2 _-@3
MXM:{aoaag( )7a3( ),CVG( )’Oé6( )7a6( )}'
We can conclude that ,,& Ai4 is as sectors S3. The corresponding modular
invariant is Z33:

Zs3 = |x0 + x1 +2x3]*.
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1 Introduction

In 1959, H. Dye (|D1]) introduced the notion of orbit equivalence and proved
that any two ergodic finite measure preserving transformations on a Lebesgue
space are orbit equivalent. In [D2], he had also conjectured that an arbitrary
ergodic action of a discrete amenable group is orbit equivalent to a Z-action.
This conjecture was proved by Ornstein and Weiss in [OW]. The most general
case was proved by Connes, Feldman and Weiss ([CFW]) by establishing that
an amenable non-singular countable equivalence relation R can be generated
by a single transformation, or equivalently, is hyperfinite, i.e., R is up to a
null set, a countable increasing union of finite equivalence relations.

For the Borel case, Weiss (|[W]) proved that actions of Z™ are (orbit equiv-
alent to) hyperfinite Borel equivalence relations, whose classification was ob-
tained by Dougherty, Jackson and Kechris ([DJK]). It is not yet known if an
arbitrary Borel action of a discrete amenable group is orbit equivalent to a
Z-action.

Our main interest in this report is the case of a free minimal continuous
action ¢ of Z? on a Cantor set (i.e., a compact totally disconnected metric
space with no isolated points). However, let us begin with a more general
group action and consider a free action ¢ of a countable discrete group on
a compact metric space X (i.e., for every g € G, ¢(g) € Homeo (X), and
o(g)x = x for some x € X if and only if g = id). Recall that the action ¢ is
minimal if the -orbit of every point of X is dense in X.
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Humanities.
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Given two free group actions (X, G, ¢) and (Y, H, ¢), an isomorphism
between them is a homeomorphism h : X — Y and a group isomorphism
« : G — H such that, for all g € G, we have

ho(g) =1(a(g))oh .

Recall from [GPS2| that, given two free group actions (X, G, ¢) and
(Y, H, ), an orbit equivalence between them is a homeomorphism b : X — Y
such that, for every z € X, we have

WOy () = Op(h(z)),

where O, (2) denotes the orbit of the point « € X under the action of . It is
clear from the definitions that every isomorphism is also an orbit equivalence.

For connected spaces, using a result of Sierpinski (see [K], Thm 6, Ch
V, 47, III), any orbit equivalence is also an isomorphism. Therefore, we will
consider only spaces which are totally disconnected.

2 Etale Equivalence Relations

Let X be a compact metric space and G be a countable group with the
discrete topology. If ¢ is a free continuous action of G on X, let R, denote
the equivalence relation given by

R ={(z, p(g)r); v € X, g€ G}.

With the product topology, X x G is a o-compact, locally compact space;
then using the bijection from X x G to R, given by (z, g) — (z, ¢(g)z), the
equivalence relation R, becomes a topological groupoid. If  and s (for range
and source) denote the two canonical projections from R, to X:

s(x, p(9)z) = p(g)z and r(z, p(g9)r) =2,

then r and s are local homeomorphisms. Moreover as G is countable, each R,
is a countable equivalence relation, i.e. each equivalence class [z]r, = {y €
X | (z,y) € Ry } is countable for each € X. Then R, is the motivating
example of an étale equivalence relation, whose precise definition is as follows:

Definition 1. The locally compact groupoid (R,T), where R is a countable
equivalence relation on a compact metric space X, is étale if the maps r, s :
R — X are local homeomorphisms, i.e. for every (x,y) € R there exists an
open neighborhood U € T of (x,y) so that r(U) and s(U) are open in X
and r : U — r(U) and s : U — s(U) are homeomorphisms. If X is zero-
dimensional, we may clearly choose U to be a clopen set.

We will call (R, T) an étale equivalence relation on X.
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Remark 2.

a) This definition is equivalent to the various definitions of an étale (or
r-discrete) locally compact groupoid (applied in our setting) that can be found
in the literature (see for example [Pa], [R]).

b) If R is an étale equivalence relation, then its equivalence classes are count-
able. By definition, R can be written as a union of graphs of local homeomor-
phisms of the form sor~!.

c¢) The topology 7 on R is rarely the relative topology from R C X x X.
Indeed if R is étale and has an infinite equivalence class, then 7 is not the
relative topology of X x X.

d) A countable equivalence relation R on X may be given distinct non-
isomorphic topologies 77 and 75 so that (R, 7;) and (R, 73) are étale equiva-
lence relations. This contrasts with the situation in the countable (standard)
Borel equivalence relation setting, where the Borel structure is uniquely de-
termined by R C X x X.

Generalizing the statement and the proof of Theorem 1 of [FM], we have:

Proposition 3. Let (R,7) be an étale equivalence relation on the zero-
dimensional space X. There exists a countable group G of homeomorphisms
of X so that R = R¢, where Rg = {(z,g9z); x € X, g€ G }.

Remark 4. In [HM], Hjorth and Molberg have recently shown that the group
G in Proposition 3 cannot always be chosen acting freely.

There are two natural notions of equivalence between étale equivalence
relations:

Definition 5. (Isomorphism and orbit equivalence) Let (R1,71) and (Ra,72)

be two €tale equivalence relations on Xy and X5 respectively.

1. (R1,7h) and (Ro,T3) are orbit equivalent if there exists a homeomorphism
F: X1 — X5 so that

(x,y) e R4 = (F(z),F(y)) € Ra.

We call such a map F' an orbit map.
2. (R1,71) and (Re,T2) are isomorphic if there is an orbit map F : X1 — X5
so that F X F: (R1,71) — (Ra,7T2) is a homeomorphism.

Observe that (Ry,77) is orbit equivalent to (Rg, 72), via the orbit map F
if and only if F([z]r,) = [F(z)]r, for each z € X;. So F maps equivalence
classes into equivalence classes.

There is a notion, introduced by J. Renault (|[R1]), of an invariant prob-
ability measure for an étale equivalence relation R C X x X. A measure p
on X is R-invariant if u(r(U)) = u(s(U)), for every open set U C R such
that r: U — r(U) and s : U — s(U) are homeomorphisms. We will denote
by M (X, R) the compact convex cone of R-invariant probability measures on
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X.If F: X; — X5 is an orbit equivalence between two étale equivalence rela-
tions, then F' induces a bijection between the two sets of invariant probability
measures M (X7, R1) and M (X2, Ra).

3 Invariants for Cantor Etale Equivalence Relation

To an étale equivalence relation R on the Cantor set X we associate two
ordered groups which are invariants of isomorphism and orbit equivalence of
R.

By an ordered group, we mean a countable abelian group G with a subset
G, called the positive cone, such that

(i) GT+Gt cGt, (i) Gr-GT =G, (iii) GTn(-GT)={0}.

By an order unit for (G, G*), we mean an element u € G such that for
every a € GT, nu —a € GT, for some n > 1.

Let C(X, Z) be the abelian group of continuous functions with values in
Z. We denote by B(X,R) the (coboundary) subgroup of C(X, Z) generated
by the functions x,(7) — xs(v), where U is a clopen subset of R on which r
and s are local homeomorphisms.

We define B,,,(X, R) to be the subgroup of C(X, Z) of all functions f
such that [, fdu =0, for all p € M(X,R). Note that if M(X,R) = 0, then
Bm(X, R) = C(X, Z).

Definition 6. Let R be an étale equivalence relation on the Cantor set X.
We denote by

i) D(X, R) = C(X, Z)/B(X, R) the ordered group whose positive cone and
order unit u are

DX, R)" ={[f]; feC(X,Z), f>0} and u=][1].

i) Dip(X, R) = C(X, Z)/Bm(X, R) the ordered group whose positive cone
and order unit u are

D(X, R)* ={If]; F€C(X,2), f=0} and u=][1].

Remark 7.

i) B(X, R) is a subset of B,,,(X, R) and D,,(X, R) is a quotient of D(X, R).
ii) If R, denotes the étale equivalence relation induced by a minimal home-
omorphism ¢ of the Cantor set X, we have:

a) By [P], Thm 4.1 and [HPS], Cor. 6.3, the triple (D(X, R,), D(X, R,)*,
[1]) is a simple, acyclic dimension group with (canonical) order unit. Moreover
any simple, acyclic dimension group (G, G™,u) where u is a distinguished or-
der unit, can be realized as (D(X, R,,), D(X, R,)", [1]) for a Cantor minimal
system (X, ¢).
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b) B (X, Ry,)/B(X, Ry) is equal to the infinitesimal subgroup Inf(D(X,
R,)) of D(X, R,) and D(X, R,)/Inf(D(X, R,)) is naturally isomorphic to
m (X, Ry).

It is then easy to check that:

Proposition 8. If F: X1 — X5 is an orbit map between two étale equivalence
relations (X1,R1,71) and (Xa, Ra,T3), then it induces an order isomorphism
preserving the order units from Dy, (X1, R1) to Dy (X2, Ra).

Moreover if F' implements an isomorphism between (X1, R1,71) and (X,
R2,7T3), then it induces an order isomorphism preserving the order units from

D(Xl,Rl) to D(X27R2).

4 AF-Equivalence Relations

The AF equivalence relations ([R1], [GPS2]) form one of the most important
classes of étale equivalence relations. The terminology AF comes from C*-
algebra theory and means approximately finite.

Definition 9. An étale equivalence relation R on X is an AF-relation if X
is a totally disconnected compact metrizable space and if there are

RiCRa2C---

such that U,R, =R and R, C R is a compact open subequivalence relation,
for each n > 1.

Before giving examples of AF-equivalence relations, let us note that:

Proposition 10. (/GPS2], Thm 3.8). Let ¢ be a free action of a countable
group G on a totally disconnected compact metric space X. The relation R,
is an AF-equivalence relation if and only if the group G is locally finite.

Let us describe the fundamental example of an AF-equivalence relation.
We begin with a Bratteli diagram (see [HPS], [Ef]). It is a locally finite, infinite
directed graph which consists of a vertex set V and an edge set E written as
a countable disjoint union of non-empty finite sets:

V=VWuWViuWu--- and E=F UEyUFE3U---

Each edge e in E, has a source i(e) in V,_1, and a range f(e) in V. For
simplicity we assume that 1} consists of a single vertex and for every other
vertex v, f~'{v} and i~'{v} are non-empty.

The space X = X(V,E) = {e = (61,627"') ; en € Envi(enJrl) =
f(en) forn > 1} is the space of infinite paths in the diagram. It is given
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the relative topology of the product space [], E, and is therefore compact
metrizable and zero dimensional. For each N > 0, let

Ry={(e,f) e X xX;e,=f,foralln>N}.

With the relative topology of the product X x X, then Ry is a compact étale
equivalence relation (hence each equivalence class is finite), and Ry is an
open subset of Ry 41, for all N > 1.

Let R = UJOVOZO R, and give R the inductive limit topology. This means
that a sequence {(z,,y,)} in R converges to (z,y) in R if and only if {z,}
converges to x, {y,} converges to y (in X) and, for some N, (2,,y,) is in Ry
for all but finitely many n. Then R is easily seen to be an étale equivalence
relation which will be denoted by AF(V, E).

We observe that if (V', E') is a telescope of (V, E), i.e. (V', E’) is obtained
from (V, E) by telescoping (V, E) to certain levels 0 < ny < ng <ng < ---,
then AF (V, E) is isomorphic to AF (V', E') . In fact, there is a natural home-
omorphism « : Xy, gy — Xy gy, and « clearly implements the isomorphism,
according to the description we have given of convergence in AF (V, E), re-
spectively AF (V' E').

The Bratteli diagram (V| E) is simple if for each n there is an m > n so
that by telescoping the diagram between levels n and m, every vertex v in V,
is connected to every vertex w in V;,. It is a simple observation that (V, E) is
simple if and only if every AF (V, E)-equivalence class is dense in Xy, ).

The above example is in fact the general case. Indeed, we have:

Theorem 11. Let R be an AF-relation on a totally disconnected compact
metrizable space X. Then there exists a Bratteli diagram (V,E) such that R
is isomorphic to the AF-equivalence relation AF(V, E) associated to (V, E).

Furthermore, (V,E) is simple if and only if R is minimal (i.e. every
R-equivalence class is dense).

5 The Classification of AF-Equivalence Relations

For AF-equivalence relations the invariants introduced in Definition 3.1 have
not only a well-known structure, but they also form complete sets of invariants
of AF-equivalence relations up to isomorphism and in the minimal case up to
orbit equivalence. Indeed we have:

Theorem 12. (see [HPS]) For a Bratteli diagram (V,E) and the associated
AF-equivalence relation AF(V, E), the group D(X(v,g), AF(V, E)) is the di-
mension group of the Bratteli diagram (V,E). It is simple if and only if
AF(V, E) is minimal.

Approximately finite dimensional C*-algebras were classified in 1976 by
G. Elliott. Building on this result, Krieger proved in [Kr| the following;:
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Theorem 13. For AF-equivalence relations (X, R), the triple formed by the
ordered group (D(X,R),D(X,R)") and the order unit [1] is a complete in-
variant for isomorphism.

For minimal AF-relations, we then can get:

Theorem 14. For AF-equivalence relations (X, R), the triple formed by the
dimension group (D, (X, R), D (X, R)T) and the order unit [1] is a complete
imwvariant for orbit equivalence.

Even if Theorem 14 appears in [GPS1] as a corollary of the classification
up to orbit equivalence of minimal Z-actions, a direct proof can be given and
it is in fact more logical to do so. Note that the range of the invariant for
orbit equivalence of AF-equivalence relations is the class of all simple, acyclic
dimension groups whose the infinitesimal subgroup is trivial.

6 The Strategy for Orbit Equivalence Results

Let G be Z or Z? and ¢ be a minimal, free G-action on the Cantor set X. As
the classification of AF-equivalence relations up to orbit equivalence is known,
it is sufficient to show that such an action is affable (i.e., orbit equivalent to an
AF-equivalence relation). This will be achieved with the following two steps:

(1) If  and G are as above, construct a minimal AF-subequivalence relation
R of Ry, two closed "small" subsets Y and Y; of X, and a homeomorphism
a Yy — Y7 such that the equivalence relation R V Graph («), generated
by R and the graph of « is equal to K.

(2) Prove then that R VvV Graph («) is orbit equivalent to R. The second
step means that a minimal AF-relation R can be enlarged "slightly" and stays
AF, more precisely still be orbit equivalent to R. We will present the precise
statement in the next section.

The first step depends on the group G. We have a complete answer for
G = 7 and up to now only a partial one for Z2.

Remark 15. For G = 7Z, this strategy was used by Dye in the measurable case
using repetitively the Rohlin lemma to get the first step, with the small subsets
Yy and Y7 having measure zero. This can be extended to include amenable
groups. The second step is then not necessary.

For Borel actions of Z™, Weiss (|W]) used also the same strategy. Contrary
to the (finite invariant measure) measurable case, AF-relations are not unique.
They were classified by Dougherty, Jackson and Kechris ([DJK]) and their
complete invariant up to orbit equivalence is the cardinality of the set of their
finite invariant ergodic measures.
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7 The Absorption Theorem

The second step of our strategy for orbit equivalence results will be accom-
plished with Theorem 16. This result states precise sufficient conditions under
which a minimal AF-relation can be enlarged and stay orbit equivalent to it-
self. For an étale equivalence relation R on X, let us recall some terminology:
if Y is a closed subset of X, we say that:

(1) Y is R-étale if Rly (= RN (Y xY)), with the relative topology, is an étale
equivalence relation on Y.

(2) Y is a thin subset if u(Y") = 0 for every finite R-invariant measure .

Theorem 16. (/GPS2/, Thm 4.18). Let R be a minimal AF-equivalence rela-
tion on the Cantor set X and let Yy, Y7 be two closed R-étale and thin subsets
of X. Suppose RN (Yo x Y1) =0 ( and so in particular Yo x Y1 = 0), and
let a1 Yy — Y1 be a homeomorphism such that o x o : Rl|y, — Rly, is an
isomorphism.

Then the equivalence relation on X

RV {(y,aly)); v € Yo}

generated by R and Graph (&) is orbit equivalent to R and therefore is affable.

8 Classification up to Orbit Equivalence of Minimal
Z-Actions

Let ¢ be a Cantor minimal system (i.e. a minimal action of Z on the Cantor
set). The first step of the strategy outlined in section 6, namely to show that
R, is affable is based on the following construction, that we sketch now.

Let (Up)n>1 be a decreasing sequence of clopen subsets of X, whose inter-
section is a single point y. For n > 1, let R,, denote the equivalence relation
on X generated by {(z,¢(z)) | € X \ U, }. As ¢ is minimal and as the
first return map of ¢ on U, is continuous, we have that R, is compact and
open. As (U,),>1 forms a decreasing sequence of clopen sets, the sequence
of the equivalence relations (R, )n>1 is increasing and their union R, is an
AF-relation. Every R, -class is also a (p-orbit, except for the orbit of the point

y and Ry, =Ry V {(y,0(y))}. With Yo = {y}, Y1 = {»(y)} and a = ¢, we
can apply Theorem 16 and we get:

Theorem 17. (/GPS1]). Let ¢ be a Cantor minimal system. Then the equiv-
alence relation R, is orbit equivalent to an AF-relation.

As a consequence of this result and of Theorem 14, we have:
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Theorem 18. Two Cantor minimal systems ¢ and ¥ are orbit equivalent if
and only if (D (X, Ry), Dm(X,Re)™, [1]) and (D (X, Ry), D (X, Ry) ™,
[1]) are (order) isomorphic.

Remark 19. a) Let ¢ be a Cantor minimal system and C*(X, ¢) be the asso-
ciated C*-crossed product. If p is any ¢-invariant probability measure on X,
recall that C*(X, ¢) can be realized as the C*-subalgebra of the bounded lin-
ear operator algebra B(L?(X, 11)) generated by C(X) acting as multiplication
operators and the unitary operator u = u,,, defined by

ué(z) = &(p'a), forx € X and ¢ € L*(X,p).

If Y is a non-empty closed subset of X, let Ay be the C*-subalgebra of
C*(X, ¢) generated by C(X) and uCp(X \'Y), where Co(X \ V) denotes the
continuous functions vanishing on Y.

Let (Up)n>1 be a decreasing sequence of clopen subsets of X, whose inter-
section is a single point y. In [P], I. Putnam proved that

~ AYf is an AF algebra which is the closure of the increasing union of the
finite dimensional algebras Aﬁn, forn>1

~ the inclusion map ¢ : AY — C*(X,p) induces an isomorphism i,
Ko(A¥) — Ko(C*(X,p)) of ordered groups preserving the distinguished
order units (the class of the identity operator).

- Ko(C*(X,)) is order isomorphic to D(X,R,) by a map preserving the
order units.

Let C*(S) denote the reduced C*-algebra associated to an étale equiva-
lence relation S (see [Pa] and [R] for example). If for n > 1, as introduced
above, R, denotes the equivalence relation generated by {(x,p(z)) | = €
X\ U, } and R, their union, then C*(R,,) is isomorphic to Af; and AY to
C*(R,).

If ¢ and 1 are two orbit-equivalent minimal homeomorphisms acting on
the Cantor set X and if F' € Homeo (X) is an orbit map between them, recall
that the orbit cocycles m an n associated to F' are the integer-valued functions
on X defined for z € X, by

Fop(x) =y oF(z) and Fo@™®(z)=1voF(x).

By a theorem of M. Boyle (see [GPS1], Thm 1.4), if one of the orbit cocycles
is continuous, then ¢ and ¢ are flip-conjugate (i.e., ¢ is conjugate to either ¢

or ).

Definition 20. Let ¢ and ) be two orbit-equivalent minimal homeomorphisms
acting on the Cantor set X. Then ¢ and 1 are strong orbit equivalent if there
exists an orbit map F so that the associated orbit cocycles m,n : X — Z each
have at most one point of discontinuity.
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Let us finish this section on the classification of Cantor minimal systems
by stating the following two results:

Theorem 21. Let ¢ and ¥ be two minimal homeomorphisms acting on the
Cantor set X. Then the two étale equivalence relations R, and Ry are iso-
morphic if and only if ¢ and ¢ are flip-conjugate.

Theorem 22. Let ¢ and ¥ be two minimal homeomorphisms acting on the
Cantor set X . For any two points y1 and yo of X, the AF-equivalence relations
Roy, and Ry, are isomorphic if and only if ¢ and i are strongly orbit
equivalent.

For the first result, if ¢ and v are flip-conjugate, then R, and R, are
clearly isomorphic. Conversely, if F' is an orbit map such that F' x F' is a
homeomorphism from R, to Ry, then it follows that the orbit cocycles are
bounded and by M. Boyle’s theorem ¢ and ) are flip-conjugate.

The second one follows from [GPS2], Lemma 4.13 and Corollary 1.3, in
combination with Theorem 2.1 of [GPS1].

9 Classification up to Orbit Equivalence of Minimal
72-Actions

Let ¢ be a minimal free action of Z? on the Cantor set. To fulfill the second
step of the strategy outlined in section 6, we use cocycles for the action to
create the AF-relation and its extension. The drawback of this method is that
it needs to assume the existence of sufficiently many cocycles with conditions
of positivity and smallness we will define below. Results about the existence
are still partial, although they do exist for several examples of interest.

In [F], Forrest (see also [Ph] for another treatment) produced large AF-
subrelations of the orbit relation R.,. Such subrelations also appear implicitly
in works of Bellissard, Benedetti and Gambaudo [BBG| and also in Benedetti
and Gambaudo [BG|. But their methods do not keep track of the difference
between the AF-subrelation and R, and therefore do not allow the use of the
absorption theorem.

9.1 Cocycles and Positive Cocycles

Before stating our main results, we need to recall some basic notions about
cocycles whose basic references are [FM, RJ.

Definition 23. Let ¢ be a free action of Z> on a compact space X .
A Z-valued one-cocycle for ¢ is a continuous function 0 : X x 7Z?> — Z
such that , for all x € X and m,n € Z2, we have
O(x,m+n)=0(x,m)+0(x"(x),n).

If f € C(X,Z), then the function bf(x,n) = f(e™(x)) — f(x) is called a
coboundary.
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The set Z1(X, ) of all cocycles forms a group under addition, the set
BY(X,¢) of all coboundaries a subgroup and we denote by H(X, ) =
ZY(X,¢)/BY(X, ) the first cohomology group. Using the equivalence rela-
tion induced by ¢ on X, cocycles and coboundaries can also be viewed as
continuous homomorphisms from R, to Z. Therefore if 6 is a cocycle, its
kernel ker(0) = {(x,y) € R, |8(x,y) = 0} is a closed subequivalence of R,.

We introduce now the notion of strict positivity for cocycles.

Definition 24. Let ¢ be a free action of Z? on a compact space X and let C
be a subset of Z2. If 6 is a cocycle, then it is

1. positive with respect to C if (X x C) > 0.

2. proper with respect to C if the map 0 : X x C — Z is proper (i.e., the
pre-image of any finite set is compact).

3. strictly positive with respect to C if it is proper and positive with respect

to C.

Condition (2) of this definition is the key property we use to produce
compact open subequivalence of R,. Indeed we have:

Proposition 25. ([GPS3], Prop. 5.12) Let (X,p) be as in 24, & and n be
cocycles for (X, ) and let C,C" C Z2. If ¢ is proper on C and 1 is proper on
C" and

cu(-Cc)uc'u(=c" =12,
then ker (&) Nker(n) = {(x,y) € Ry, |&(x,y) = n(x,y) =0} is a compact open
subequivalence relation of R.,.

The sets C' and C’ we will need have the following special form:

Definition 26. For 0 < r,r’ < co, we define
Clrr"y={(i,5)€Z®|j<ri, j<r'i}.

with the convention 0-oco = 0.

In addition to the notion of positive cocycle, we use the notion of small
cocycle as follows.

Definition 27. Let 0 be a cocycle for (X, ¢) and let M be a positive integer.

Then 6 is smaller or equal to M~ if |§(X,n)| < 1 for all z € X and
n = (n1, na) € Z* with ||n||ec = maz {|n1|, |nal} < M and we say that 0 is
small if 0 < %

If ¢ is a free minimal action of Z? on a Cantor set X, finding small, positive
cocycles reduces to finding clopen with the following properties.

Theorem 28. Let ¢ be a free minimal action of Z? on a Cantor set X. Let
a, b be generators for Z2. Suppose that for any N > 1, there are clopen sets
A and B such that
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1.ANY ™ (B)=p Y(A)NB =10,
2. AUp~%(B) = ¢ *(A) U B,
3. the sets ¢ (“tY) (AU ©~%(B)) are disjoint for 0 <i < N .

Then for any M > 1, there exists a cocycle 0 which is strictly positive on
C={ia+jb|i,j>0}and 6 <M~'.

The preceding theorem is the result we use to find small strictly positive
cocycles. for the following two classes of minimal free Z2-actions on the Cantor
set.

Remark that any extension of a free minimal Z2-Cantor system with small
strictly positive cocycles has the same property.

Example 29. Rotations of the group of p-adic integers.

Let p be a prime number and X = H,?;O Z/pZ be the abelian group of
p-adic integers. If o, 0 are two Z-linearly independent elements of X such
that either ag or By is non-zero, then the action ¢ given for all x € X and
(i,5) € Z* by

Lp(i’j)(x) =2 —ia—jB, forze X and (i,j) € Z?,

is minimal and free.

As the subgroup of X generated by either o or 3 is dense, we can assume
that one of the generator, a for example, is (1,0,0,---,0,---). Let C(0,m)
denote the cyclinder set {z € X | g = 21 = -+ = 2, = 0} and k(m) the
smallest positive integer such that

BCO,m)={zx+BeX |xg=-=am=0}=a""™(C0,m)).

Then the pair of clopen sets A = C(0,m) and B = Hfi%l) al(C(0,m)) satisfies
the first two conditions of Theorem 28 and therefore defines a strictly positive
cocycle. A much finer construction is necessary to get a small, strictly positive
cocycle.

Notice that in this example there is a short exact sequence

0—Z— H'(X,p) = Z[1/p] = 0.

Ezxample 30. Rotations of a disconnected circle.

Let 0 < a,8 < % be two real numbers such that {1,«, 5} is Q-linearly
independent and let us consider the action of Z2-action on the circle R/Z, by
rotating by a and 5. We then disconnect the circle along an orbit replacing
each point by two separated ones and obtain a copy of the Cantor set. More
precisely, if Cut C R denotes the subgroup {k +na+mpg | k,n,m € Z }, we
define a linear order on X = RU{a’ | a € Cut } by setting a’ < b, a < V', a’ <
Y ifa < band a < a for all a € R and consider the order topology on X. The
action by translation of Z + aZ 4+ 37 on X induces then a (minimal, free)
action ¢ of aZ + BZ on the Cantor set X = X /Z.
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For any pair of generators a,b € aZ + B Z, the homeomorphisms ¢® and
" are again rotations of the cut-up circle X. Let N be a positive integer. By
minimality of the rotation R, x R, on R?/Z? there exist a positive integer ¢
and integers ¢ and j such that

1 1
0<ga—1i< — 0<gb—j< —

2N’ 2N
Then for 0 < m,n < N and k € Z, we have
ﬁg k_lm_JneraJrnbg k—i—l'
q q q

For each 0 < k < ¢, we can approximate % by an element x; € C'ut such that
for 0 <m,n < N,

Tk < Th—im—jn +Ma +nb < Tpqq .
Then the pair of clopen sets of X
A= Uz;é[zk,xk_i +a), B= Uz;é[l'k,l'k_j +0b)

with £ —1 and k — j interpreted modulo ¢, satisfy the assumptions of Theorem
28 and therefore defines a small stictly positive cocycle.

Notice that the first cohomology group of this example was computed by
Forrest and Hunton in [FH| and is equal to Z3.

Remark 381. If ¢ is a minimal Z2-action on the Cantor set, its first cohomology
group H'(X, ) always contains Z? as a subgroup. There exists an example
of such an action such that H!(X,¢) = Z?. But this action is not free. It is
not known if the first cohomology group of a free, minimal Z2-action on the
Cantor set has always Z? as a proper subgroup.

9.2 The Main Results of [GPS3]

Our main result, Theorem 32, whose proof is very long, states that if a free,
minimal action ¢ of Z? on the Cantor set possesses arbitrary small, strictly
positive cocycles for sufficiently many cones, then the induced étale equiva-
lence relation R, is affable.

Theorem 32. Let (X, ) be a free, minimal action of Z* on the Cantor set.
Suppose that there are positive numbers Too, Soo with st —rt > 1 satisfying
the following: For every € > 0, there are positive real numbers roo +€ > 1 >
1’ > 1o so that for every M > 1, there is a cocycle 6 on (X, ) such that

1. 0 is strictly positive on C(r,7'"), and 2. 6§ < M~'.

Similarly, for every e > 0, there are positive real numbers s, — e < r <
1’ < Seo such that for every M > 1, there is a cocycle 6 on (X, ) satisfying
conditions 1 and 2.

Then the étale equivalence relation R, is affable.
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The examples 29 and 30 described above satisfy the following stronger
hypotheses.

Corollary 33. Let (X, ) be a free, minimal action of Z* on the Cantor set.
Suppose that for every a,b € Z* which generates Z2 as a group and for every
M > 1, there is a cocycle 0 on (X, ) such that

1. 0 is strictly positive on {ia + jb|i,j >0}, and 2. 6§ < M~'.
Then the étale equivalence relation R, is affable.
As a consequence of Theorems 17, 32, and 14, we then get:

Theorem 34. For i = 1,2, let (X;,R;) be étale equivalence relations where,
for each i, X; is totally disconnected and (X;, R;) is minimal and one of the
following conditions are satisfied:

1. R; is an AF-relation,
2. R; arises from a free action of Z, or
3. R; arises from a free action of Z? satisfying the hypotheses of 32.

Then the two equivalence relations are orbit equivalent if and only if there
is an order isomorphism from D,,,(X1,R1) to Dy, (X2, Ra) preserving the dis-
tinguished order units.

10 Further Developments

Let (X, ¢) be a Cantor minimal Z2-system conjugated to the product of two
Cantor minimal Z-systems (X1, 1) and (X3, ¢2). By Theorem 17, we have
that Ry, and R, are orbit equivalent to two AF-relations R; and Ro. As
the product of two AF-equivalence relations is also AF, we have that R, is
also affable.

If (Y, %) is an extension of the product Cantor system (X; x Xo, ¢1 X
2), it is not necessarily a product. Therefore the above argument cannot be
used to show the affability of (Y, ¢). In [M1], H. Matui constructs an AF-
subequivalence of R, satisfying the assumptions of the absorption theorem
to prove the following:

Theorem 35. ([M1]). Let w: (Y, ¢) — (X, ) be an extension between Can-
tor minimal Z2-systems. If (X, @) is conjugate to a product of two Cantor
minimal Z-systems, then Ry is affable.

Recall (see for example [KP], p. 180) that a tiling 7 in R? gives rise to an
action of R? on its continuous hull £27. If T has finite local complexity and is
strongly aperiodic, the hull {27 is compact and does not contain any periodic
tilings. If moreover T is repetitive, then the dynamical system (27, R?) is
minimal.

For each tile type (or labeled tile type) ¢ in T, let us choose a point z(t),
called a puncture, in the interior of t. Now each tile ¢t € T is given a puncture
x(t) such that if t; and t5 are two tiles with ¢t = t; +x for some = € R?, then
z(ta) = z(t1) + .
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The set of all the tilings 77 € 27 such that the origin is a puncture of some
tiles ¢ in T” is called the discrete hull £2pune of T. With the above conditions
on the tiling, {2)un. is a Cantor set and is a transversal to the R2-action.

An equivalence relation Rpync is defined on §2,,,. as follows:

Rpunc - {(T17T2)|Ti S .qunc and ElJU S RQ . T1 = TQ —|—Jj}

Then Rpunc is the restriction to §2,,n. of the equivalence relation induced by
the R2-action on the continuous hull 2.

Provided with the following topology: a sequence (T, T, + =) in Rpunec
converges to (T,T + z) if and only if T,, — T and z,, — &, Rpunc is an étale
equivalence relation.

In [M2], H. Matui studies the equivalence relation Rpyn,. associated to a
substitution tiling. Recall that a substitution tiling system in R? consists of a
pair (V,w) where V is a finite collection of polygons in R?, the prototiles, and
w is a substitution rule. We also have an inflation constant A > 1 such that
for every p € V, w(p) is a finite collection of tiles (a tile is a translate of one
prototile) with pairwise disjoint interiors and their union is Ap = {\v | v € p}.
The Penrose tiling is an example of a substitution tiling.

For a substitution tiling system which is primitive, aperiodic and satis-
fies the finite pattern condition, I. Putnam constructs in [P1] a minimal AF
subequivalence relation R of Rpync. The equivalence relation R is too large
to apply the Absorption Theorem 16. In [M2], Matui constructs a smaller
AF-subequivalence relation R’ C R satisfying the conditions of Theorem 16
and obtains:

Theorem 36. ([M2]). Let (V,w) be a substitution tiling system in R? as
above. Then the equivalence relation Rpunc 01 punc 5 affable.

In a work in progress, Giordano, Matui, Putnam and Skau have generalized
the Absorption Theorem presented in Section 7. With this gneralization, the
first step of the strategy presented in Section 6 is now easier to implement.
In particular for a minimal free action of Z? on the Cantor set, we are now
able to construct a minimal AF-subequivalence relation of R, satisfying the
assumptions of the new absorption theorem without having to use cocycles.
Theorem 34 can therefore be extended to cover all free minimal action of Z2
on the Cantor set.

References

[BBG| J. Bellissard, R. Benedetti and J.-M. Gambaudo, Spaces of Tilings, Finite
Telescopic Approximations and Gap-Labelling, preprint.

[BG] R. Benedetti and J.-M. Gambaudo, On the dynamics of G-solenoids: ap-
plication to Delone sets, Erg. Th. and Dyn. Sys.,23, (2003), p. 673-691.

[CFW] A. Connes, J. Feldman and B. Weiss, An amenable equivalence relation is
generated by a simple transformation. J. Erg. Th. and Dyn. Sys.,1, (1981),
p. 431-450.

[DJK]|] R. Dougherty, S. Jackson and A.S. Kechris, The structure of hyperfinite
Borel equivalence relations, Trans. Amer. Math. Soc., 341, (1994), p. 193
225.



160
[D1]
[D2]
[Ef]

[FM]

[F]

[FH]

[GPS1]
[GPS2]
[GPS3|

[HPS]

[HM]

[KP]

[Kr]

[K]
[M1]

[M2]
[OW]

[Pa]

12
P
[P1]
R|

[R1]

Thierry Giordano, Ian F. Putnam, and Christian F. Skau

H. Dye, On groups of measure preserving transformations I, American J.
Math, 81, (1959), 119-1509.

H. Dye, On groups of measure preserving transformations II, American J.
Math, 85, (1963), 551-576.

E.G. Effros, Dimensions and C*-algebras, Conf. Board Math. Sci., 46,
Amer. Math. Soc., Providence, R.I., 1981.

J. Feldman and C.C. Moore, Ergodic equivalence relations, cohomology
and von Neumann algebras I, Trans. Amer. Math. Soc., 234, (1977), p.
289-324.

A. Forrest, A Bratteli diagram for commuting homeomorphism of the Can-
tor set, Internat. J. Math. 11 (2000), p. 177-200.

A. Forrest and J. Hunton The cohomology and K-theory of commuting
homeomorphisms of the Cantor set. Erg. Th. and Dyn. Sys.,19,(1999),
611-625.

T. Giordano, I.LF. Putnam and C.F. Skau, Topological orbit equivalence
and C*-crossed products, J. reine angew. Math. 469 (1995), p. 51-111.

T. Giordano, I.F. Putnam and C.F. Skau, Affable equivalence relations and
Cantor minimal, Ergod. Theor. and Dynam. Syst., 23, (2004), p. 441-475.
T. Giordano, I.F. Putnam and C.F. Skau, The Orbit Structure of Cantor
Minimal Z?-systems, preprint.

R.H. Herman, I.F. Putnam and C.F. Skau, Ordered Bratteli diagrams,
dimension groups, and topological dynamics, Internat. J. Math. 3 (1992),
p. 827-864.

G. Hjorth and M. Molberg, Free continuous actions on zero dimensional
spaces, to appear in Topology and its applications.

J. Kellendonk and I.F. Putnam, Tilings, C*-algebras, and K-theory, Di-
rections in Mathematical Quasicrystals, 117-206, CRM Monogr. Ser. 13,
Amer. Math. Soc., Providence, RI, 2000.

W. Krieger, On a dimension for a class of homeomorphism groups, Math.
Ann., 252, (1980), p. 87-95.

K. Kuratowski, Topology, Vol 11, Academic Press, New-York 1968.

H. Matui, A short proof of affability for certain Cantor minimal Z2-systems,
preprint.

H. Matui, Affability of equivalence relations arising from two-dimensional
substitution tilings, preprint.

D.S. Ornstein and B. Weiss, Ergodic theory of amenable group actions I:
The Rohlin lemma, Bull. Amer. Math. Soc., 2, (1980), p. 161-164.

A. L. T. Paterson, Groupoids, Inverse Semigroups and their Operator Alge-
bras. (Progress in Mathematics, vol. 170), Birkh&user, Boston-Basel-Berlin,
1999.

N.C. Phillips, Crossed product of the Cantor set by a free, minimal action
of Z™, Comm. Math. Phys., to appear.

LF. Putnam, The C*-algebras associated with minimal homeomorphisms
of the Cantor set, Pacific J. Math.., 136, (1989), p. 329-353.

LF. Putnam, The ordered K-theory of C*-algebras associated with substi-
tution tilings, Comm. Math. Phys., 214, (2000), p. 593-605.

J. Renault, A groupoid approach to C* -algebras. Lect. Notes Math. 739,
Springer-Verlag, 1980.

J. Renault, AF-equivalence relations and their cocycles. Preprint (2001).
B. Weiss, Private communications.



Outer Actions of a Group on a Factor

Yoshikazu Katayama' and Masamichi Takesaki?
! Department of Mathematics, Osaka Kyoiku University, Osaka, Japan

2 Department of Mathematics, UCLA and Department of Mathematical Sciences,
Norwegian University of Science and Technology

First, I will discuss the characteristic square of a factor M:

1 1 1
1 T Ue) —2= BYR,UC)) —= 1
1 UM) (M) —2= Z3(RU(C)) — 1
Ad Ad
B

O HY(R,U(C)) — 1

1 1 1
where {C,R, 6} is the flow of weights on M; L~{(./\/l) is the extended unitary

group of M, i.e., the normalizer of M in the unitary group U (M) of the core
M of M. The core M of M is the von Neumann algebra generated by the
imaginary power {¢ : t € R, € Wo(M)} of faithful semi-finite normal
weights on M. Scaling ¢ — e %p,s € R, gives rise to the one parameter
automorphism group {6s : s € R} of M such that

M=M" and M NM=C.

The normalizer (M) of M in the unitary group U(M) of M gives the
extended modular automorphism group Cnt,(M) as every u € U(M) gives
an automorphism Ad(u)(z) = uzu*,x € M.
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Looking at the middle vertical exact sequence:

| U(C) —= (M) % Cate (M) ——> 1

choose a cross-section: @ € Cnt,(M) — u(a) € U(M) such that a =
Ad(u)()). Then we have:

(e, ) = u(a)u(B)u(aB)” € U(C);
Ma,7) = y(u(y ray))u(a)* €UC), «,B € Cnt,(M),y € Aut(M).

The pair (A, u) is a characteristic cocycle of V.F.R. Jones and gives
rise to the characteristic invariant @(M) in the relative cohomology group
A(Aut(M) x R, Cnt,(M),U(C)), which was named the intrinsic invariant of
M in [4].

Ifa:ge G ay, € Aut(M) is an action of a group G, then the pullback
x(@) = a*(O(M)) € Anod(a)xo(G x R, N,U(C)) with N = a~*(Cnt,(M))
is a cocycle conjugacy invariant. In the case that M is an approximately
finite dimensional factor and G is a countable discrete amenable group, then
the triplet {mod(a),a=!(Cnt,(M)), x(a)} form a complete invariant of the
cocycle conjugacy class of a.

To move on one step further to outer actions, we first make the definition.

Definition 1. A map a: g € G — ag4 € Aut(M) is called an outer action if
ag0ap = agp, mod Int(M), g,heG.
We usually assume that o = id for the identity e € G. If
ag ¢ Int(M), g#e,

then it is called a free outer action.
Remark 2. One should not confuse this with the concept of free actions.

Consider the quotient group Out(M) = Aut(M)/Int(M) and fix a cross-
section: g € Out(M) — ay € Aut(M) of the quotient map 7 : o € Aut(M) —
[a] € Out(M) = Aut(M)/Int(M) and also choose a Borel cross-section o €
Cnt, (M) — u(a) € U(M) in such a way that u(a) € U(M) for every a €
Int(M). Then we have for g, h, k € Out(M)

ul(g, h) = ulag o an o ayy) € UM),;
c(g, h, k) = ag(u(h, k))u(g, bk){u(g, h)u(gh, k)}* € T.
The three variable function c is indeed a cocycle ¢ € Z3(Out(M),T). The
cohomology class [c] € H?(Out(M), T) is called the intrinsic obstruction and
denoted by Ob(M). If « is an outer action of G on M, then the pull back

Ob(a)) = a*(Ob(M)) is an invariant of the outer conjugacy class of . If M is
a factor of type II;, then one can work directly on the obstruction, employing
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the Brower group trick. But in the case of type III, this direct method does
not work. For example, the group Cnt,(M) is not stable under the tensor
product, while Int(M) is stable. To deal with this problem, we will do the
following:

To each factor M, we associate an invariant Oby, (M) to be called the
intrinsic modular obstruction as a cohomological invariant which lives in the
“third" cohomology group:

HZ (Out(M) x R, Hp(R,U(C)), U(C))

where {C,R,0} is the flow of weights on M. If « is an outer action of a
countable discrete group G on M, then the triple consisting of its modulus
mod(a) € Hom(G, Autg(C)) together with N = a~!(Cnt,(M)) and the pull
back

Oby (a) = a*(0Oby(M)) € H‘;u;(G x R, N,U(C)))
is called the modular obstruction of o and is an invariant of the outer conjugacy
class of the outer action a.

We have proved that if the factor M is approximately finite dimensional
and G is amenable, then this invariant uniquely determines the outer conju-
gacy class of «, and then every value of the triple occurs as the invariant of
an outer action a of G on M. In the case that M is a factor of type III},
0 < A < 1, the modular obstruction group HY" (G xR, N,U(C)) and the mod-
ular obstruction Oby, (o) take simpler forms. But this does not mean that our
work is easier. The difficulties in this case can be seen in the fact that Aut(M)
does not act on the discrete core, a fact that is overlooked sometimes.
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Summary. We give two pathological phenomena for non-separable AF-algebras
which do not occur for separable AF-algebras. One is that non-separable AF-algebras
are not determined by their Bratteli diagrams, and the other is that there exists a
non-separable AF-algebra which is prime but not primitive.

1 Introduction

In this paper, an AF-algebra means a C*-algebra which is an inductive limit
of finite dimensional C*-algebras on any directed set. Equivalently,

Definition 1. A C*-algebra A is called an AF-algebra if it has a directed
family of finite dimensional C*-subalgebras whose union is dense in A.

When an AF-algebra A is separable, we can find an increasing sequence
of finite dimensional C*-subalgebras whose union is dense in A. Thus for
separable C*-algebras, the above definition coincides with the one in many
literatures (for example, [3]). For separable C*-algebras, there exists one more
equivalent definition of AF-algebras:

Proposition 2 (Theorem 2.2 of [1]). A separable C*-algebra A is an AF-
algebra if and only if it is a locally finite dimensional C*-algebra, which means
that for any finite subset F of A and any ¢ > 0, we can find a finite dimen-
sional C*-subalgebra B of A such that dist(z, B) < € for all x € F.

To the best of the author’s knowledge, it is still open that the above lemma
is valid in general.
For each positive integer n € Z,, M,, denotes the C*-algebra of all n x n

matrices. Any finite dimensional C*-algebra A is isomorphic to @le M,,,
for some k € Zy and ‘(nq,...,n;) € Z%. Let B = @le M., be another
finite dimensional C*-algebra. A x-homomorphism ¢: A — B is determined
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up to unitary equivalence by the k' x k matrix N whose (j,4)-entry is the
multiplicity of the composition of the restriction of ¢ to M,,, C A and the
natural surjection from B to I\\/Jln;.

Definition 3. Let A be a directed set with an order <. An inductive system
of finite dimensional C*-algebras (A, ¢, ) over A consists of a finite dimen-
sional C*-algebra Ay for each A € A, and a x-homomorphism ¢, x: Ay — A,
for each A\, i € A with X < i such that ¢, 0 @y = @y for A< p < v.

A Bratteli diagram of (Ax,¢u) is the system (ny, N, ) where ny =
H(na)1y .oy (na)gy) € Z’j} satisfies Ay = @21 My, and Ny x is k, x kx
matric which indicates the multiplicities of the restrictions of p, x as above.

A Bratteli diagram (ny, N, ) satisfies N, nyn < n, for A < p, and
NyyNux = Ny for X < p < v. It is not difficult to see that when the
directed set A is Z, any system (ny, N, ) satisfying these two conditions
can be realized as a Bratteli diagram of some inductive system of finite di-
mensional C*-algebras (see 1.8 of [1]). This does not hold for general directed
set:

Ezample 4. Let A = {a,b,c,d,e} with an order a > b,c = d, e. Let us define

e e () e () e ) e )

and

11 11
Na,b:(33)7 Nb,d: (1 1)7 Nb,(i: (1 1>7 Na,d:(ﬁ 6)7

31 12
Na,c— (2 2)7 Nc,d_ <0 2)7 Nc,e— (2 1>a Na,e— (6 6)
These matrices satisfy Ny anx =mn, for A,u € A with g > A, and
Na,bNb,d = Na,ch,d = Na,da Na,bNb,e = Na,ch,e = Na,e~

Thus the system (nx, N, ) satisfies the two conditions above. However, one
can see that this diagram never be a Bratteli diagram of inductive systems of
finite dimensional C*-algebras.

In 1.8 of [1], O. Bratteli showed that when the directed set A is Z, a Bratteli
diagram of an inductive system of finite dimensional C*-algebras determines
the inductive limit up to isomorphism. This is no longer true for general
directed set A as the following easy example shows.

Ezxample 5. Let X be an infinite set, and A be the directed set consisting of
all finite subsets of X with inclusion as an order. We consider the following
two inductive systems of finite dimensional C*-algebras.
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For each X\ € A, we define a C*-algebra Ay = K({*(\)) = M,y whose
matrix unit is given by {ey y}eyer. For A, p € A with A C p, we define a
s-homomorphism ¢, x: Ax — A, by @ua(ezy) = €y It is clear to see that
this defines an inductive system of finite dimensional C*-algebras, and the
inductive limit is (¢2(X)).

For each A € A with n = |)A|, we set A}, = M,, whose matrix unit is
given by {eg i }1<ki<n. For A\, pp € A with A C p1, we define a *-homomorphism
90;,)\: A — A;L by <p’u7/\(ek71) = ek, It is clear to see that this defines an
inductive system of finite dimensional C*-algebras, and the inductive limit is
K(E(Z4)).

The above two inductive systems give isomorphic Bratteli diagrams, but
the AF-algebras K(¢2(X)) and K(¢?(Z,)) determined by the two inductive
systems are isomorphic only when X is countable.

In a similar way, we can find two inductive systems of finite dimensional
C*-algebras whose Bratteli diagrams are isomorphic, but the inductive limits
are @, ex My and ®ZO:1 My which are not isomorphic when X is uncountable.

By Example 5, we can see that G. A. Elliott’s celebrated theorem of clas-
sifying (separable) AF-algebras using Ky-groups (Theorem 6.4 of [3]) does
not follow for non-separable AF-algebras, because Ky-groups are determined
by Bratteli diagrams. Example 5 is not so interesting because the inductive
system (A}, cp;h ) has many redundancies and does not come from directed
families of finite dimensional C*-subalgebras. More interestingly, we can get
the following whose proof can be found in the next section:

Theorem 6. There exist two non-isomorphic AF-algebras A and B such that
they have directed families of finite dimensional C*-subalgebras which define
isomorphic Bratteli diagrams.

The author could not find such an example in which every finite dimen-
sional C*-subalgebras are isomorphic to full matrix algebras M, (cf. Problem
8.1 of [2]).

As another pathological fact on non-separable AF-algebras, we prove the
next theorem in Section 3.

Theorem 7. There exists a non-separable AF-algebra which is prime but not
primitive.

It had been a long standing problem whether there exists a C*-algebra
which is prime but not primitive, until N. Weaver found such a C*-algebra in
[6]. Note that such a C*-algebra cannot be separable.

Acknowledgments. The author is grateful to the organizers of the Abel
Symposium 2004 for giving him opportunities to talk in the conference and
to contribute in this volume. He is also grateful to George A. Elliott and Ak-
itaka Kishimoto for useful comments. This work was partially supported by
Research Fellowship for Young Scientists of the Japan Society for the Promo-
tion of Science.
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2 Proof of Theorem 6

In this section, we will prove Theorem 6. Let X be an infinite set, and Z be
the set of all subsets z of X with |z| = 2.

For each z € Z, we define a C*-algebra M, by M, = M,. Elements of the
direct product [],., M. will be considered as norm bounded functions f on
Z such that f(z) € M. for z € Z. For each z € Z, we consider M. C []_., M.
as a direct summand. We denote by @zez M, the direct sum of M,’s which
is an ideal of [],., M..

Definition 8. For each z € Z, we fix a matric unit {e7 ;}7,_, of M. = M.
For each x € X, we define a projection p, € [[,c, M. by

_ eil if v € 2,
ng(Z)_{o ifz ¢z

We denote by A the C*-subalgebra of ]
{pz}mGX-

vez M. generated by P, , M. and

oy _ : ; z 2
Definition 9. For each z = {21, 22} € Z, we fix a matriz unit {e3, , };

of M, = My. For each x € X, we define a projection q, € [, M. by
) ez, ifxez,
x\2) = ’
e 0 ifx ¢ z.
We denote by B the C*-subalgebra of [],., M. generated by @, ., M. and
{Qx}w€X~

The following easy lemma illustrates an difference of A and B.

Lemma 10. For z,y € X with v # y, we have p,p, = eii’y} # 0, and
qzqy = 0.
Proof. Straightforward.

Definition 11. Let X be a finite subset of X. We denote by Ay the C*-subal-
gebra of A spanned by @,y M. and {p,}zecx, and by By the C*-subalgebra
of B spanned by @, M. and {qz}ex,

Lemma 12. There exist isomorphisms
A=B =PMaPcC
ZCA TEN

for each finite set X C X such that two inclusions Ay C A, and By C By,
have the same multiplicity.
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Proof. For x € A, let us denote p/, € Ay by pl, = p, — Zyeh\{x} eﬁ’y}. Then
we have an orthogonal decomposition

Ay=> M.+ Cp,.

zCA TEN

This proves Ay = @, M2 © P, C. Similarly we have B\ = P
@D, ) C. Now it is routine to check the last statement.

zZCA My @

Proposition 13. Two C*-algebras A and B are AF-algebras, and the directed
families {Ax} and {B\} of finite dimensional C*-subalgebras give isomorphic
Bratteli diagrams.

Proof. Follows from the facts

U Ay = A, U By, =B

ACX ACX

and Lemma 12.

Remark 14. From Proposition 13, we can show that Ky(A) and Ky(B) are
isomorphic as scaled ordered groups. In fact, they are isomorphic to the sub-
group G of [],., Z generated by @,., Z and {g;}zex, where g, € [[..,Z

is defined by
1 ifz ez,
9:(2) = {O ifx ¢ 2.

The order of GG is the natural one, and its scale is
{9€G|0<g(z)<2forall z € Z}.

From this fact and Elliott’s theorem (Theorem 6.4 of [3]), we can show the
next lemma, although we give a direct proof here.

Proposition 15. When X is countable, A and B are isomorphic.

Proof. Let us list X = {z1,x2,...}. We define a *-homomorphism ¢: A — B
as follows. For z = {xy, 2}, we define p(ef ;) = € where ny = k,ng =1

Ty Tn

when k <[ and ny =1,no = k when k > [. For x; € X, we set

k—1
O(Pay) = oy + Y (b7 — elrioedy,
=1

Now it is routine to check that ¢ is an isomorphism from A to B.

Proposition 15 is no longer true for uncountable X. To see this, we need
the following lemma.
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Lemma 16. There exists a surjectionma: A — @, x C defined by m4(M.) =
0 for z € Z and mA(py) = 0, for x € X. Its kernal is @, , M. which coin-
cides with the ideal generated by the all commutators xy —yx of A. The same
is true for B.

Proof. Let w4 be the quotient map from A to A/ ,., M.. Then A/

P.c, M. is generated by {ma(ps)}scx which is an orthogonal family of
non-zero projections. This proves the first statement. Since @, x C is com-
mutative, the ideal .., M. contains all commutators. Conversely, the ideal
generated by the commutators of A contains €, ., M. because My is gener-
ated by its commutators. This shows that @, ., M. is the ideal generated by
the all commutators of A. The proof goes similarly for B.

Proposition 17. When X is uncountable, A and B are not isomorphic.

Proof. To the contrary, suppose that there exists an isomorphism p: A — B.
By Lemma 16, @, ., M. is the ideal generated by the all commutators in both
A and B. Hence ¢ preserves this ideal M. Thus we get the following
commutative diagram with exact rows;

z€Z

0 —— P,y M. A" P, .xC——0
¢ ¢ |
0 —— P, M. B "5 P, .xC —— 0.

Since the family of projections {¢, }.cx in B is mutually orthogonal, the sur-
jection Tp: B — @, y C has a splitting map op: @,y C — B defined by
0B(0z) = q». Hence by the diagram above, the surjection m4: A — @, x C
also has a splitting map o4: @,cx C — A. Let us set p, = 04(0,) for v € X.
Choose a countable infinite subset Y of X. For each y € Y, the set

Fy={eeX [z#y |y, —p){z. v}l = 1/2}

is finite, because p, — p;, € kerma = P, M.. Since X is uncountable, we

can find zg € X with 29 ¢ Y UU, ¢y Fy- Since

Foo ={z € X |z # 20, |(Ps, — Poy) ({2, 20}) ]| = 1/2}

is finite, we can find yo € Y\ Fy,. We set z = {zo, yo}. From yo ¢ F,,, we have
1oy — o) ()] < 1/2, and from o ¢ ., we have [[(py, — 2l ) ()] < 1/2.
However, py,(2) = py,(2) = €f ; and p, (2) is orthogonal to pj (z). This is a
contradiction. Thus A and B are not isomorphic.

Combining Proposition 13 and Proposition 17, we get Theorem 6.
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3 A Prime AF-Algebra Which is Not Primitive

In this section, we construct an AF-algebra which is prime but not primitive.
Although we follow the idea of Weaver in [6], our construction of the C*-al-
gebra and proof of the main theorem is much easier than the ones there. A
similar construction can be found in [4], but the proof there uses general facts
of topological graph algebras.

Let X be an uncountable set, and A be the directed set of all finite subsets
of X. Forn € N, we set A, = {AC X | [\| =n}. We get A =]["" A,.

Definition 18. Forn € Z; and A € A,,, we define
IAN)={t: {1,...,n} = X |t is a bijection}.
For O € A, we define 1(0) = {0}.
Note that |I(\)| = n! for A € A4, and n € N.

Definition 19. For n € N and A € A,,, we define My = M,,) whose matrix
unit is given by {eg?‘t)}s’telo\).

Definition 20. Take A € A, and p € Ay, with AN p = 0. Fort € I(\) and
s €l(p), we define ts € (AU p) by

, t(4) fori=1,...;n
(ts)(i) = § . .
s(i—n) fori=n+1,...,n+m.
Note that when p = (), we have t() = t.

Definition 21. For A\, u € A with A C p, we define a x-homomorphism
Lyt M)\ — MH by

L%A(eg‘t)) = Z eiﬁ?tu for s, t € l(N).
w€l(p\X)

Note that ¢ x is the identity map of My, and that ¢y, x, © tx, 0 7 tag,n
for Ay C A2 € A3. For A\, A2 € A, and p € A, with A1 # Ay and A U Ay C p,
the images ¢, x, (My,) and ¢, x,(M),) are mutually orthogonal.

Definition 22. For A\ € A, we define a x-homomorphism vy: My — []

by
(@) () = {Lw(x) ifACw,

0 otherwise,

pea My

for x € My. We set Ny = ix(Mx) C [],eq My and fg(?;) = L)\(egf\t)) € N, for
s, t€l(N).
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For A € A,,, We have Ny = M, and {fs(ﬁ)}s,tel(k) is a matrix unit of N,.

Lemma 23. For \,u € A with X C p, s,t € I(A) and §',t' € l(n), we have
f f,t, = S(S)t, when s’ = tu with some uw € l(u\ A\), and f()‘)f,t, =0
otherwzse

Proof. Straightforward.

Lemma 24. For A\, 1 € A, we have 0 # N\N,, C N, if A\ C p, 0 # N \N, C
Ny if XD p, and NyN,, = 0 otherwise.

Proof. If A C p, we have 0 # N)\N,, C N, by Lemma 23. Similarly we have
0 # N)\N, C Ny if A D u. Otherwise, we can easily see N IV, = 0 from the
definition.

Corollary 25. For each n, the family {Nx}xca, of C*-algebras is mutually
orthogonal.

Corollary 26. Take \, X' € A with X C X. Let px be the unit of Nx. Then
Ny 2 a— apy € Ny is an injective x-homomorphism.

Definition 27. We define A= ,., N\ C H#GA M,.
Proposition 28. The set A is an AF-algebra.

Proof. For each p € A, A, = ZAC N, is a finite dimensional C*-algebra by

Lemma 24. For A\, 1 € A with A\ C 1, we have Ay C A,. Hence A={J,_, A,
is an AF-algebra.

;LGA

Lemma 29. Every non-zero ideal I of A contains Ny for some A € A.

Proof. As in the proof of Proposition 28, we set A, = Z/\Cu Ny for p € A.

Since A = UueA Ay, we have I = J,c,(INA,) for an ideal I of A. Hence
if I is nonzero, we have I N A,, # 0 for some pg € A. Thus we can find a
non-zero element a € I in the form a = Z/\C#O ay for ay € Ny. Since a # 0,
we can find A\g € A with Ay C o such that ay, 7# 0 and ay = 0 for all A C .
Take zp € X with z¢ & uo. Set A\ = Ao U {zo}. Let pa; be the unit of N,.
For A\ C pg, axpy, # 0 only when A C Ao. Hence we have apy, = ax,px; .
By Corollary 26, ax,py; is a non-zero element of N, x,- Hence we can find a
non-zero element in I N NA&' Since NA;) is simple, we have NA(/) C I. We are
done.

Lemma 30. If an ideal I of A satisfies Ny, C I for some Ao € A, then
Ny C I for all X D X\p.

Proof. Clear from Lemma 24 and the simplicity of Ny.

Proposition 31. The C*-algebra is prime but not primitive.
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Proof. Take two non-zero ideals Iy, I of A. By Lemma 29, we can find A1, As €
A such that Ny, C I1 and Ny, C I. Set A = A\ U A2 € A. By Lemma 30, we
have Ny C I; N I5. Thus I; N I # 0. This shows that A is prime.

To prove that A is not primitive, it suffices to see that for any state ¢ of A
we can find a non-zero ideal I such that ¢(I) = 0 (see [6]). Take a state ¢ of A.
By Corollary 25, the family {Ny}xea, of C*-algebras is mutually orthogonal
for each n € N. Hence the set

2, = {\ € A, | the restriction of ¢ to N is non-zero}

is countable for each n € N. Since X is uncountable, we can find zg € X such
that zo ¢ A for all A € U, ey 20 Let T =3, Ny Then [ is an ideal of A
by Lemma 24. Since A 3 z( implies ¢(Ny) = 0, we have ¢(I) = 0. Therefore
A is not primitive.

This finishes the proof of Theorem 7.

Remark 32. Let (Ax, ¢,,2) be an inductive system of finite dimensional C*-
algebras over a directed set A, and A be its inductive limit. It is not hard to
see that the AF-algebra A is prime if and only if the Bratteli diagram of the
inductive system satisfies the analogous condition of (iii) in Corollary 3.9 of
[1]. Hence, the Bratteli diagram of an inductive system of finite dimensional
C*-algebras determines the primeness of the inductive limit, although it does
not determine the inductive limit itself. However the primitivity of the in-
ductive limit is not determined by the Bratteli diagram. In fact, in a similar
way to the construction of Example 5, we can find an inductive system of fi-
nite dimensional C*-algebras whose Bratteli diagram is isomorphic to the one
coming from the directed family {A,} constructed in the proof of Proposition
28, but the inductive limit is separable. This AF-algebra is primitive because
it is separable and prime (see, for example, Proposition 4.3.6 of [5]).
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Summary. It is shown that F(A) := (A'N A.)/Ann(A, A,) is a unital C *-algebra
and that A — F(A) is a stable invariant of separable C *-algebras A with certain
local continuity and permanence properties. Here A, means the ultrapower of A.

If A is separable, then F'(A) is simple, if and only if, either A® K = I or A is
a simple purely infinite nuclear C *-algebra. In the first case F(A) = C, and in the
second case F'(A) is purely infinite and A absorbs O tensorially, i.e. A 2 A® O.

We show that F(Q) = C-1 for the Calkin algebra Q := £/K, in contrast to the
separable case.

We introduce a “locally semi-projective” invariant cov(B) € N U {oo} of unital
C *-algebras B with cov(B) < cov(C) if there is a unital *-homomorphism from C
into B. If B is nuclear and has no finite-dimensional quotient then cov(B) < dr(B)+1
for the decomposition rank dr(B) of B. (Thus, cov(Z) = 2 for the Jian-Su algebra
Z.) Separable (not necessarily simple) C *-algebras A are strongly purely infinite in
the sense of [25] if A does not admit a non-trivial lower semi-continuous 2-quasi-
trace and F(A) contains a simple C *-subalgebra B with cov(B) < oo and 1 € B.
In particular, A ® Z is strongly purely infinite if A, admits no non-trivial lower
semi-continuous 2-quasi-trace.

Properties of F(A) will be used to show that A is tensorially D—absorbing, (i.e.
that A ® D =2 A by an isomorphism that is approximately unitarily equivalent to
a — a® 1), if A is stable and separable, D is a unital tensorially self-absorbing
algebra, and D is unitally contained in F'(A). It follows that the class of tensorially
D-absorbing separable stable C *-algebras A, is closed under inductive limits and
passage to ideals and quotients. The local permanence properties of the functor
A — F(A) imply that this class is also closed under extensions, if and only if,
every commutator wvu*v* of unitaries u,v € U(D) is contained in the connected
component Up(D) of 1 in U(D). If this is the case, then the class of (not necessarily
stable) D—absorbing separable C' *-algebras is also closed under passage to hereditary
C *-algebras.

1 Introduction: The Stable Invariant F'(A).

The different results of this paper (stated in the summary) will be derived
from properties of the relative commutant A° of a C *-algebra A in its ultra-



176 Eberhard Kirchberg

power. Our considerations suggest that a study of the ideals and simple C' *-
subalgebras of the below defined quotient algebra F(A) of A° could be use-
ful. There are related open problems: the UCT problem, the classification
of (strongly tensorially) self-absorbing C *-algebras D, permanence properties
for all D-absorbing algebras, the question which additional properties imply
that purely infinite algebras are strongly purely infinite, and to the existence
of certain asymptotic algebras suitable for a K K-theoretic formulation of the
classification of D-absorbing algebras.

Note that our technics is not a sort of non-standard analysis: All appearing
algebras are honest C *-algebras over C and all considered maps between them
are at least completely positive maps. We consider here only A — F(A) for a
fixed free ultra-filter w on N, because we hope that it is helpful for the reader to
get an impression of what we consider as asymptotic analysis of C *-algebras
if N is replaced e.g. by R,. There are surprising relations between algebraic
properties of F(A) and analytic properties of separable A. See e.g. Lemmas
2.8, 2.11(3), Propositions 1.17, 4.11, Corollary 1.13 (in view of applications),
and Theorems 2.12, 3.10, 4.5.

Let w a free ultra-filter on N. We also denote by w the related character
on loo := Lo (N) with w(eg(N)) = {0}. Recall that lim,, o, means the complex
number w(aq, s, ...) for (a1, as,...) € ls. For a C *-algebra A, we let

cw(A) == {(a1,az2,...) € b (A); lign llan|l = 0},
Ay =Ll (A) /o, (A)

A, will be called the ultrapower of A. The natural epimorphism from ¢, (A)
onto A, will be denoted by 7,,. (a1, as,...) € ls(A) is a representing sequence
for b € A, if m (a1, az,...) = b. We consider A as a C *-subalgebra of A, by
the diagonal embedding

a— m,(a,a,...)=(a,a,...)+ c,(A).

Then A° := A’ N A, is the algebra of (w-) central sequences in A (modulo
w-zero sequences). It is easy to see that the (two-sided) annihilator

Ann(A) := Ann(A, A,) :={be A,; bA = {0} = Ab}
of Ain A, is an ideal of A°. We let
F(A) := A°/Ann(A) = (AN A,)/Ann(4, A,)
It turns out that F(A) is unital for o-unital A, and that A — F(A) is an
invariant of Morita equivalence classes of o-unital C *-algebras. We generalize

A¢ and F(A) for C *-subalgebras A C M(B), to get more flexible tools for
the proofs of permanence properties:
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Definitions 1.1 Suppose that B is a C *-algebra, M(B) its multiplier alge-
bra, and that A is a C *-subalgebra of M(B),,. We let, for A C M(B),,,

(A,B):=A'nB, c AN M(B),,
Ann(A, B,) :={be B,; Ab+bA ={0}}
F(A,B):=(A,B)*/Ann(A, B,),
Dap ::mC B, and
N(Da,p) =N(Dap,B,) ={beB,; bDap+DapbC Dysp}.

We denote by pa g the natural *-morphism
pap: F(A,B)®@"™ A— Dap C B,

given by pa p((b+ Ann(A4, B,)) ® a) :=ba for b e (A,B)° and a € A.

The Definitions of F(A,B) and of p4s p make sense, because (obviously)
Ann(A, B,) is a closed ideal of (A, B)¢, (4, B)¢ and A commute element-wise
and A - Ann(A4, B,) = {0} .

Then F(A) = F(A,A), (A,B)* = (A, M(B))°N B, is a closed ideal of
(A, M(B))¢ and Ann(A, B,)) = Ann(Dy g, B,) = Ann(A, M(B),,) N B,,. We
write N'(Da,g) for N(Da,p,B.), Da, for Da a, N(Da) for N(Da 4), pa or
p for pa 4, ... and so on.

Let K denote the compact operators on £2(N). £¢ = Ann(K)+C-1 is huge,
but F(K) = C = C,, (cf. Corollary 1.10). Permanence properties of F(A) have
to be considered with some care, because e.g. F(K+C-1) 2 (K 4+ C-1)° =
Am(K)+C- 1.

The below given basic facts on (4, B)¢, Ann(A, B,,) and F(A, B) will be
proved in Appendix B or are taken from [22, sec. 2.2].

Definition 1.2 A convex subcone V C CP(B,C) of the cone of completely
positive (=:c.p.) maps from B in C is (matricially) operator-convex if the
c.p. map b — c*V(r*br)c is in V for every V €V and every row r € My ,(B)
and column ¢ € M, 1(C).

Examples of operator-convex cones are the cone CP,,.(B,C) of nuclear c.p.
maps from B into C and the cone CPy;,, (B, C) of the c.p. maps of finite rank.
If B ¢ M(C) then the cone of approximately inner c¢.p. maps V. — B — C'is
operator-convex.

Proposition 1.3 Suppose that A C B,, is separable, that V C CP(B, B) is
an operator-convexr cone of completely positive maps from B into B, that J C
B is a closed ideal, and that a € A’ N By, b,c € B,, are positive contractions
with ab = ac = bc = 0 and bAc = {0}.

If c € J, C By, and if there is a bounded sequence Sy,S2,... € V such that
S (x) = b*xb for x € A, then there are positive contractions e, f,g € A'NB,,
and a sequence of contractions T1,Ts,... € V with
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(1) ea=a, fo=b,gc=candef =eg= fg=0
(2) T,(x) =af foralzxze A
(3) g€ Jo

We use only particular aspects of this Proposition, e.g., where at least one
of the a,b,c is zero. Note that the assumption on (V,b) is trivially satisfied
for V = CP(B, B) or for the operator-convex cone V of all inner c.p. maps
(and the conclusion (2) is then trivial, too). The same happens with the
assumptions on (J, ¢) if we let J = B.

Part (2) shows that (ultapowers of) operator convex cones ¥V C CP(B, B)
define in a natural way closed ideals of F(A, B) (compare the proof of Lemma
2.11).

Definition 1.4 We call a C *-algebra C' g-sub-Stonean if for every separable
C *-subalgebra A C C and every b,c € Cy with bc = 0 and bAc = {0} there
are positive contractions f,g € A'NC with fg=0, fo="0 and gc = c.

Obviously, if C' is o-sub-Stonean, then C' is sub-Stonean (which is the case
A = {0}), and B’ N C is o-sub-Stonean for every separable C *-subalgebra
B of C (consider C*(B, A) in place of A in the definition). It is easy to see,
that if D is a hereditary C *-subalgebra of C, then D is o-sub-Stonean if and
only if for every a € D, there is a positive contraction e € D with ea =e. In
particular, Ann(d, C) is o-sub-Stonean for every d € Cy if C is o-sub-Stonean.
Further, if C is o-sub-Stonean and I <C is a o-sub-Stonean closed ideal of C,
then C/I is o-sub-Stonean. (An exercise.)

Definitions 1.5 We call a closed ideal I of a C *-algebra C' a o-ideal of C' if
for every separable C *-subalgebra A C C' and every d € I there is a positive
contraction e € A’ N T with ed = d.

We say that a short exact sequence of C *-algebras 0 - B — C — D —
0 (with epimorphism w: C — D) is strongly locally semi-split if for every
separable C *-subalgebra A C D there is a *-morphism ¢ from Cy((0,1], A) =
Co(0,1] ® A into C such that wo)(fo ® a) = a, where fo(t) =1t fort € (0,1].

Note that A’ NI is o-sub-Stonean if C is o-sub-Stonean, I <C' is a o-ideal and
A is a separable.

One can see, that A’ N [ is a o-ideal of A’ N C and is a non-degenerate
C *-subalgebra of I.

It is easy to see, that the image ¢(I) is o-ideal of ¢(C') for every morphism
@: C — E. Furthermore, if I C C C E and I is a closed o-ideal of E, then
I is also a o-ideal of C. Clearly, the intersection and sum of two o-ideals is a
o-ideal.

An elementary consequence of the definitions is given by:

Proposition 1.6 If I is a o-ideal of a C*-algebra C, then, for every sepa-
rable C*-subalgebra A C C, A’ NI is a non-degenerate C *-subalgebra of I,
mr(Ann(A, I)) = Ann(m;(A),C/I) and the sequence
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0—-ANI—-ANC—-nm(A)N(C/I)—0

is exact and strongly locally semi-split.

The epimorphism A’ N C — 7w;(A) N (C/I) is the restriction of the natural
epimorphism 7 from C onto C/I.

Proposition 1.3 and the above discussed permanence properties for o-sub-
Stonean algebras and o-ideals imply:

Corollary 1.7 Suppose that J is a closed ideal of B and that A is a separable
C *-subalgebra of B,,.

Then B, (A, B)°, Ann(A, B,,), and F(A, B) are o-sub-Stonean.

Jw, JuN(A, B)¢ and Ann(A, B,,) are o-ideals of B, respectively of (A, B).

In particular, B,,, Ann(A, B,,), Ann(A), (4, B)°, A¢, F(A,B), F(A), J, N
(A, B)¢ and J, N Ann(A4, B,,) are sub—Stonean.

The permanence properties for o-ideals imply e.g. that J,, N Ann(A4, B,,)
is a o-ideal in (A, B)¢ and Ann(A, B,).

By Proposition 1.6 the statement that Ann(A, B,) is a o-ideal of (A, B)®
implies:

Corollary 1.8 Suppose that A is a separable C *-subalgebra of B,,, and that
C is a separable C *-subalgebra of F(A, B). There is a *-morphism

At Co((0,1],C) — (A, B)* = A' N B,
with A\(f) + Ann(A, B,) = f(1) e C C F(A, B) for f € Co((0,1],C).

The following proposition gives some elementary properties of (A, B)¢,
Ann(A, B) and F(A, B).

Proposition 1.9 Suppose that A is a o-unital C *-subalgebra of B,,, and let
Dap, N(Dag), Ann(4, B,), (A, B)¢, F(A, B) and pa g be as in Definitions
1.1. Then

(1) Ann(A, B,) is an ideal of N(D4 g), and
Ann(A,B,) C (A,B)* CN(Dya ).

(2) For every countable subset Y C B, there exists a positive contraction
e€ (A, B) withey=ye=y forallyeY.

(3) F(A, B) is unital. Moreover, if ag € A4 a strictly positive element of A
and e € B, is a positive contraction, then e satisfies eay = ag = age, if
and only if, e € (A, B)® and e+ Ann(A, B,) =1 in F(A, B).

(4) The natural *-morphism N (D4 g) — M(Da g) is an epimorphism onto
M(Da4,p) with kernel = Ann(A, B,,).

(5) The epimorphism from N'(Da g) onto M(Da ) defines a *-isomorphism
n from F(A, B) onto A’ N M(Dy4 ) with pa (g ® a) = n(g)a for g €
F(A,B) and a € A, i.e.

F(A,B) = (A,B)/Ann(A,B,) 2 A \NM(Dy.pg).
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(6) (A, B)¢ is unital, if and only if, B, is unital, if and only if, B is unital.

(7) Ann(A, B,,) = {0}, if and only if, B is unital and 1p € A.

(8) Suppose that d € A, is a full positive contraction, and let E := dAd. Then
the natural *-morphism

ce A/OM(DA’B) = c e E/QM(DE’B)

is bijective and defines an isomorphism v from F(A,B) onto F(E,B)
with
pa(c®a) = pp pY(c)®a)

force F(A,B) and alla € E.
(9) If C C B is a hereditary C *-subalgebra with A C C,, C B,,, then (A, B)® =
(A, C)¢ + Ann(A, B,) and F(A,B) = F(A,C).

The proof is given in Appendix B. The only non-trivial parts are (4) and (8).
Part (9) and the proof of part (8) show that

F(Ay,B;) & F(As, Bs)

if the pairs (A1, Da,,B,) and (As, D4, B,) are Morita equivalent, and A;, A
are both o-unital.

The proofs of parts (5) and (8) use part (4) and a lemma on Morita
equivalence of non-degenerate pairs A; C D; (cf. Lemma B.1). Part (7) follows
from part (6) and Remark 2.7.

Corollary 1.10 Suppose that A is o-unital. Then

(1) Ann(A) is an ideal of A° and F(A) is unital.

(2) A is unital, if and only if, Ann(A) = {0}, if and only if, A° is unital.

(3) F(E) = F(A) if E is o-unital and Morita equivalent to A.

(4) If b € A is a full positive element of A and E := bAb, Dg := bA,b C B,
then pa: F(A) @™ A — A, induces an isomorphism 1 from F(A) onto
E'NM(Dg) with ¢(d)c = pa(d®@c) = fb forn €N, c€ E and d € F(A),
where [ € A° is any element with f + Ann(A) = c.

(5) Let f € A° and b € Ay a full element of A, then ||d|| = lim,, o [|b*"f|
for every d € F(A) and f € A° with d = f + Ann(A).

(6) F(A)=F(A,A+C-1)=F(A,M(A)) and

FA+C-1)=(A+C-1)*=A°+C-1Cc(A+C-1),=A,+C-1.
Part (6) follows from part (9) of 1.9.
Remark 1.11 If A C B, and A is o—unital, then
F(A,B)2 A'NM(Dap)=M(A)' NM(Dap).

and
ZM(A)UZ(M(Dyp) C Z(F(A,B)) C F(A,B).



Central sequences and purely infinite algebras 181

Proposition 1.12 Suppose that B is separable, A is a separable C *-subalge-
bra of B, and D is a separable C*-subalgebra of F(B) with 1pp) € D,

(1) There is a *morphism ¥: Cy((0,1],D) — (A, B)° with ¢(fo ® 1)b = b
for allb e A, i.e. »(Coy((0,1),D)) C Ann(A, B,) and

[¢]: d€ D — 9(fo®d)+ Ann(A, B,,) € F(A, B)

is a unital *-monomorphism from D into F(A, B).

(2) If in addition, B C A, then v: Cy((0,1],D) — (A,
found such that, moreover, ¥(Co((0,1), D)) = (Co((0
i.e. that [¢](D) has trivial intersection with the image o
in F(A,B).

B)¢ in (2) can be
1], D)) N Ann(B),
(A, B)°NAnn(B)

By induction, part (2) of Proposition 1.12 implies:
Corollary 1.13 If A is separable and C, By, Bo, ... are separable unital C *-
subalgebras of F(A), then there is a unital a *-morphism
w: C«®max B1 ®max 32 ®max N F(A)
with P(c®1Q®1Q---) =c for c € C, such that the *-morphisms
beB,—Y(1®---10bR1®---) € F(A)

are faithful.
The stable invariant F'(A) has the following local continuity property:

Proposition 1.14 Let A; C Ay C ... A C*-subalgebras such that | J,, A, is
dense in A and A is separable. Then for every separable unital C *-subalgebra
B of the ultrapower

[T{F(A), F(Aa),...} = Loo{ F(AL), F(Aa), ...} Jeu{F (A1), F(A2), ...}

there is a unital *-morphism from B into F(A).
In particular, for every simple separable unital *-subalgebra D of F(A),,
there is a copy of D unitally contained in F(A).

See Appendix B for the proof.

If J is a closed ideal of B, let n;: B — M(J) and 7;: B — B/J the
natural *-morphisms. We denote by n = (n5)y: By, — M(J), and 7 :=
(77)w: By — (B/J), the ultrapowers of n; and ;.

Recall that (X,J)¢ := X' nJ, = (X,M(J))°NJ, for C*-subalgebras
X Cc M(J)y.

Remark 1.15 Suppose that J is a closed ideal of B and that A C B, is a
separable C *-subalgebra. Let n:= (1), and 7 := (7). as above.



182 Eberhard Kirchberg

(1)
Ann(A4, J,) := Ann(A,B,)NJ, = Ann(n(A), Jw) s
(A, ) =A"NnJ,=(AB)*nJ, =n4)NJ,=(nA),J)
(77)w(Ann(A, B,)) = Ann( ( ), (B/J)w) -
and

(m1)w((4; B)Y) = (7(A), B/J)".

In particular, F(A,J
ideal (((A,B)°NJy,)
Ann(A, B,).

(2) The sequences

) := (n(A), J)¢/Ann(n(A), J,), is isomorphic to the
Y Ann(A, B,))/Ann(A, B,) of F(A,B) = (A, B’/

— (A, J)° = (A,B)" — (n(A), B/J)* = 0
0— Ann(A,J,) — (A, JJ)° - F(A,J)—0
0— F(A,J)— F(A,B) — F(n(A),B/J) —

are short-exact and strongly locally semisplit in the sense of Definition
1.5.

(3) If J is a closed ideal of A = B, then the natural *-morphism F(A) —
F(A/J) is an epimorphism with kernel F(A,J), if J is a closed ideal of
A, and there is a unital *-morphism F(A) — F(J) = (J, A)¢/Ann(J, A,)
with kernel (Ann(J, A,) N A%)/Ann(A).

One gets the first two lines of part (1) by straight calculations. Then parts
(1)-(3) follow from Proposition 1.6, Corollary 1.7 and Proposition 1.9(9).

Corollary 1.16 Suppose that J< B is an essential ideal of B and that A is a
separable C *-subalgebra of B,,. Then F (A, J) is an essential ideal of F(A, B).

Proposition 1.17 Suppose that B is a separable unital C*-algebra, J a
closed ideal of B, and 1g € A C B, is a separable C*-subalgebra. If D
is a unital separable C *-subalgebra of F((mwy)w(A),B/J) = ((71)w(A), B/J)¢
and Dq is a unital separable C*-subalgebra of F(J) then there is a unital
*-morphism h: E(Dy, D1) — F(A, B) = (A, B)°.

Here
E(Do, D1) :=={f € C([0,1], Do @™ D1); f(0) € Do® 1, f(1) € 1® D1 }.

The proof in Appendix B gives h with the additional property w(h(f)) = f(1)
for f € £(Dy, D1) and the natural *-morphisms 7: F(A4, B) — F((7;)w(4),
B/J).

Note that £(Dy, Ds) is unitally contained in £(Dg, Dy) if Dy C D;. There
is a unital *-morphism Dy — £(D1, O9) if Dy is simple and nuclear, because
then D1 ® Oy = Oy and all unital *-monomorphisms of separable unital exact
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C *-algebras into Oy = O30, ®. . . are homotopic (by basics of classification).
We apply Proposition 1.17 to the extensions

0-JK—=(AK)+0; = ((A/J)@K)+02 =0

and

where Oy C M(K) unitally, and we use the unital *-morphism from F((A ®
K)+ Os) into F(A® K) = F(A). We obtain finally:

Corollary 1.18 Let A a separable C *-algebra and J a closed ideal of A.
If Dy is a unital separable C*-subalgebra of F(A/J) and Dy is a uni-
tal separable C *-subalgebra of F(J) then there exists a unital *-morphism
h: E(Dg,E(D1,02)) — F(A).

If, moreover, D1 is simple and nuclear, then there exists a wunital
*-morphism from E(Dg, D) into F(A).

2 The Case of Simple F'(A)

We study here some particular ideals of F'(A) for separable A. The less trivial
basic facts are given in Lemmas 2.8, 2.9 and 2.11(3,4). We apply them in
the particular case where A is simple, to get the main result of this section:
Theorem 2.12. Then we have a look to non-separable A, and we pose some
related problems.

The following Lemma seems to be wrong for non-separable A, because it
might be that F(L({3)) = L(¢2)¢ = C, cf. Question 2.22.

Lemma 2.1 Suppose that A is separable. If F(A) is simple, then A is simple.
More precisely, if J is a non-trivial closed ideal of A, then

(1) J, is a closed ideal of A, with AN J, =J, and
(2) F(A,J)=(A°NJ,)/(Ann(A) N J,) is a non-trivial closed ideal of F'(A).

F(A,J) is an essential ideal of F'(A) if J is essential, cf. Corollary 1.16.

If even A€ is simple, then A is simple and unital, because then F(A) =
A°¢/{0} is simple, and Ann(A) = {0} implies that A is unital (for o-unital A,
cf. Corollary 1.10).

Proof. (1): Tt is clear that J,, is a closed ideal of A,,. If a € AN J,, then there
is a bounded sequence by, bs, ... € J with lim,, ||a — by || = 0. Thus, there is a
sub-sequence ¢y, 1= by, € J with limy_,ccx, = a,ie. a € J.

(2): A°N J, is a closed ideal of A¢ by (1).

Since A is separable, J is separable and contains a strictly positive con-
traction b € Jy for J, moreover, there are by, b, ... € C*(b)y with ||b,|| = 1,
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bpbnt1 = by, ||b — bybl] < 1/n and lim, .« ||brna — aby|| = 0 for all a € A (cf.
the proof of [29, thm. 3.12.14]).

Thus ¢ := 7, (b1,be,...) isin A°NJ, and ¢b = b # 0. Thus ¢ € Ann(A),
ie. A°NJ, ¢ Ann(A) and F(A4,J) = A°N J,/(Ann(A) N J,) is a non-zero
closed ideal of F'(A).

Let ag is a strictly positive contraction in A;. F (A, J) # F(A), because
otherwise there is a positive contraction e € A°N J,, with e + Ann(A) =1 €
F(A) and ag = p(1l ® ag) = eag € Jy, i.e. ap € J by (1), which contradicts
the non-triviality of J. a

A modification of the proof of Lemma 2.1(2) shows:

Remark 2.2 If {0} # J # A, then I := A°N Ann(J, J,) is a closed ideal of
A€ that is not contained in Ann(A).
Note that b € I/(INAnn(A)) C F(A) if and only if pa(b® J) = 0.

Lemma 2.3 If A is antiliminal then for every positive b € A, with ||b|| = 1
there exists a *-monomorphism v from Cy((0,1],K) into A, with bi(c) = 9(c)
for every ¢ € Co((0,1],K).

Recall that “antiliminal” means that {0} is the only Abelian hereditary C *-
subalgebra of A.

Proof. Let (b1,bz,...) € £s(A)+ a representing sequence for b with ||b, || = 1,
let dy, := (b, — (n—1)/n)+ # 0 and let D,, denote the closure of d,, Ad,,. Then
be = c for all elements ¢ in [[_{D,; n € N} C A,.

Since C((0,1],K) C [[,{Co((0,1], M,,); n € N}, is suffices to find faithful
*-morphisms ¢, : Cy((0,1], M,,) — D,,. By the Glimm halving lemma (cf. [29,
lem. 6.7.1]) there is a non-zero *-morphism h,,: Co((0,1], M,,) — D,, because
D,, is antiliminal as well (because it is a non-zero hereditary C *-subalgebra
of A). Let E,, the hereditary C *-subalgebra of D,, C A generated by h,(fo ®
e1,1). If M is a maximal Abelian C *-subalgebra of E,, with h,,(fo®e11) € M,
then M can not contain a minimal idempotent p, because otherwise pAp = Cp
which contradicts that A is antiliminal. It follows that h,, can be replaced by
a *-monomorphism ¢, : Co((0,1], M) — D,,. O

Remark 2.4 Let A a o-unital C *-algebra.

The closed ideal J4 of A, generated by A is simple, if and only if, either A is
simple and purely infinite or A is isomorphic to the compact operators K(H)
on some Hilbert space H.

If A2 K(H) and J4 is simple, then A, and A are simple and purely infinite.
If A2 K(H), then Ja = K(H,,).

(If A = K(H) and is 0 —unital, then H is separable, and Dim(H) = oo if and
only if Ja # Ay.)

Proof. If A = K(H) then Ja = K(H.), because there is a natural *-
monomorphism A from K(H), into £L(H,,) that satisfies

A ((<axn>yn)w) = <~a xw>yw .
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AK(H)) = PK(H,)P is the hereditary C *-subalgebra of IC(H,,) that is
defined by the orthogonal projection P from H, onto H C H,. Since
AK(l2)w) € K((£2)w), it holds A, = K(H),, C K(H,) if and only if H, =H
if and only if and Dim(H) = n < .

It is easy to see (with help of representing sequences in case ||b]| = ||c|| = 1)
that for every b,c € (A, )+ there is a contraction d € (A, )+ with ||c||d*bd =
||b]|c if A is simple and purely infinite. Thus A, is simple and purely infinite,
and J4 = A,

Conversely, suppose that J4 is simple. This implies that A must be simple,
because otherwise J4 NI, D I is a non-trivial closed ideal of J4 if I is a non-
trivial closed ideal of A. Suppose that A 2 IC(H) (for any Hilbert space H), i.e.
that A is antiliminal. Let b, ¢ € (J4)4+ with ||b]| = ||¢||. Since A is antiliminal,
by Lemma 2.3 there exists a *-monomorphism ¢: Cy((0,1],K) — A, with
bi(f) = w(f) for every f € Cy((0,1],K). Let D denote the hereditary C *-
subalgebra of A, generated by the image of 1. D is non-zero, stable and
satisfies bg = g = ¢gb for all ¢ € D. In particular, D C Ju. Since Jy is
simple and D is stable, there is d € J4 with d*d = ¢ and dd* € D. Thus
d*bd = d*d = c. It follows that A is purely infinite, because we can take
b,c € A and find a representing sequence (di,ds,...) € {x(A) for d with
d*bd =cin A,. O

Lemma 2.5 Suppose that B is a separable C *-subalgebra of A,,.

If X is a pure state on B, then there exists a sequence of pure states
W1, fo, - .. on A such that X is the restriction of the state p,: A, — C = C,
to B.

If (p1, po, . . .) is any sequence of pure states on A, then there are positive
contractions g, € Ay such that i, (gn) = 1, and gbg = p.,(b)g? for all b € B,
where g := 7,(91,92,--.)-

Note that ||g|| = 1.

Proof. If C is a C *-algebra and A is a pure state on C, then for every sep-
arable C*-subalgebra B C C there is ¢ € C; with A(¢) = |l¢]| = 1 and
lim,, 0 [|c™bc™ — A(b)c®™|| = O for every b € B (cf. [6, lem. 2.14]).

Clearly, in the case B = C' , the limes property of ¢ € B implies that
v = A for all v € B* with v(c) = |lv|]| = 1. (In fact, the latter property of ¢
equivalent to the limes property of c.)
We find a sequence ¢y, co, ... € Ay with ||c,|| =1 and 7, (c1,c2,...) = ¢. Let
{1, pho, - .. pure states on A with py,(c,) = 1. Then py(c) =1 = ||puy]- Thus
po|B = p.

Suppose that (g1, pi2, . . .) is any sequence of pure states on A. Let b1, b(2),
... € B a dense sequence in the unit ball of B. There are representing se-
quences S = (bgk),bék),...) € loo(A) with Hb%k)H < 1 and 7, (s;) = b*). By
the above mentioned result of [6, lem. 2.14], there are ¢,, € A and p,, € N with
llenll = 1 = pn(cy) and || b8 er — p, (05 e2Pn | < 27" for k <n=1,2,. ...
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Let g, := ¢b» for n € N. Then g = (gl,gg,...) € A, satisfies 0 < g,
lgll = 1 = po(g) amd gbM)g = 1, (b))g? 0

Remark 2.6 Let g € A, with 0 < g, ||g|| = 1 and gbg = u(b)g* for b € B C
Ay, then g € (B, A)¢ if and only if i is a character on B. (Left to the reader.)

Remark 2.7 Lemma 2.5 implies that
Ann(Ann(B, A,), Ay) = Dp.a = by Aubo

if B is o-unital and by € B is a strictly positive contraction for B.

Proof. If a € (Ay)+ is not in Dp_ 4, then inf, ||(1 — bl/”) 1-— 1/n I >
Thus, there is a pure state pu on C*(bp,a) with u(bg) = 0 and u(a) >
By Lemma 2.5 there exists g € (4,); with |g]| = 1 and gcg = p(c)g? for
¢ € C*(by,a). Hence, g € Ann(B, A,) and ag = g # 0. O

The socle of a C *-algebra A is the (algebraic) ideal generated by the
projections p € A with pAp = C-p. If A is simple, then socle(A) # {0} if and
only if A= K(H) for some Hilbert space H.

Lemma 2.8 socle(F(A)) = {0} if A is separable and socle(A) = {0}.

Proof. Let p*> = p* = p € F(A) a non-zero projection. We show that
pF(A)p # C - p if socle(A) = {0}. The idea of the proof goes as follows:
Let s € A€ a self-adjoint contraction with s + Ann(A4) =1 —2p, and d := s,
q := s_. We show below that there exist positive contractions g, h € A, such
that dg = dh = hg = 0, gAh = {0}, Ah # {0} and Ag # {0}.

If we have found g,h € (A, )4+ with this properties, then Proposition 1.3
(with J = A= B,V =CP(A, A) and a,b, c replaced by d, g, h) yields: There
are positive contractions e, f € A¢ withde =df =ef =0,eg =g, fh =h. It
follows that e’ := e + Ann(A) and f' := f 4+ Ann(A) satisfy e'p=¢’, f'/p= '
and ¢ f' = 0 in F(A). Since Ag # {0} and Ah # {0}, we get e, f ¢ Ann(A)
and e’ # 0 # f'. Hence, pF(A)p # C - p.

The rest of the proof is concerned with the construction of the positive con-
tractions g, h € A, (as stipulated):

Step 1 (Construction of ag € A E C Ay, p, v): Consider the *-morphism
P: a€ A p(p®a) = qa € A,. ¥ is non-zero because p # 0 and p((-)® A) is
separating for F'(A). Let J denote the kernel of ¢, and let a; € J; and as €
(A/J)4 strictly positive contractions with ||a1|| = |Jaz|| = 1. There is a positive

contraction az € A, with az +J = as. ap := (1 —a1)*?az(1 — a1)"/? +a; is
a strictly positive contraction of A with

lgaoll = llo(p @ ao)|| = llao + JI| = llaz|| = 1.
Since ¢ and ag are commuting positive contractions with ||gag|| = 0 there is a

character x on C*(ag, ¢) with x(gao) = x(¢) = x(ap) = 1. By Lemma 2.5 there
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is a sequence (p1, o, ...) of pure states on A such that x is the restriction
of u = (p1,p2,...)u to C*(ag,q). The state pu: A, — C is supported on
the closure E of apqA,a0q. In particular pu(Ann(E, A,)) = {0}. It follows
u(d) = 0 because dg = 0.

E is contained in the closure D4 of agA,ag. Thus, for every non-zero
element y € E holds Ay # {0}.

Let G = {u; = 1,us, ...} a countable dense subgroup of the unitary group
of A= A+C-1, and v(b) := Y02, 2 "u(ubu,) for b € E. Since aq is
strictly positive in A and ¢ commutes with A, we get that AE + FA C E, v
is a state on E with p < 2v. Clearly b € L, := {z € E;v(z*z) = 0} if and
only if bu € L, := {x € E;u(z*xz) = 0} for all v € G. Thus, L,G C L, and
L,ACL,.

Step 2 (v is not faithful on E): We find a representing sequence (c1, ¢a, . . .)
€ loo(A) 4 with my,(c1,¢2,...) = apq and ||c,|| = 1. Let C), a maximal Abelian
C *-subalgebra of D,, := (¢, — 1/2) 1 A(c,, — 1/2)4 that contains (¢, —1/2) .
C,, does not contains a minimal idempotent r # 0, because otherwise r must
satisfy rAr = C - r, i.e. r € socle(4) = {0}. Hence, the primitive ideal space
of C,, is a perfect locally compact metric space and there is f,, € (C,,)+ with
Spec(fn) = [0,1], i.e. C,, contains a copy of Cy((0,1]) up to isomorphisms.

The corresponding monomorphic image C' of Cy((0,1]), in A, satisfies
wb=bw ="b for b € C and w := 2(apq — (apqg — 1/2)4), thus C C E.

Let z € (0,1) and f,,(t) the continuous function in ¢t € [0,1] with
fon(x) =1, fon(t) =0fort € [0,z —min(1/n,z)] U [z + min(1/n,1 — z),1]
and fy , is linear on [ — min(1/n,z),z] and [z, + min(1/n,1 — z)].

0y = 7w(fu1, fz2,...) IS a positive contraction in Cy((0,1]), = C with
[|02]| = 1 and 0,0, = 0 for x # y.

It follows that £ O C' contains uncountably many pair-wise orthogonal
non-zero positive contractions, because {0 }zc(0,1) is a family of pair-wise
orthogonal positive elements in Cy((0,1]),, = C with ||d,|| = 1. Hence v can
not be faithful on E, ie. D := Ly N L, = L)L, is a non-zero hereditary
C *-subalgebra of E.

Step 3 (Construction of g,h € E1): Let D := L¥ N L, and let h € Dy
with ||h|]| = 1. Then dh = 0, Ah # 0, AD + DA C D and p(a*h?a) <
2v(a*h?a) = 0foralla € A+C-1, because L,A C L, C E C Ann(d, A,)ND 4.
By Lemma 2.5 there is g € (A,); with [|g]| = 1 such that gyg = u(y)g?
for all y € C*(A4,q,d, h), because p1, usa,... are pure states on A. It follows
gd?g = p(d*)g> = 0, gh*g = p(h?)g* = 0, ga*h*ag = p(a*h*a)g® = 0, and
gaog = p(ag)g® = g # 0, i.e. g, h € A, are as required. O

Lemma 2.9 Suppose that A is separable.

(1) Prim(A) is quasi-compact, if and only if, for every non-invertible e €
F(A)4, there exists non-zero d € F(A)y with de = 0.

(2) If Prim(A) is quasi-compact, then every mazimal family of mutually or-
thogonal positive contractions in F(A) is either finite and has invertible
sum or is not countable.
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Part (2) applies to simple C *-algebras A, because Prim(A) is a singleton if
and only if A is simple. The Bourbaki terminology “quasi-compact” is used
for non-Hausdorff Ty spaces.

Proof. (1): Recall that there is a one-to-one isomorphism from the lattice of
closed ideals of A onto the lattice of open subsets of Prim(A). Since A is sep-
arable, Prim(A) is second countable. Thus, if Prim(A) is not quasi-compact,
then there is an increasing sequence J; C Jy C --- of closed ideals of A with
Jy # Jps1 and |, J,, dense in A. For each n € N there exists a positive con-
traction ¢, € J,, with ||¢,, +J,—1]| = 1 such that ¢,, 4+ J,,—1 is a strictly positive
element of J,,/J,,—1 (where we let Jy := {0}). Then a,, := >, ., 2= k¢ is
a strictly positive contraction in Jy,, and by := Y, o 2 "¢, is a strictly
positive contraction in A (with norm > 1/2). Let fo := 0. By induction, we
find positive contractions f,, € (A4,J,)¢ = A’ N (Jn)w C A° with a,f, = ay
and fn—1fn = fa—1 (cf. Remark 1.15(1)). Let f:= >, 27"f, € (A%)+
and let e := f + Ann(A) € F(A). Then fby = bof is positive, a,, = frpa, <
27 fobo < 4" fbo for n € N, and ||f — frrof|| < 27F. If d € (A°), satisfies
df € Ann(A), then dfbg = 0 and da,, = 0 for all n € N. Hence, dby = 0 and
d € Ann(A) whenever d € (A°)4 and df € Ann(A). Let e := f + Ann(A).
Then g =0, if g =d + Ann(A) € F(A), with d € A and ge =0 € F/(A).

The image F'(A, J,,) of (A, J,)¢ = (Jn)wNA® in F(A) is a non-trivial ideal
of F(A) by Lemma 2.1(2), because J,, is a non-trivial ideal of A. Since f, €
(Jn)wN A, the element e, := f, +Ann(A) € F(A)4 is not invertible in F'(A).
It follows that e := f + Ann(A) is not invertible, because |ex11e — el < 27*.

Conversely, suppose that Prim(A) is quasi-compact and that e € F(A)4
is not invertible. We can suppose that ||e|| = 1. Then there is a contraction
f € AS with e = f + Ann(A). Let ag € Ay a strictly positive contraction
with |lag|| = 1, and let J,, denote the closure of span(A(ag — 1/n);+A). Then
Jy, is an increasing sequence of closed ideals of A with |J,, J, dense in A,
i.e. the corresponding increasing sequence of open subsets of Prim(A) covers
Prim(A). Since Prim(A) is quasi-compact, there is n € N such that J, = A,
i.e. that b := (ag — 1/n)+ is a full positive contraction in Ay. Let ¢ :=
2n((ag — 1/(2n))+ — (ap — 1/n)4), then be = b Note that C*(b, ¢, f) C A, is
an Abelian C *-algebra.

By Corollary 1.10, p: F(A)®@™** A — A, induces an isomorphism 1 from
F(A) onto (bAb)' N M(Dy) with 1(e)(b") = p(e ® b™) = fb™ for n € N, where
Dy := bA,b denotes the hereditary C *-subalgebra of A, generated by b.

(b —nfb)y # 0 for each n € N, because, otherwise, there is n € N with
b? < n?(fb)? and

l4(e) (bab)||* = llp(e @ bab)||* = [[ba™bf*bwb]| > n™2||bwb]|?
for all z € A, which contradicts that ¢ (e) € M(Dy)+ is not invertible. Thus,
for every n € N there exists a character x,, on C*(b, ¢, ) with x,(b—nfb) > 0,

ie. xn(b) >0 and x,(f) < 1/n. Since ¢b = b, it follows x,(c) = 1. The set of
characters x on C*(b, ¢, f) with x(c) = 1 is compact in the space of characters




Central sequences and purely infinite algebras 189

on C*(b,c, f). Let x a character on C*(b, ¢, f) that is a cluster point of the
sequence X1, X2, - - -, then x(f) =0 and x(c) = 1.

By Lemma 2.5 there exists g € (A,)4 with ||g|| = 1, gfg = x(f)g* = 0 and
gcg = x(c)g?> = ¢g°. Then fg = 0 and cg = g. By Proposition 1.3 (with J =
A=B,V=CP(A,A), and f,0,g in place of a, b, ¢) there there are positive
contractions h, k € A° with kf = f, hg = g and hk = 0. Since hc? > cge # 0
and hf = hkf, we get h ¢ Ann(A) and hf = 0. Let d := h+Ann(A) € F(A)4,

then d # 0 and de = 0.
(2): If eq, e9,... € F(A) is a sequence of pairwise orthogonal positive con-

tractions, and e := > 27 "¢,. If e is invertible, then e, = 0 for n < ng. If e
is not invertible, then there exists non-zero d € (F(A))4 with ed = 0 by (1).
Thus e, d = 0 for all n € N. O

The following proposition characterizes A = IC(H) by properties of F'(A)
if A is simple and separable.

Proposition 2.10 Suppose that A is separable and simple. The following are
equivalent:

(1) A K= K.

(2) F(A)=C.

(3) socle(F(A)) # {0}.

(4) F(A) is separable.

(5) F(A) is simple and stably finite.

(6) F(A) has a faithful finite quasi-trace.

(7) Every commutative C *-subalgebra of F(A) admits a faithful state.

(8) FEvery family of mutually orthogonal positive contractions is at most count-
able.

Note that (2) also implies that A is simple (for separable A, by Lemma 2.1),
thus F(A) = C if and only if A® K = K (for separable A). Clearly one can
restrict in (7) to maximal Abelian C *-subalgebras.

Proof. The implications (2) = (4) = (7) = (8), (2) = (5), (6) = (7), and
(2) = (3) are obvious.

(5) = (6) follows from [9], because F'(A) is unital and finite dimension-
functions on simple unital C *-algebras B integrate to faithful finite quasi-
traces on B.

(1)=(2): F(A) 2 F(A®K) and F(K) = F(C) = C by Corollary 1.10.

(3)=(1): socle(A) # {0} follows from (3) by Lemma 2.8. Thus A = K(H)
for a separable Hilbert space H, i.e. AQ K = K.

(8)=(3): Let C C F(A) a maximal commutative C *-subalgebra of F(A).
Every family X C C, of mutually orthogonal positive contractions in C' is
contained in a maximal family ¥ C F(A)4 of mutually orthogonal positive
contractions in F(A4). By (8) and Lemma 2.9(2), Y D X is finite. Thus, the
primitive ideal space C of C can contain only a finite number of points, i.e. C
is of finite dimension. If p # 0 is a minimal idempotent of C, then p* = p = p?
and pF(A)p = C - p (by maximality of C). O
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We call a completely positive map T: A — A, w-nuclear if there is a
bounded sequence of nuclear c.p. maps T,,: A — A such that T'= T,,|A. Here
T,: A, — A, means the ultrapower (17,75, ...), of the bounded sequence of
maps (T,: A — A), given by T,, (7, (a1,as,...)) = m,(Ti(a1), Te(as),...).

Lemma 2.11 Suppose that A is a separable C *-algebra.

(1) The set Conue of w-nuclear completely positive maps V: A — A, is a
point-norm closed (matricially) operator-convexr cone (cf. Definition 1.2).
(2) Let k denote the set of positive elements b € F(A)4 with the property that
the c.p. map
a€Apa(b®a) € A,

is w-nuclear. Then k is the positive part of a closed ideal Jyny. of F(A).
(8) Jauc s an essential ideal of F(A). In particular, Juye is non-zero for every
separable C'*-algebra A # {0}.
(4) Joue = F(A) if and only if A is nuclear.

Proof. (1): Obviously, V,, ¢ CP(A., B,,) is operator-convex in the sense of
Definition 1.2, if V € CP(A, B) is an operator-convex cone and if V,, denotes
the set of ultapowers of bounded sequences 11,75, ... in V. That is, V,, is a
convex subcone of CP(A,,, B,) and bT(a*(-)a)b* € V,, for T = (11, T, .. .)w €
V. androws a € My ,(Ay), b € My ,,(B,,). We get an operator-convex subcone
Vo|A of CP(A, B,), if we restrict the elements of V,, to A C A,,.

We can apply this construction to B := A and the operator-convex cone
V= CPnuc(Aa A) and get Vw‘A = Cunuc-

By Lemma A.5, every w-nuclear c.p. map V: A — A, can be represented
by a sequence of T1,75,... of nuclear c.p. maps from A into A such that
IT%] < ||V]| and T,|A =V, because CPyy,(A, A) is operator-convex.

If Vi, Va, ... is a sequence in Cy e that converges toamap W: A — A, in
point-norm topology, then 7 := sup,, ||V,.|| < oo, by the uniform boundedness

theorem. Thus, we find nuclear c.p. maps T,i") from A to A with ||T,£n) | <=~

such that V,, = T\ |A, (cf. Lemma A.5). By Lemma A.3 there are 51, 53, ... €
CPoue(A, A) with W = S, |A. Thus W € Cone.

(2): Let x denote the set of positive elements b € F(A) such that a €
A — p(b® a) is in Cynue- Then k is a closed convex sub-cone of F(A);
by part (1). If b € k, ¢ € F(A) and d € A° with ¢ = d + Ann(A4) then
a — p(c*be®a) = d*p(b®a)d is in Cypye by (1). Thus ¢*ke C k for all c € F'(A).
It follows that « is the positive part of the closed ideal Ju, := Kk — K + i(k — K)
of F(A) (by [29, prop. 1.3.8 and 1.4.5]).

(3): Let e € F(A) a positive contraction with ||e|| = 1. There is a positive
contraction f € A° with e = f+Ann(A4) and f ¢ Ann(A). Further let ag € A
a strictly positive element with |lag]| = 1. Then pa(e ® ag) = fag # 0,
because Ann(A) = Ann(ag, A,). Thus, there is a character x on C*(ao, f)
with x(agf) = |laof]| # 0. We extend x to a pure state p on C*(A4, f).

By Lemma 2.5 there exist pure states pi, pi2,... on A and g1, g9,... € Ay
such that [|g,|| = 1 and u = p,|C*(A4, f) and V,(y) := gyg = p(y)g* for all
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y € C*(A, f) for g := 7,(g1,92,-..). In particular, ||g]| = 1, g > 0, gfapg =
u(fao)g? = ||faollg® # 0. Thus Vy|A = S,|A for the sequence of nuclear
c.p. contractions Sy, Sa, ... € CPy(A, A) with S, (a) := pu,(a)g gn.

By Proposition 1.3 (with A= B =J,V := CPuyu(A, A) and a,b,c, e, f, g
replaced here by 0, g, 0, 0, h,0), there are nuclear c.p. contractions Ty, T5, ... €
CPouc(A, A) and a positive contraction h in A¢ such that gh = gandy € A —
yh € A, is the restriction of T, to A.

Let k := h + Ann(A). Then pa(k®@y) = hy for y € A and ke = (kf) +
Ann(A). It follows k € Jyue and gpa(ke®ag)g = ghfaog = ghfaog = gfaog #
0, i.e., ke # 0. Hence, Jyyu is an essential ideal of F(A).

(4): If A is nuclear, then a € A — a = p(1 ® a) € A, is the restriction of
(ida), to A and id4 is nuclear. Thus 1 € Jyye, i.e. F(A) = Jnye-

Conversely, if 1 € Jyyc, then there exists a sequence (V7, V3, . ..) of nuclear
c.p. maps V,,: A — A such that the inclusion map a € A— a =p(l®a) €
A, is the restriction of V,, to A. This means that id, can be approximated
in point-norm by (convex combinations of) the nuclear c.p. maps V,,, n =
1,2,.... Hence, A is nuclear. a

Theorem 2.12 Suppose that A is a separable C *-algebra and let F(A) =
A¢/Ann(A).

(1) F(A) = C if and only if A K =K.

(2) If F(A) is simple and F(A) 2 C, then A is simple, purely infinite and
nuclear.

(8) If A is simple, purely infinite and nuclear, then F(A) and A, are simple
and purely infinite, and A =2 A R® O .

Proof. Recall that F(A) is unital by Corollary 1.10 , that A is simple and
purely infinite iff, A, is simple by Remark 2.4, and that A is unital iff
Ann(A) = {0} iff A° = F(A) by Corollary 1.10 .

(1): F(A) = C-1 implies that A is simple (cf. Lemma 2.1). Thus F(A4) = C,
if and only if, A ® K = K (cf. Proposition 2.10).

(2): If F(A) is simple, then A is simple by Lemma 2.1. Thus Proposition
2.10 applies to A: F(A) is simple and stably finite if and only if F(A) =C- 1.
We get that F'(A) is not stably finite if F/(A) is simple and F'(A) % C. Le.,
there is n € N such that F/(A) ® M,, contains a copy of O unitally (because
F(A) is unital and simple).

It follows that A is purely infinite, indeed:

A is simple by Lemma 2.1, and is antiliminal by Proposition 2.10. Let
h: Co((0,1], M,,) =2 M,,®Cy((0,1]) — A a *-morphism, a := h(1,® fo) € A+
and let D the hereditary C *-subalgebra of A generated by a. (Here fo(t) :=t¢
for t € [0,1].) Consider the natural embedding of O, ®™* C*(a) into
(F(A) ® M,) ™ C*(a) & F(A) ™ (M, ® C*(a)) given by O C
F(A) ® M,, and compose with p: F(A) ™ A — A,. Then we get a
*-monomorphism k: O ® C*(a) — A, with k(1 ® a) = a. Hence, a is
properly infinite in A,, i.e. for every ¢ > 0 there exist di,ds € A, with
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dfad; = §; ;(a — €)1 (cf. [24, prop. 3.3]). It implies that a is also properly
infinite in A itself (use representing sequences for d; and dy). Since every
non-zero hereditary C *-subalgebra of the antiliminal C *-algebra A contains
a non-zero n-homogenous element (cf. [29, lem. 6.7.1]), it follows that every
non-zero element of A is properly infinite by [24, lem. 3.8]. Thus A is purely
infinite by [24, lem. 4.2, prop. 5.4].

If F(A) is simple then F(A) = Jyue by Lemma 2.11(4). Hence, A is nuclear
by Lemma 2.11(5).

(3): If A is simple, purely infinite and separable, then A, is simple and
purely infinite by Remark 2.4.

For the rest of the proof it suffices to consider the case, where A is unital,
because, if A is not unital, then there is a non-zero projection p € A such that
A = pAp ® K (Zhang dichotomy, [33]). Thus F'(A) = F(pAp) = (pAp)¢ C
(pAp)., by Corollary 1.10 .

If A is simple, purely infinite, separable, unital and nuclear, then, F(A) =
A¢ # C1 by Proposition 2.10. Moreover, for b € A with 0 < b < 1 and
Ib]l = 1, there is an isometry S € A, with S*bS = 1 and S*aS = a for all
a € A. It follows SS* € A° and S € A°. Thus F(A) is simple and purely
infinite.

To get .S, recall that the unital nuclear c¢.p. map f — f(1) from C(Spec(b),
A)2C*(b, 1)@ A= C*(b,A) into A C A, is approximately one-step inner (in
A,) by [25, thm. 7.21]. Then use Proposition A.4 to pass from the approximate
solutions of z*x—1 =0, z*bx —1 = 0 and z*a,x —a, = 0 for a dense sequence
(a1,as2,...) in A4 to the precise solution S.

It remains to show that A ® O = A if F'(A) is simple and purely infinite
(and A is unital):

Then F(A) = A contains a copy of O unitally. Thus A° C A, contains
a copy of Oy unitally. If the contractions (uj,us,...) and (vq,vs,...) are

representing sequences in £ (A) for s; and sy in C*(s1,82,...) = Ox C
A° then lim,, ||dyad, —a ® 12| = 0 for suitably chosen row-matrix d,, :=
(uk, Uk, ) € M1 2(A) and all a € A. It follows A =2 A ® O by [25, prop.8.4].

O

A variation of the proof of the implication “F(A) simple and not stably
stably finite" = “A purely infinite" shows also:

Remark 2.13 Suppose that A is simple, separable and is not stably projec-
tion-less, and that F(A) is not stably finite. Then A is purely infinite. (Here
we do not assume that F(A) is simple!)

Proof. We can suppose that that A is unital, because A is stably isomorphic
to a unital C *-algebra B and F(A) = F(B) = B°. On the the other hand,
there is n € N such that there is a *-monomorphism 1 from the Toeplitz
algebra 7 = C*(t;t*t = 1) into M, (A°) C My (Au) = (Mp(4))w-

Since 7 is (weakly) semi-projective, there is a also *-monomorphism
p: T — M, (A). In particular, K ® A contains an infinite projection ¢, and A
is antiliminal.
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Let 0 # a € A,. Since A is antiliminal, there is a non-zero *-morphism
h: Cy(0,1] ® M,, — aAa by the Glimm halving lemma [29, lem. 6.7.1]. Let
d:=h(fo®e11) € Ay and D := dAd, and recall that K C (7) C M, (F(A)).
Thus,

K® A= (id, ® p)(K® D) C M, ® D, = My,(D),,.

Since K ® A contains an infinite projection ¢, M, (D), contains an infinite
projection p. Since the defining relations for infinite projections are semi-
projective, we get that M, (D) = h(fo ® 1,)Ah(fo ® 1,,) and aAa contain
infinite projections. ad

Remark 2.13 suggests the question:

Question 2.14 Suppose that A is simple, separable and stably projection-less.
Is 1 finite in F(A)?

Remark 2.15 Let A denote the simple purely infinite reduced free product
C *-algebra of two matriz-algebras with respect to non-central states as con-
sidered in [14]. Then F(A) is finite and is not not simple.

Proof. A is simple, purely infinite, unital and exact, but F(A) = A° does
not contain a non-unitary isometry (because A° does not contain non-trivial
projections by [14]). F(A) is not simple by Theorem 2.12, because A is not
nuclear. O

Proposition 2.10 implies that C} 4 (F»)® = F(C} (F>)) is a non-separable
algebra, moreover, its maximal Abelian C *-subalgebras have perfect maximal
ideal spaces and are not separable. F'(C (F3)) is stably finite by Remark 2.13.
The natural *-morphism from C}  (F)¢ to the commutant = C of C},(F>)
in the von-Neumann ultrapower VN (F3)¥ defines a character on C%  (F»)°.
Thus C},(F>)° is not simple (that also follows from Theorem 2.12).

Question 2.16 Is C  (F»)° non-Abelian? Is its essential ideal Jy,e simple?

Remark 2.17 FEvery separable nuclear C *-algebra is in the UCT—class, if
and only if, [1] = 0 in Ko(F(D)) for every simple p.i.s.u.n. algebra D with

Proof. For simple p.i.s.un. algebras D holds that D = O, if [1] = 0 in
Ko(F(D)), i.e. if Oy is unitally contained in the simple purely infinite al-
gebra F(D) = D° (cf. [23], or end of [20], or [21], or Section 4 for different
proofs).

On the other hand: For every separable C *-algebra A there are a separable
commutative C' *-algebra C and a semisplit extension

0—-SARK—-E—-CQK—0

with K. (€) = 0 (cf. [3, sec. 23]). £ is in the UCT-class iff A is in the UCT-class.
£ is nuclear (respectively exact) iff A is nuclear (respectively exact).
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For every nuclear (respectively exact) separable C *-algebra & there is a
K K-equivalent nuclear (respectively exact) separable unital C *-algebra B,
which contains a copy of Oy unitally and is K K-equivalent to £ (the reader
can find a suitable C' *-subalgebra of a corner of (£+C-1)®0y). Let hg: B —
Oy C B an unital embedding of B into Oy, and let h := idg @ ho € End(B)
(Cuntz addition). Then h: B — B satisfies [h]xx = [idg]k Kk, and it is easy
to see that the inductive limit

D := indlim,, (h,: B — B)

with h,, := h is simple, p.i. and nuclear (respectively exact). Since the unitary
group of Oy is a contractible space, one can construct explicitly a unital *-
morphism k: D — Cy([1,00), B)/Cy([1,0), B) that has a u.c.p. lift V: D —
Cp([1,0), B) and that is an “inverse" of the unital embedding h: B — B C
D c Cy([1,00),D)/Cy([1,00), D) with respect to an “unsuspended" and cp-
liftable variant of E-theory. (This is the crucial point of the proof, because one
has to overcome the discontinuity of the K K-functor with respect to inductive
limits, cf. [21, chp. 11] for more details.)

It follows, that B — D define a K K-equivalences. Thus, a separable nu-
clear C'*-algebra A is in the UCT-class, if and only if, the above constructed
(simple) p.i.s.u.n. algebra D with K,(D) = K.(B) = K.(£) = 0 is isomorphic
to O, and this is the case, if and only if, [1] = 0 in Ko(F(D)). O

Similar arguments show:

Remark 2.18 Ko(D ® D) = 0 for all (simple) p.i.s.u.n. algebras D with
K.(D) = 0, if and only if, the Kiinneth theorem on tensor products (KTP)
for the calculation of K.(By ® Bs) holds for every pair (By, Ba) of nuclear
C *-algebras.

There are separable purely infinite unital non-separable C *-algebras A
with A¢ 2 C (e.g. the Calkin algebra by Corollary 2.21). This comes from the
following Lemma and from Voiculescu’s description of the neutral element of
Ext(B) for separable B (cf. proof of Proposition 2.20).

Lemma 2.19 Let B a separable unital C *-algebra. There exist a unital C *-
algebra D, a unital *-monomorphism nn: B — D and a projection p € D such
that

(L = p)n(b)pll = [lpn(b) — n(b)p|| = dist(b,C - 1)
for every b € B.
Proof. Let D := B x E the unital full free C *-algebra product of B and of
E=C(l,p=p>*=p*)=2C@®C. Thenn: br—>bx1and 0: e — 1xe are

unital *-monomorphisms from B (respectively from E) into D. We identify
e € FE with 6(e). Note that, for all b € B,

max([|(1 = p)n(®)pll, [[pn(0)(1 = p)|) = [[pn(b) — n(b)p|| < dist(b,C - 1).
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Let b€ B\ C-1, i.e. dist(b,C-1) > 0. Since |z| < ||b — z1]| + ||b]|, there exists
zo € C with |zo|] < 2||b]] such that ||b — zp1| = dist(b,C - 1). dist(b,C - 1) is
the norm of b4+ C -1 in B/(C - 1). Thus, there exists a linear functional ¢ on
B with ¢(1) =0, |j¢|| = 1 and ¢(b — 201) = ||b — 2z01]|. If we use the polar-
decomposition ¢ = |¢|(u-) of ¢ in B* = (B**),, cf. [29, prop. 3.6.7], we can see
that there are a unital *-representation A\: B — L(H) and vectors z,y € H
with ||z|| = |ly|| = 1 such that ¢(c) = (\(c)z,y) for all ¢ € B. It follows x L y
and A(b—zpl)x = ||b— z01||y. Let ¢ € L(H) denote the orthogonal projection
onto Cz. Then (1 — ¢)A(b)gx = ||b — z01||y. Thus

dist(b,C- 1) < [[(1 = @)Ab)gll < [I(1 = p)n(b)pll

because there is a unital *-morphism x: D — L(H) with k(p) = ¢ and
r(n(b)) = A(b). 0

Proposition 2.20 For every separable unital C *-subalgebra B of the Calkin
algebra Q := L(H)/K(H) (on H = £5(N)) there is a projection P € Q with
||Pb—bP|| = dist(b,C - 1) for allb € B.

Proof. Let D, n: B — D and p € D as Lemma 2.19. D can be unitally and
faithfully represented on H := ¢2(N) such that DNK = {0}. Let s1, 52 € L(H)
two isometries with sys; * +s985 = 1, m: t € L(H) — t + K € Q denotes
the quotient map. There is a unitary U € @ with U*bU = m(s1)bm(s1)* +
m(san(b)ss) for b € B, by the generalized Weyl-von-Neumann theorem of
Voiculescu, cf. [2]. Thus P := Un(saps3)U™ is a projection in @ that satisfies
|1Pb—bP|| = dist(b,C - 1) for all b € B. O

Proposition 2.20 implies:
Corollary 2.21 Let Q := L({3)/K({2). Then Q°=C - 1.

Proof. Let b= m,,(b1,b2,...) € Qy for (by,ba,...) € £s(Q), B the unital C *-
subalgebra generated by by,bs,... and P € @ as in Proposition 2.20. Then

Pb—bP:ﬂ'w(Pbl—b1P7Pb2—b2P,...)

and ||Pb—bP| = lim,, dist(b,,C-1). It follows be C-1 = (C-1),, if Pb=bP.
O

Question 2.22 Is L({z)c=C-17

The question leads to a study of the positive elements in Ann(K, K,,): Note
that L£(¢2)¢ C (K(¢2)+C-1),, by Cor. 2.21, and that F(K+C-1) = (K+C-1)° =
Ann(K,K,) 4+ C- 1, because F(K) = F(C) = C.

Remark 2.23 If A is a simple C *-algebra, then for every g,h € (A,)+ with
lgll = ||k]| =1 there is z € A, with ||z|| =1 and zz*g = zz*, z*zh = z*z. In
particular, Ann(A) does not contain a non-zero closed ideal J of A, if A is
simple.
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3 The Invariant cov(F(A)) and Applications

Here we consider the case where A is separable and F'(A) contains a full simple
C *-algebra B of dimension Dim(B) > 1. We show below that (in this case) A
is strongly purely infinite if A is weakly purely infinite. Other considerations of
this section are concerned with a (sufficient) condition on F'(A) under which
A is weakly purely infinite if every (extended) lower semi-continuous 2-quasi-
trace on A is trivial (i.e. takes only the values 0 and oo, cf. Proposition 3.7).
The main result of this section is Theorem 3.10.

We say that X C B is full if the ideal of B generated by X is dense in
B, b e By is full if X := {b} is full, and a *-morphism h: C — B is full if
h(Cy) is full in B.

Recall that a positive contraction b € B, is k-homogenous if there is a
*-morphism h: Cy((0,1))® M), — B such that h(fo®1y) = b. (Here fo(t) :=t
for ¢ € (0,1], and 0 is k-homogenous for every k € N by definition.)

Definition 3.1 We define cov(B,m) € NU {+o0} for a unital C*-algebra
B (and m > 1) as the minimum of the set of n € N with the property that
there are ay,...,a, € By and dy,...,d, € B with Zj dia;d; =1 and that a;

18 the sum a; = 2?:1 a;; of mutually orthogonal k;;-homogenous elements
aji € By withkj; >m forj=1,....nandi=1,...,l;. (The minimum of
an empty subset of N is considered as +00.) In other words:
cov(B,m) < n < oo, if and only if, there are finite-dimensional C*-
algebras Fi, ..., F,, *morphisms h;: Cy((0,1]) ® F; — B and dy,...,d;
such that every irreducible representation of Fj is of dimension > m and
1=>,dihi(fo®1)d; for j=1,....n.

We define:

cov(B) := sup cov(B,m).
m

One can replace the Fj in the definition of cov(B,m) by those unital C *-
subalgebras G; C F; which have, moreover, only irreducible representations
D: G; — L(H) of dimension m < Dim(H) < 2m and a center Z(G;) of
dimension < m.

It is useful to note that the definition of cov(B,m) can be described by
weakly semi-projective relations (e.g. for the study of cov of ultrapowers or of
continuity properties of B +— cov(B), Remark 3.3 and below):

Remark 3.2 We can suppose that the di,...,d, and h;: Co((0,1]F;) — B
of Definition 3.1 satisfy in addition the weakly semi-projective relations

del +...+ d;;dn =1 and hj(fo ® 1)dj = dj

forj=1,...,n:=cov(B,m).

It follows:
cov(B) < n, if and only if, there is a unital *-morphism from the “locally"
weakly semi-projective C *-algebra A, := A, 1 * A, 2 % -+ into B.
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Here A, denotes the (weakly semi-projective) universal unital C *-algebra
generated by n copies hj(Cy) C B of Cy := Co((0,1], (M @ M3)®*) and
elements di, . .., d, with relations djdi +...+d},d, =1 and h;(fo®1)d; = d;
forj=1,....n, and A, 1% A, 2% A, 3% - - means the unital universal (=“full”)
free product of unital C *-algebras.

Proof. To get weakly semi-projective relations, let k;: Co((0,1])®F; — B and
e1,...,en such that 1 =3 e7k;(fo®1)e; (where Fj is finite-dimensional and
every irreducible representation of Fj is of dimension > m for j = 1,...,n).
Then 1/2 < g := > ejk;((fo — 6)+ ® 1)e; < 1 for suitable § € (0,1). Let
dj = k;j((fo — 6)+ ® 1)Y/2e;g7'/2 then didy + ...+ d’d, = 1. There is a *
morphism ¢: Cy(0,1] — Cp(0, 1] with ¥(fo) = gs where g5(t) := min(¢/4, 1).
Let hj := kj o (¢ ®idp,), then h;(fo ® 1)d; = d;.

The new relations are away from the old relations, but they do the same

job (for the definition of cov(B,n)) and they are weakly semi-projective in the
category of unital C' *-algebras:
The relation Zd;fdj = 1 is semi-projective in the category of unital C *-
algebras and the defining relations of Cy((0,1], Fj) are even projective in
the category of all C *-algebras (cf. [27, thm. 10.2.1], [28], or the elemen-
tary proof in [6, sec. 2.3]). Let dy, ..., d, contractions with Zj d;d; =1, and
hj: Co((o, 1},Fj) — B *-morphisms with th(fo &® 1Fj)dj — d]” < (52/71 for
some § € (0,1/2). Then

I1—671 " dicjdyl| <6< 1/2

for ¢; := h; (fo ® 1), because ||d;|| <1 and 6 — max(0,t— (1 —9)) <1—¢ for
0<d<1,te(0,1] (ie. because 1 —61(c; — (1 —8))+ <5711 —¢j)).

Let go i= 0 (fo— (fo— (1—8))y, w i= (X0 diedy) V2, & =
5‘1/20;/2djw and define *-morphisms #}: Co((0,1], Fj) — B by hy(ff®zx) :=
hi(gk ®x) for ke N,z € Fjand j=1,...,n.

The new system d; € B, h};: Co((0, 1], Fj) — B satisfies h/;(fo @ 1)d; = d
and the canonical generators differ form d; and the old images by h; of the
canonical generators of Cy((0, 1], F}) by || fo — go|| < 6%/2 and [Jw — 1|| < §1/2.

The use of (Mz & M3)®* instead of F; (with minimal dimension of irre-
ducible representations > m in an asymptotic sense) is possible, because every
irreducible representation of (My @ M3)®* has dimension > 2* and there is
a unital *-morphism from (My ® M3)®* into M, for all ¢ > 6%, because
1 =2ky —3ky =3F(2F —y) —2F(BF —2) with 1 <z < 3Fand 1 < y < 2F
(but 6 + 1 is not the smallest value for ¢ with the property that all numbers
L+ 1,042, are sums ) o iy n;273%=7 with n; € NU {0}). O

One can read off some properties of cov(B,m) and cov(B) straight from
Definition 3.1 and Remark 3.2:

Remark 3.3 The maps (B,m) — cov(B,m) and B +— cov(B) on unital
C *-algebras B have the properties:
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(1) cov(B,m) < cov(B,m+ 1),

(2) cov(C,m) < cov(B,m) if there exist a *-morphism 1p: B — C such that
¥(1) =1, or that ¥(1g) is properly infinite and is full in C.

In particular, cov(Ox, m) = cov(Oz, m) = cov(Mas, m)cov(Mam,m) =1
form > 1.

(8) If By, Bs,... is a sequence of unital C *-algebras, then, for every m € N,
cov([ [ {B1,B2,...),m} = lim, cov(By,m) and cov([[ {B1,B2,...}) =
lim,, cov(B,,). !

In particular, cov(B,, m) = cov(B,m), and cov(B,,) = cov(B).

(4) cov(B,m) = inf,, cov(B,, m), cov(B) = sup,, inf,, cov(B,, m) < sup,,
cov(By), if B1 C By C --- C B are unital C*-subalgebras with | J,, By,
dense in B.

(5) Suppose that 1p is finite. Then cov(B,m) = 1, if and only if, there are a
C *-algebra A,, of finite dimension and a unital *-morphism h,,: A,, —
B, where every irreducible representation of A,, has dimension > m.

(6) cov(B) =1 if 15 is properly infinite.

(7) cov(B) = cov(B,m) = oo if every irreducible representation of B has
dimension < m — 1.

(8) cov(B,m) < co for every m € N if B is strictly antiliminal.

(9) If B has real rank zero, then cov(B,m) = 1 if and only if there exist
1<p<m, F=My, &...6M, CBwithm<k;<2m forj=1,...,p
and an isometry d € B with 1pd = d.

(10) Every separable C *-subalgebra By C B of a unital C*-algebra B is
contained in a unital C*-subalgebra 1g € By C B with cov(Ba,m) =
cov(B,m) for all m € N.

Proof. (1), (2), and (7) follow immediately from Definition 3.1. (5) and (9)
follow from Remark 3.2. (3): Use Remark 3.2 and (2). (4): Use (2) for
< and (i,iii) for >. (6): Use (2). (8): Use the Glimm halving lemma [29,
lem. 6.7.1] to see that 1p is majorized by a finite sum of m-homogenous
positive contractions. (10): Use Remark 3.2 and (4). O

Proposition 3.4 Suppose that A is an inductive limit indlim(h,: A, —
Ani1) of separable C *-algebras Ay, As, . ... Then

cov(F(A),m) <lim inf cov(F(4,),m).

In particular, cov(F(A)) < liminf cov(F(A,)).

Proof. Remark 3.3(4) is not applicable, because the F'(A,,) are not related to
F(A). But Proposition 1.14 works:

cov(F(A,/T)) < cov(F(A,)) for closed ideals I of A, by Remark 3.3(2),
because F(A,/I) is a quotient of F(A,) by Remark 1.15. Thus, we may
suppose that A;, As,... C A and |J,, A, is dense in A.

"We extended lim,, to all sequences (a1, sz, ..., an,...) with a,, € [0, 00].
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By Proposition 1.14, for every w € §(N)\ N and for every separable unital
C *-subalgebra E C [[ {F(A1),F(Az2),...}, there is a unital *-morphism
E — F(A). Thus cov(F(A)) < cov(E) by Remark 3.3(2). E can be found such
that cov(E, m) = cov([[ {F(A1), F(A2),...},m) for every m € N by Remark
3.3(10). Now apply Remark 3.3(3) and note that for ay, as, ... € [0,00] there
is a free ultrafilter w € B(N) \ N with lim,, v, = liminf,,_ o cv,. O

Proposition 3.5 If a unital nuclear separable C *-algebra B has decomposi-
tion rank dr(B) < oo (cf. [26, def. 3.1]) and if B has no irreducible represen-
tation of finite dimension, then cov(B) < dr(B) + 1.

Proof. This follows easily from the definition of the decomposition rank
[26, def. 3.1] by [26, prop. 5.1], which implies that the c.p. contractions
@r,: My, — B of strict order zero arising in n-decomposable c.p. approxi-
mations ¢: @;_, M,, — B and ¢: B — @;_; M,, of [26, def. 3.1] can be
chosen such that (eventually) min{ry,...,rs} > ¢ if ¥ o ¢ — idp (in point-
norm) and B has no irreducible representation of dimension < g.

Indeed, suppose that ¢,: C, ® D,, — B and ¢,,: B — C,, & D,, are
completely positive contractions with suitable C *-algebras C,, and D,, such
that @, o 1, tends to idp in point-norm, lim,, ||¢, (b*b) — 1, (b*) 0, (b)|| = O
for all b € B, 1, is unital and every irreducible representation of C, has
dimension < g. Then the ultrapower C' :=[] _{C1, Cs, ...} has only irreducible
representations of dimension < ¢ and the restriction to B of the ultrapower
U: B, — C of the completely positive contractions p; o ¢,: B — C, is
a unital *-morphism from B into C. The latter contradicts that B has no
irreducible representation of dimension < q. O

Recall that a quasi-trace 7: A} — [0,00] is trivial if it takes only the
values 0 and +o0o. The following is a reformulation of [24, prop. 5.7].

Remark 3.6 Suppose that every lower semi-continuous 2-quasi-trace on A,
is trivial. Then, for everyn € N, a € Ay \ {0} and € > 0 there exists ko € N
such that for every k > ko there are dy,...,d, in My @ A such that df (1 ®
a)dj = 6i,j(1k ® (a - E)Jr) fO’F i,j = 1, Loy n.

Proposition 3.7 If cov(F(A4)) < oo and if every lower semi-continuous 2-
quasi-trace on Ay is trivial, then A is weakly purely infinite.

Proof. Let m := cov(F(A)) and n := 2m. Below we show that, for a €
Ay and € > 0, there exists a matrix V = [vj ¢lm.n € Mpmn(A,) such that
V*(a® 1)V = (a —¢e)t ® 1,. It follows that A is pi-m in the sense of [25,
def. 4.3] (because one can use representing sequences and the isomorphism
Mpyn(Ay) =2 (Mpmn(A))w). Thus A is weakly purely infinite.

Let kg € N as in Remark 3.6 for a« € A, and € > 0. We find finite-
dimensional C *-algebras Fi,...,F,,, *morphisms h;: Cy((0,1]) ® F;) —
F(A) and elements g; € F(A) such that >, g7b;g; = 1 for b; := h;(fo®@1F,),
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and that F; has only irreducible representations of dimension > ky for
j=1,...,m. (We allow b; = 0 for cov(F(A), ko) < j < m, to simplify
notation.)

For every j = 1,...,m we find by Remark 3.6 d; 1,...,d;, € F; ® A such
that, for 1 <j<mand 1 <p,g<n

djp(1p; ® a)djq = 0pq(1p, @ (a —€)4).

Since g;®1 € M(F(A)®A), we can define, for j =1,...,mandg=1,...,n=
2m,

vjq = p(h; ®@ida(fo ® djq)(g; ®1)).
A straight calculation shows

*

VU pWVj,q = 5P7qp (g;'kbjgj Y (a - 5)+) s

ie. V= [vjq¢lm.n is as desired. O

Now we study situations where we can deduce strong pure infiniteness
from weak pure infiniteness.

Lemma 3.8 If A is purely infinite and F(A) contains two orthogonal full
hereditary C *-subalgebras, then A is strongly purely infinite.

Proof. Let a,b€ Ay ande > 0,0 :=¢/2. If E1, E5 C F(A) are orthogonal full
hereditary C *-subalgebras, there are e; € (E;)1 and g;,h; € F(A) (i = 1,2,
j=1,...,mk=1,...,n)suchthat 1 =3}, g;(e1)?gjand 1 = 37, hi(e2)?hy.
Thus, a? = p(1®a?) (respectively b?) is in the ideal of A, generated by p(e; ®
a) (respectively p(ez @ b)), because, e.g. 1 ® a? is in the ideal of F(A) @™ax A
generated by e; ® a. Let u; € (A% C A, with e; = u; + Ann(A). Then
ujabuy = p(erez ® ab) = 0 and a? (respectively b?) is in the closed ideal of
A, generated by uja®u; = p((e1)? ® a?) (respectively usb?us).

Since A is purely infinite, A, is again purely infinite, cf. [24]. It follows
that there are fi, fo € A, such that fiuja®u; fi = (a?—9)4 and fousb?us fo =
(0% —0)+.

With v; := fiu; holds ||via?v; —a?|| < ¢, ||[vib?va —b?|| < € and viabvy = 0
in A,. With help of representing sequences for v; and ve in o (A4) we find
di,ds € A with ||djady — a?|| < e, ||d3b*ds — b?|| < € and ||d}abdz| < e. This
means that A is strongly purely infinite, cf. [6], [25]. O

Lemma 3.9 If F(A) contains a full 2-homogenous element, then A has the
global Glimm halving property of [5] (cf. also [6]).
If, in addition, A is weakly purely infinite, then A is strongly purely infinite.

Proof. Let a € Ay, e € (0,1), 6 :=¢?/2 and D := aAa. By assumption, there
exists b € F(A) and dy, ...,d, € F(A) with b = 0 and >, d;b*bd; = 1.

Let e; := p(d; ® a'/?), ¢ € A° with b = ¢ + Ann(A) and f = ca =
p(b ® a'/?). Then f? = 0 and a® = >_jeif fej. fand eq,... e, are in
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the hereditary C *-subalgebra of A, generated by a, in particular they are
in D,,. Let h = (h1,ha,...) € loo(D) self-adjoint with =, (h) = f*f — ff*,
g=1(91,92,...) € lso(D) with m,(g) = f, and let uy, := (hk)i/kgk(hk)i/k for
k=1,2,.... Then uy € D, u} = 0 and 7, (u1,uz,...) = f.

There exists k¥ € N and vy, ...,v, € D such that ||a® — > Vi upukvs|l <0
(use representing sequences for eq,...,e, € D,).

By [25, lem. 2.2] there is a contraction z € A such that >, wjujupw; =
(a—e)4 for w; := v;zh(a) with h(t) := max(0,t — &)'/?/ max(0, t* — §)*/? on
[0, 00]. Hence (a — €)4 is in the ideal generated by wy.

Thus A has the global Glimm halving property of [5].

By [6] (and [5]) A is purely infinite, if and only if, A is weakly purely infinite
and has the global Glimm halving property. Then A is moreover strongly
purely infinite, by Lemma 3.8. ]

Theorem 3.10 If every lower semi-continuous 2-quasi-trace on Ay is trivial
and if F(A) contains a simple C *-subalgebra B with 1 € B and

cov(B @™ B @M ... ) < o0,
then A is strongly purely infinite.

Proof. There is a unital *-morphism from B ®™®* B @™a* ... into F(A4) by
Corollary 1.13. Since cov(B @™** B @™ ...) < oo, it follows B # C and
cov(F(A)) < oo, cf. Remarks 3.3(ii,vii).

Thus Proposition 3.7 applies, and A is weakly purely infinite. The Glimm
halving lemma (cf. [29, lem. 6.7.1]) applies to B or to B B®--- if B~ M,
with n > 2. Thus Lemma 3.9 applies, and A is strongly purely infinite. ]

Let Z(m,n) C C([0,1], M,,y) for m,n > 1 denote the dimension-drop
algebra given by the subalgebra of C([0, 1], M,, ® M,,) of continuous functions
f:00,1] - M, ® M,, with f(0) € M, ® 1,, and f(1) € 1,, ® M,,. In the
following we use only that the Jian—Su algebra Z (cf.[18]) is a simple unital
C *-algebra, that Z is an inductive limit of Z(my, ny) with min(mg, ng) — oo
for £ — oo, that Z does not contain a non-trivial projection, and that Z &
ZRZR --.

Lemma 3.11 cov(Z(m,n), min(n,m)) < 2 and cov(Z) = 2.

The proof follows from Proposition 3.5 and parts (2), (4) and (5) of Remark
3.3, because dr(Z(m,n)) = 1. But we give an independent proof.

Proof. Let a € C([0,1], Mynn)+ given by a(t) := tly,. Then a € Z(m,n),
a'/? is m-homogenous and (1 — a)'/3 is m-homogenous in Z(m,n). 1 =
dia'/?dy + d3(1 — a)'/3dy for di = a'/? and dy = (1 — a)'/?. Hence,
cov(Z(m,n), min(n,m)) < 2.

For k € N there are n,m > k such that there is a unital *-morphism from
Z(m,n) into Z. Thus, cov(Z, k) < 2 by Remark 3.3(2).

cov(Z,2) > 1 by Remark 3.3(5), because 1z is finite and does not contain
a non-trivial projection. Hence cov(Z,k) =2 for k =2,3,.... O
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Corollary 3.12 A ® Z is strongly purely infinite if every lower semi-conti-
nuous 2-quasi-trace on A is trivial.

Proof. Then every l.s.c. 2-quasi-trace (A® Z)4 — [0, 00] is trivial. F(A® 2Z)
contains a copy of Z unitally, because Z 2 Z ® Z ® ---. The result follows
from Lemma 3.11, Remark 3.3(2) and Proposition 3.7. O

Corollary 3.13 If A is simple and separable, and is neither stably finite nor
purely infinite, then there is kg < oo such that, for all m,n > kg, there is no
unital *-morphism from T(m,n) into F(A).

Proof. The assumptions imply that every l.s.c. 2-quasi-trace on A, is trivial.
Since A is simple and is not purely infinite, A is not weakly purely infinite.
Thus cov(F(A)) = oo by Proposition 3.7.

Let ko := inf{k € N; cov(F(A),k) > 2}. If h: Z(m,n) — F(A) is a unital
*-morphism, then cov(F(A), min(m,m)) < cov(Z(m,n), min(m,n)) < 2 by
Remark 3.3(2) and Lemma 3.11. Thus min(m,n) < ko. O

Corollary 3.14 Let R an example of a simple separable unital nuclear C'*-
algebra that is neither stably finite nor purely infinite (cf. Rordam [30]).
Then cov(F(R)) = oo, F(R) is stably finite, and F(R) does not contain a
simple unital C *-subalgebra B # C - 1.

Proof. cov(F(R)) = oo by Proposition 3.7. F(R) must be stably finite by
Remark 2.13, because R is not (locally) purely infinite. There is no unital
C *-subalgebra B # C -1 of F(R), such that B ® R is weakly purely infinite
(i.e. n—purely infinite for some n), because otherwise a®1,, is properly infinite
in p(B@R)@M,, C R,&M,, for every a € R, which implies that R is n—purely
infinite, a contradiction. Suppose that B # C- 1 is a simple C *-subalgebra of
F(R) then there is also an antiliminal simple algebra B unitally contained in
F(R) (cf. Corollary 1.13). But then B ® R is purely infinite by [6, cor. 3.11],

O

Question 3.15 Does F(R) contain a strictly antiliminal unital C*-subalge-
bra B?

A positive answer to Question 3.15 would show that:

(1) there exists a separable strictly antiliminal stably finite unital C *-algebra
that does not contain a non-trivial simple C *-algebra unitally (because
of 3.14 and because every strictly antiliminal unital C *-algebra is the
inductive limit of its separable strictly antiliminal C *-subalgebras), and

(2) there are locally purely infinite algebras that are not weakly purely infinite
(because B ® R is not weakly p.i. by the argument in the proof of 3.14,
but is locally p.i. by [6, cor. 3.9(iv)]).

Question 3.16 Suppose that A is a simple stably projection-less separable
C *-algebra and that My ® M3 is unitally contained in F(A). Is A approxi-
mately divisible?
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If 1pa) € My ® M3 C F(A), then there is a unital *-morphism from the
infinite tensor product

E:=M@&M)@(MBM;3)®---

into F(A) by Corollary 1.13. E contains a simple AF-algebra D unitally
(communicated by M. Rgrdam, May 2004). Every simple unital AF-algebra
contains a copy of Ms @& Mjz unitally. Thus, the property in the question
equivalently means that F'(A) contains a copy of a simple AF—-algebra unitally.
Every simple unital AF-algebra absorbs a copy of Z, cf. [18]. It follows that
A2 A® Z (cf. Section 4).

The estimate for cov(F(A),m) in Proposition 3.4 is not optimal, e.g.
cov(F(Ms),m) = 1 and cov(F(Mar),2) = oo for all k € N, because F'(Ma)
contains a copy of Mae unitally and F'(M,:) = F(C) = C.

Since F'(Mayr, Mor+m) = Mam, one gets better estimates if one considers in
some case also also cov(F (A, , An, ), m) for suitable ny <mng < ---.

4 Self-Absorbing Subalgebras of F'(A)

Suppose that 1p4) € D C F(A) is a simple separable and nuclear unital C *-
subalgebra of F(A). Then D := D®® := D® D ®--- is unitally contained in
F(A) by Corollary 1.13.

Here we are interested in the question, when this implies that there is an
isomorphism 9 from A onto A ® D, and when 1 can be found such that v is
approximately unitarily equivalent to the morphism a € A—a® 1€ AR D.

Definitions 4.1 Let A and D C *-algebras, where D is unital. We say that
A is D-absorbing (in a strong sense) if there exists an isomorphism 1 from
A onto A ® D that is approrimately unitarily equivalent to the morphism
a— a®1l (by unitaries in M(A ® D)). We call A stably D-absorbing if
K ® A is D-absorbing.

A wunital C*-algebra D is self-absorbing if D is D-absorbing.

D has approximately inner flip if the flip automorphism of D ® D is ap-
prozimately inner.

If there exists A # {0} such that A is D-absorbing, then D is simple and
nuclear (cf. Lemma 4.9). Conversely, if D is simple, separable, unital, and
nuclear, then O, is D-absorbing (by classification theory).

If A and D are separable, D simple, unital and nuclear and A is D-
absorbing, then D®> is unitally contained in F(A). (cf. Proposition 4.11).
This property is not enough to ensure that A is D-absorbing, as the following
remark shows (see Appendix C for details):

Remark 4.2 The infinite tensor product O, @ O, ® - - - is unitally contained
in F(Oy). But the maps M oo: a—a®1@1® ... and 12,001 a — 1 ®a®
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1®... from O, into O, @ O, ®... (i =1,2) are not approximately unitarily
equivalent for n > 3. In particular, 0, is not self-absorbing, and the flip
on (0,2%°) ® (0,,2°°) is not approzimately inner.

Let us fix some notation for this section. If D is a unital, we let D :=
D®* := D® D ®... denote the infinite tensor product of D.

We define ng ,: D — D®" forn =2,3,...,00, k=1,2,... with k <n by
Mn(@) =1® - ®10a®1®- -1 for a € D with a on k-th position. We
let 71 := 11,2 and 02 := N2 2.

The different behavior of D and D can be seen from the following.

Remarks 4.3 Suppose that D is a simple separable unital nuclear C *-algebra
that contains a copy of Oo unitally. Then:
(1) The morphisms n1 and n9 are approzimately unitarily equivalent in D® D
and D®>® = 0,.

An example with D 2 D is D := Py, the unique p.i.s.u.n. algebra in the
UCT class with Ko(Pos) =0 and Ki1(Ps) = Z.
(2) The flip automorphism on P ® Poo is n0t approzimately inner.
(3) There exist simple nuclear C*-algebras D that contains a copy of Os
unitally and are not purely infinite (e.g. the examples of Rerdam [30] are
stably isomorphic to those algebras).

See Appendix C for more explanation.

It shows that infinite tensor products D = D®> considerably loose prop-
erties of D. D is stably finite or purely infinite by [6, cor. 3.11] for simple
D.

Below we see that D = D and every unital *-endomorphism of D is ap-
proximately inner if and only if D is self-absorbing and separable. Therefore
we use the notation D also for self-absorbing algebras.

This class of separable self-absorbing algebras could be of interest for a

classification theory of (not necessarily purely infinite) separable nuclear C *-
algebras up to tensoring with D:
The classification of separable stable strongly purely infinite nuclear algebras
is a classification of all separable stable nuclear C' *-algebras modulo tensor
product with D = O4. The strongly purely infinite algebras are contained in
the (possibly larger) class of algebras A with the property that O, is unitally
contained in F'(C, A) for every separable nuclear C *-subalgebra C of A,,.

We list some results on self-absorbing D in the UCT-class, and point out
some open questions on self-absorbing D in the UCT class that have a tracial
state.

Proposition 4.4 Let D a unital separable self-absorbing C *-algebra. Then:

(1) D is simple and nuclear. Fither D is purely infinite or D has a unique
tracial state.
2) DEDRIDR---.
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(8) Every unital endomorphism of D is approximately inner by unitaries in
the commutator subgroup of U(D).

(4) If B is separable and M(B) contains a copy of Oz unitally, then B is
D-absorbing if and only if F(B) contains a copy of D unitally.
In particular, a separable algebra A is stably D-absorbing if and only if
DCF(A).

(5) If the commutator subgroup of U(D) is contained in the connected compo-
nent Uy(D) of 1, then every stably D-absorbing separable C *-algebra is
D-absorbing.

It is a consequence of the basic Proposition 4.11 and of Corollaries 4.12 and
4.13. See end of this section for a proof.

We use the invariant F'(A) to give an alternative approach to permanence
properties of the class of (strongly) D-absorbing separable C *-algebras, as
e.g. studied by A. Toms and W. Winter [32], and we give a simple necessary
and sufficient condition under which the class is closed under extensions (and
is then automatically closed under Morita equivalence).

Theorem 4.5 Suppose that D is unital, separable and self-absorbing.

(1) If B is a unital separable C *-algebra and a copy of D is unitally contained
i B, then B B® --- is D-absorbing.
In particular:

DRIMyQ@Mz®---ZMyQ@M3z® -+

if D is quasi-diagonal.
If for every n € N there exist p,q > n and a unital *-morphism from
E(M,, M,) into D,,, thenD=D® Z.
(2) The class of stably D-absorbing separable C *-algebras is closed under
inductive limits, passage to hereditary C *-subalgebras, and to quotients.
A unital separable algebra B is D-absorbing if B is stably D-absorbing.
(3) The class of stably D-absorbing separable algebras is closed under exten-
sions, if and only if,

E(D, D)= E(D,D)&D,

if and only if, the commutator subgroup of U(D) is in the connected com-
ponent Uy (D) of 1.

(4) If the class of stably D-absorbing separable algebras is closed under exten-
sion, then every stably D-absorbing algebra is D-absorbing.

We give a proof at the end of this section.

Parts (2)—(4) together imply that the class of D-absorbing separable alge-
bras is closed under all above considered operations, if and only if, uvu='v €
Uy(D) for all unitaries u,v € D. The property [U(D),U(D)] C Uy(D) holds
for simple purely infinite algebras D, because the natural group morphism
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U(D)/Uy(D) — K1(D) is an isomorphism (J. Cuntz [10]) if D is simple and
purely infinite. A. Toms and W. Winter [32] obtained permanence results for

tensorially D—absorbing algebras under the (perhaps stronger) assumption
that U(D) /Uy (D) = K, (D) for self-absorbing D.

Remark 4.6 The Cuntz algebras Oz, Ou,, the UHF algebras My (p prime),
the Jiang-Su algebra Z and oll (finite and infinite) tensor products D1@Da®. . .
are examples of self-absorbing D in the sense of Definition 4.1.

Up to tensoring with O this list exhausts all D in the UCT class.

The Elliott invariants of this algebras exhaust all possible Elliott invariants
of D® Z for self-absorbing D in the KTP class (O UCT class).

They all have connected unitary groups, thus the class of separable D-
absorbing algebras is closed under inductive limits, extensions, passage to
hereditary subalgebras and under passage to quotients.

The flip automorphism on D Q@ D is (unitarily) homotopic to the identity
for UHF-algebras D, D = Oy and D = Oy.

Clearly, My~ has the required properties. The considered properties are in-
variant under infinite tensor products. Z has the properties by [18]. The others
follow from KTP, UCT and the classification of p.i.s.u.n. algebras by means
of KK-theory (see Appendix C for details, or [32] for an alternative proof).
We do not know if 71,72 are (unitarily) homotopic for D = Z.

The case of UCT algebras suggests:

Conjecture 4.7 If D is self-absorbing and D # Oy then
DO @My QMR-+ 200 QMo @ M3 ® -+ .

Recall from Proposition 1.9(4,5,9), that the natural *-morphism from the
normalizer N(Dg) C M(B),, of Dp C B,, into M(Dp) defines isomorphisms
N(Dg)/Ann(B, M(B),) = M(Dg) and

F(B) = (B' N M(B),)/Ann(B, M(B),) = B' N M(Djp)

if B is o—unital. It allows to improve [25, prop. 8.1] as follows:

Proposition 4.8 Suppose that B is a separable C *-algebra and A is a non-
degenerate C *-subalgebra of B. Let Uy C M(Dpg) denote the image of the
unitary group of N(Dg) in M(Dp).

If there are unitaries Wy, Wa, ... € Uy with lim,,_,« ||[Wha—aW,| =0 for
every a € A and lim,,_, o dist(W¥dbW,,, A,) = 0 for every b € B, then there is
a unitary U = 7, (uy,us,...) € M(B), with U*BU = A.

The *-isomorphism 1 (a) := UaU* from A onto B is approzimately unitar-
ily equivalent to the inclusion map A C B by the unitaries uy,u3, ... € M(B).

If one can find the W, even in Uy(M(Dp)) then uy,us,... can be chosen
in Uy(M(B)).
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Proof. Let G C U(M(B))) a (countable) subgroup such that for each n € N
there is a sequence (g1, go,...) € G with m,(g91,92,...) € N(Dp) C M(B).,
and

Tw(91,92,-..) + Ann(B, M(B),) =W,

Note that G can be found in Uy(M(B)) if W,, € Us(M(B)), because unitaries
in

Up(M(Dp)) = Uo(N (Dp, M(B).,)/Ann(B, M(B).,))

lift to unitaries in Uy(M(B),) and Uy(M(B),) C (Us(M(B)))w-

Let (a1,a9,---) and (by,be,...) dense sequences in the unit-ball of A re-
spectively of B. Consider the sequence of functions fi, fa,... on G given by
for—1(9) == |lgar — argll and for(g) = dist(g~tbrg, A) for k € N. Then
G C M(B) and (f1, fa,...) satisfy the assumptions of Remark A.2: indeed,
use the representing sequences for W, and apply the assumptions on W,,.
It follows, that there is a sequence (v, vs,...) in G C U(M(B)) such that
lim,, fx(v,) = 0 for all k € N. This means that id: A < B and (vy,vs,...) sat-
isfy the assumptions of [25, prop. 8.1]. The proof of [25, prop. 8.1] shows that
there is a sequence of unitaries uy,us,... € G, such that U := m,(uy,ua,...)
is as required. ]

Lemma 4.9 Suppose that D and E are C *-algebras a € D, that h:
Co((0,1],D) — E is a *morphism with h(fo ® a) # 0. If there is a net
{U,} unitaries in M(E ® D) such that {Uf(h(fo ® d) ® a)U,} converges to
h(fo ® a) ®d for all d € D, then:

(1) D is simple and nuclear.

(2) If there are 6 > 0 and a lower semi-continuous 2-quasi-trace pu: FEy —
[0,00] with 0 < p(h((fo — )+ @ (a — 0)+)) < oo, then all l.s.c. 2-traces
v: Dy — [0,00] are additive and are proportional to the trace

a € Dy p(h((fo—0)+ ®a)).

Proof. (1): Use inner automorphisms of E® D composed with slice maps from
E® D into D.

(2): Since D is simple and nuclear, every l.s.c. 2-quasi-trace v on Dy is an
additive trace, and there is an extended l.s.c. 2-quasi-trace A\: (E® D), —
[0,00] with A(e ® d) = p(e)v(d) for d € Dy, e € Ey with v(d) < oo and
ule) < oo, cf. [6, rem. 2.29, proof of cor. 3.11(iv)]. v is semi-finite and faithful
if v is non-trivial, in particular 0 < v((a — §)4+) < oo for § > 0.

Then ju(h((f & d))v(b) < p(h((f @b))v(d) for d € Dy, f i= (fo —6)s and
b:= (a—0)4, because h(f ®d) @b is the limit of U, (h(f ®b) ® d)U* and A is
Ls.c. A similar argument shows “>". Thus v(d) = yu(h(f ®d)) for all d € D,
where v := v(b)/u(h(f @b)). O

Remark 4.10 Suppose that A and D are separable where D is unital. Con-
sider the following conditions for A and D:
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(B) The two *-morphismsida®mn; andid a®mny from ARD into AQ(D®D) are
approximately unitarily equivalent by unitaries in the connected component
Uy(M(A® D ® D)) of the unitaries in M(A® D ® D).

(8°) The *-morphisms idg @ M oo and ida ® 2,00 from A® D into A® (D ®
D®---) are approzimately unitarily equivalent by unitaries in Up(M(A®
DD®---)).

Then:

(1) (B) implies (B°), (B°) implies that D is simple and nuclear, and that for
every unital endomorphism ¢ of DQD®--- the endomorphism idy ® ¢ of
ARDRD®... is approxzimately inner by unitaries in Uy (AQDRD®---).
In particular (8) holds with D ® D ® ... in place of D.

(2) If Ay has a non-trivial lower semi-continuous (extended) 2-quasi-trace,
then (B°) implies that D has a unique tracial state.

(3) The condition ((°) is satisfied if the morphisms m oo and 12, from D into
DR®D®--- are approximately unitarily equivalent and if M(A) contains
a copy of Oy unitally (e.g. if A is stable).

(4) The condition (3°) is satisfied for every A if the morphisms m oo and N2 o
from D —- D®D®--- are approximately unitarily equivalent by unitaries
in the connected component Uy(D XD @ ---) of 1 inUp(DRD @ ---).

(5) fAZARD®D®---, then (B°) implies (3).

The morphisms 7, and 7y, o are above defined. Recall that Y (A D®D®. . .) is
connected in norm-topology if A is stable and o-unital (by a result of J. Cuntz
and N. Higson).

Proof. (2) follows from from Lemma 4.9(2).

(4) is obvious.

(3): Since 71,00 and 72 o are approximately unitarily equivalent, we get
from Lemma 4.9(1) that D is simple and nuclear.

By classification theory, Oz = Oy ® D, because D is simple, separable and
nuclear. The group of unitaries U(Os) is connected (cf. [10]).

(1): Tt is obvious that (3) implies (’). D is simple and nuclear by Lemma
4.9(1).

Let By and Bs unital algebras, and psiq, ¥9 unital morphisms from B; into
Bsy. We use the notation 11 ~ 15 if idg ® ¥; and id 4 ® 15 are approximately
unitarily equivalent by unitaries in Uy(M (A ® Bs)).

There are obvious composition rules:

1 ~ ¥y and Yo ~ 3 imply 91 ~ 3. If \: By — B and pu: By — B are
unital, and if ¥; ~ ¥y, then Ao ~ Aoy and 1 o p ~ 1h9 o .
For n € N and permutations o of {1,...,n}, we define *-morphisms

Vo: DP" - D®¥"@1®1®...C D

Vo(d1 ®da ® ... Qdy) =do(1) @de2) @ ... Qdpiny ®1 Q1@+ .



Central sequences and purely infinite algebras 209

Further let €, := 9, for 0 = id of {1,...,n}. For m < n we define
Ut D®™ — D™ by €, = €, 0 fm n, i.€.

Vm,n(dl(g)"'@dm):d1®---®dm®1®...®1_

The condition (8’) implies that ¢, ~ €, for every transposition o. Since every
permutation is a product of transpositions, one can see by the rules for the
relation ~ that 1, ~ €,.

Let 71 and 75 denote the endomorphisms of D given by

T @d® - ®@d,®-+)=d1®10dR1I® - ®10d, ®1® -
respectively
To(d1 ®de® - ®d,® - )=10d1®1Q0d® - ®1Qd, R1®---

Since there is a permutation ¢ of {1,...,2n} with 7, o€, = ¥, 0 vy 2p, We
get that (3’) implies that 74 o €, ~ €, for k = 1,2, n € N. It follows that

T ~idp ~ Ty
We denote by ~ the isomorphism from D onto D ® D onto D with
Y(d1®de @ )R (e1®e2®...))=(d1 ®Re1 Rdy Rea®--+)
for di,e1,ds,€2,... € D.

Then yon, = 74 ~ id for k = 1,2. It follows 1; = v~
Let ¢»: D — D unital. Then

Yo~y tom =

Y~ ymy =y @id)m ~ (Y @id)ne = e = 72 ~id.

(5): Conditions (8) and (/3’) are preserved if one passes over to isomorphic
algebras, e.g. if F = D, then A and E satisfy (3), with E in place of D, if
and only if, A and D satisfy (53).

Let B:=D®D,D:=D®D®---, and let 7: B — B denote the flip
map 7: b1®b2 l—>b2®b1.

Suppose that A and D satisfy condition (5’). Then A and D® B = D satisfy
by part (1), that for every isomorphism ¢ of D ® B the isomorphism id4 ® ¢
of A® D ® B is approximately unitarily equivalent to id = id4 ® idp ® idg
by unitaries in Uy(A ® D ® B) This applies to ¢ :=idp ® 7.

If there is an isomorphism A from A onto A ® D then there is a unital
morphism ¥ from M(A® (D ® B)) onto M(A® B) with W (A® (D® 1)) =
Alpand ¥(a®@d®b) = A(a®d)@bfora € A, d € D and b € B. It follows,
that idy ® 7 = ¥o (ida ®idp ® 7) oW ! is approximately unitarily equivalent
to id4 ® idp by unitaries in Uy(M (A ® B)).

In particular, A and D satisfy condition (), because 7 o017, = ns. O
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The following proposition is the basic observation of this section. It gener-
alizes [25, thm. 8.2] and observations of Effros and Rosenberg [15]. The proof
uses Proposition 4.8. Here we consider a property that is a bit stronger than
D-absorption.

Proposition 4.11 Suppose A and D are separable, and that D is unital.
Then the following are equivalent:

(1) There is an isomorphism ¢ from A onto A ® D that is approximately
unitarily equivalent to a € A— a® 1 by unitaries in Up(A ® D).

(2) A and D satisfy condition (8) of Remark 4.10 and F(A) contains a copy
of D unitally.

(3) A and D satisfy condition (8°) of Remark 4.10 and F(A) contains a copy
of D unitally.

(4) There is an isomorphism 1 from A onto AQ D® D ®--- that is approz-
imately unitarily equivalent to a — a ® 1 by unitaries in Up(M(A® D ®

(5) A and D satisfy (8’) and AXAQDRXD®---..

In part (5) we don’t suppose that the isomorphism from A onto A ® D is
approximately unitarily equivalent toa—a®1®1®---.

Proof. (1)=(2): Let p: A — A® D as in part (1). Then a — ¢(a) ® 1 is
approximately unitarily equivalent to @ — a ® 1 ® 1 by unitaries in Up(A ®
D ® D). The same must happen for a — (id4 ® 0)(¢(a) ® 1), because idy ® o
extends to an automorphism of M(A ® D ® D). If we let a := ¢~ 1(f) for
f € A® D, then this shows that f — (ida ®0o)(f®1) and f — f®1 are
approximately unitarily equivalent, In particular, A and D satisfy condition
(8) of Remark 4.10, and D is simple and nuclear by Remark 4.10(1).

The non-degenerate endomorphism a — ¢~ 1(a® 1) of A is approximately
unitarily equivalent to ida. If uy,us,... € M(A) is a sequence of unitaries
with limuf¢~!(a ® 1)u, = a for a € A, then

¢on: d€D —uwiM(p (1 ®du, € M(A)
is a unital *-monomorphism with lim ||[¢,(d), a]|| = 0, i.e.
Tw(p1(d), p2(d),...) € (A, M(A))°.

Since F(A) = (A, M(A))°/Ann(A, M(A),) and D is simple, it follows that
F(A) contains a copy of D unitally.

(2)=(3): is obvious.

(5)=(3): Property (3’) implies that D is simple and nuclear, cf. Remark
4.10(1). If A is an isomorphism from A® D®D®. .. onto A, then A extends to
a unital *-isomorphism from M(A® D® D ®...) onto M(A). For d € D let

on(d) =AApmu)®1®--- 01Rde1® ) e M(ARDR®D®---)
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with d on n-th position. This defines unital *-morphisms from D into M(A)
with lim ||[¢n(d), a]|| = 0. Now deduce (3) as in the proof of the implication
(1)=(2).

(3)=(4): By Remark 4.10(1), D must be simple and nuclear, and condition
() is satisfied for A and D:= D ® D ® --- (in place of D).

By Corollary 1.13, there is also a copy of D := D ® D ® --- unitally
contained in F(A), because A and D are separable, and D is unital, simple
and nuclear.

Let AC B:= A® D (and identify A with A ® 1p). We show that A and
B satisfy the assumptions of Proposition 4.8:

Let h: D — F(A) a unital *-morphism. There is an isomorphism A from
A®D®Dinto B, with A(a®1®1) =a € A, C B,, M(a®d®1) =
palh(d)®a) € Dy C Ay, and M(a®1®d) = a®d € B. X is give by
application of

(paco)®idp: AR F(A)®D — A, ®D C B,

on idg ® h ® idp. (Here o means the flip isomorphism a @ b — b ® a).
l.e. A® D ® D may be considered as a non-degenerate C *-subalgebra of

A(Bw)A = Dg.
The image of A is a non-degenerate subalgebra of Dg. Thus

MR): M(A®D®D) — M(Dp)

exists and is unital. Since A and D satisfy (), we find a sequence of unitaries
W, = M(A\)(V,,) € Uy(M(Dp)) with lim, WiA(a® 1@ d)W, = ANa®@d® 1)
for all @ € A and d € D. Thus (Wy,Wa,...) satisfies the assumptions of
Proposition 4.8. It follows that there is an isomorphism v from A onto B =
A ® D that is approximately inner by unitaries in Uy(A ® D), i.e. ¢ is as
stipulated in (3).

(4)=(1): If we apply the above verified implications (1)=-(2) to A and
D:=D®D®--- in place of D, then we get that condition (3) is satisfied
for A and D. It follows that D is simple and nuclear.

By assumption, there is an isomorphism ¢: A — A®D from A onto AQD
such that « € A— a® 1 € A® D is approximately unitarily equivalent to ¢
by unitaries in Uy(M(A ® D)).

It follows that a € A — ¥~ '(a ® 1p) € A is approximately unitar-
ily equivalent to id4 by unitaries in Uy(M(A)). Let A: D — D ® D the
isomorphism given by A(di ® do ® +++) = (d2 ® d3 ® -++) ® dy. Then
0= (v ! ®idp) o (ida ® A) 01 is an isomorphism from A onto A ® D and
is approximately unitarily equivalent to a € A ¢ " 1(a®@1p)®1p € A® D
by unitaries in Uy(M(A ® D)). Thus, the isomorphism ¢: A — A® D is
approximately unitarily equivalent to a — a ® 1 by unitaries in Up(A ® D).

(4)=-(5): Since (4) implies (1), it implies also (2) and (3). Thus (4) implies
condition () for Aand D. A A® D® D ®... is part of (4). O
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Corollary 4.12 Suppose that D is unital and separable, and let D := D®>® :=
D®D®---. Following properties (1)-(4) of D are equivalent:

(1) Any two endomorphisms ¢ and ¢ of D are approzimately unitarily equi-
valent by commutators u, = v;w}v,wy, of unitaries v,,wy, in D.

(2) The flip automorphism o: d®e— e®d of D®D is approximately inner,

(3) D is self-absorbing.

(4) The morphisms N1 oo: d—d®@1Q@1® - andN2,00: d—1@dR1®---
from D into D are approximately unitarily equivalent in D.

Proof. (1)=(2): Since D = D ® D by some isomorphism ©: D — D ® D, we
get that ¥ ~'ov is approximately unitarily equivalent to idp. Thus, ¢ is an
approximately inner automorphism of D ® D.

(2)=(3): D is simple and nuclear by Lemma 4.9(1). Let A := K ® D, then
A2 ARD®D®--- (by any isomorphism from Dto DRD® -+ ).

Since 11 = o 012, we get that id4 ® 71 and ids ® 1y are approximately
unitarily equivalent by unitaries in O, @ DD C M(ARD®D). The unitary
group of O, @ D ® D = O is connected. Thus, A and D satisfy condition (3)
(with D in place of D).

It follows that Proposition 4.11 can be applied on A and D. It leads to an
isomorphism % from A onto A ® D that is approximately unitarily equivalent
to a — a ® 1. Since D is unital, ¢ defines an isomorphism from D = e; ; ® D
onto D ® D, that is approximately unitarily equivalent to d — d® 1, i.e. D is
self-absorbing.

(3)=(4): If D := D®> is self-absorbing, then A := K ® D and D satisfy
part (4) of Proposition 4.11. Thus, A and D fulfill condition () by the impli-
cation (4)=-(2) of 4.11. But this means that idp ®nx: D®D — DR (D® D),
with £ = 1,2 are approximately unitarily equivalent. The latter is an equi-
valent formulation of (4).

(4)=(1): A := K and D satisfy condition (5’) of Remark 4.10. Thus, by
part (1) of 4.10, idx ® v is approximately unitarily equivalent to idx ® idp
for every unital endomorphism of D := D ® D ® ---. This implies that any
two unital endomorphisms of D are approximately unitarily equivalent.

It implies that u®@u*®1®- - - € U(D) for u € U(D®") is in the norm closure
of the set of commutators {wv*w*v; v,w € U(D)} in U(D). Indeed: the flip
o, on D8 @ D®™ extends to an isomorphism A of D with A(a®@b®@1®---) =
a®b®1®--- for a,b € D®™. Since ) is approximately inner, we get a sequence
of unitaries v, € Y(D) with u @ u* @1 ® - -+ = wA(w*) = lim, wv}w*v, for
w=uRl®lg---.

If X C D is afinite subset of the contractions in D and if v € U(D), then for
every € > 0 there exists n € N and u € U(D®"), such that ||[v*dv—w*dw|| < e
for d € X where w:=u®u* ®1® ---. Recall here that one can find n such
that the elements of X U {v} have distance < £/9 from D®" ® 1®--- C D.

It follows that unital endomorphisms ¢ and 1 of D are approximately
unitarily equivalent by unitaries w, in the set of commutators in (D). O
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Proposition 4.11 (with A := K® D) and Corollary 4.12 immediately imply
the following corollary:

Corollary 4.13 If D is a unital and separable, then D is self-absorbing (in
the sense of Definitions 4.1) if and only if D 2 D® D ® --+ and all en-
domorphisms of D are approximately unitarily equivalent by unitaries in the
commutator subgroup of U(D).

Proof. f D 2 D® D ® --- and all endomorphisms of D := DR D ® ---
are unitarily equivalent, then D 2 D is self-absorbing by Corollary 4.12(3). If
D is self-absorbing, then the implication (1)=-(4) of Proposition 4.11 applies
to A := K ® D and D. Thus, there is an isomorphism v from K ® D onto
(K®D)®D, such that 1) is approximately unitarily equivalent to a € K& D —
a ® 1. Since D is unital, this implies that D 2 D ® D ® .. .. a

Corollary 4.14 If A is separable and if there is a unital *~morphism from
My @ M3 into F(A) then A= Z® A.

It could be that 1p4y € My @ M3z C F(A) does not imply approximate
divisibility of A in general, cf. Question 3.16.

Proof. Let E := (My® M3) ® (My® M3) ® - - -. There is a sequence of unital
*-morphisms h,, from &(M,, , M, ) into E such that ged(p,,¢,) = 1 and
DPnsqn > n. This defines a unital morphism from Z into E,. Since Z is self-
absorbing, this implies £ ® Z = E by Theorem 4.5(1). There is a unital
*-morphism from E into F'(A) by Corollary 1.13. Thus Z C F(A) unitally.
Since U(Z) = Uy(Z) and Z is tensorially self-absorbing, A = A ® Z by
Proposition 4.4(4,5). O

Proof (of Proposition 4.4). (1,2,3): D=2 D ®D ® --- and every unital endo-
morphism of D is approximately inner by unitaries in the commutator group,
cf. by Corollary 4.13. In particular, the flip automorphism of D ® D = D
is approximately inner. Thus D is simple and nuclear and has at most one
tracial state by Lemma 4.9. Since D is tensorially non-prime, it follows from
[6, cor. 3.11(i)], that either D is purely infinite or D is stably finite. If a unital
nuclear C *-algebra D is stably finite then D admits tracial state (by results
of B. Blackadar, J. Cuntz and U. Haagerup).

(3): See Corollary 4.13 or Corollary 4.12(1).

(4): The pair of algebras (B,D) satisfies condition (5’) by part (3) of
Remark 4.10, because the flip automorphism on D ® D is approximately inner
by part (2) and Corollary 4.12(2). By the equivalences (1)< (3) of Proposition
4.11, B is D-absorbing if and only if there is a copy of D unitally contained
in F(B)

M(K® A) contains a unital copy of Oy for every A, and F'(A) = F(K® A)
for separable A.

(5): By part (3), the maps 7 and 7o from D 2 DD ® --- into D ®
D = D are approximately unitarily equivalent by unitaries in the commutator
subgroup of U(D).
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By assumption, the commutator subgroup is contained in Uy (D). Thus, by
Remark 4.10(4), the pair of algebras (A, D) satisfies condition (3’) for every
separable algebra A. Now Proposition 4.11 applies: A is D-absorbing if and
only if F'(A) contains a copy of D unitally. O

Proof (of Theorem 4.5). (1): Let B®® := B® B ® --- There is a unital

*_morphism
¥: By— (BOB®---)°=F(BRB®---).

It is the ultrapower v := (1)1, s, .. .), of the morphisms 1,,: B — B®> given
by ¥, (b) :=1, ®b® 1o, where 1,41 : =1, ®land oo :=1Q01®---.

If op: D — B, is unital, then ¥ o ¢ is a unital *-morphism from D into
F(B® B® ---). Since D is simple, a copy of D is unitally contained in
F(B® B® --+). Thus B® B® --- is stably D-absorbing by Proposition
4.4(4).

If D is quasi-diagonal, then D is unitally contained in B, for B := My ®
M;®---.

Let ¢,: E(M,, , My, ) — D, unital *-morphisms, where p,,, g, > n. Then

Yo Hg(Mpnann) = (Du)w

is a unital morphism. One can see, that there is a unital *-morphism from Z
into [, E(M,,,, Mg, ). (If lim,, ged(pr, gn) = oo this is trivial, because then it
contains an ultrapower of matrix algebras.)

Thus, there is a unital morphism from Z into (D,,),. On the other hand,
(Dw)w is the quotient of £, (Yoo (D)) = Lo (D) induced by some other character
wy on its center foo(loo) = oo, 1. (Dy)w = Dy,. We obtain that Z C D,
for some free ultrafilter on N 2 N X N. Since D 2 D®D® --- and Z is
self-absorbing, D is Z-absorbing.

(2): By Proposition 4.4(4), A is stably D-absorbing if and only if a copy of
D is unitally contained in F'(A). If J is a closed ideal of A, then there are unital
*-morphisms from F(A) into F(J) and from F(A) onto F(A/J), cf. Remark
1.15(3). Thus, J and A/J are stably D-absorbing if A is D-absorbing.

If E C A is a hereditary C *-subalgebra and if J denotes the closed ideal
of A generated by F, then K® F = K ® J. Hence, E is stably D-absorbing if
A is stably D-absorbing.

Suppose that A = indlim(h,,: B,, — By+1), where By, Bs, ... are separa-
ble. Let hy oot B, — A denote the corresponding natural morphisms. Then
A, = hp,o(By) is an increasing sequence of C *-subalgebras of A, such that
U,, Ay is dense in A. If B,, is stably D-absorbing, then its quotient A, is
stably D-absorbing.

It follows that D is unitally contained in F'(A4,) for n € N. Since D and
A are separable, we get that D is unitally contained in F(A4) by Proposition
1.14.
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Suppose that B is unital and stably D-absorbing, i.e. there is an isomor-
phism ¢ from K® B onto X ® B®D that is approximately unitarily equivalent
toar—a® 1 forae L® B.

Then there exist a unitary u € M(K ® B ® D) such that

u*w(el,l ®1lg)u= 1,1 ®1p®1p.
Then there is a unique isomorphism ¢ from B onto B ® D with
u (e ®b)u = e @ p(b)

for b € B, and ¢ is approximately unitarily equivalent to b +— b ® 1.

(3): Suppose that the commutator group [U(D),U(D)] of U(D) is contained
in Uy(D). Let 21, 29, ... a sequence that is dense in U (D). For n € N there are
U, Uy, € U(D @ D) with

[ ((vnwn) unvn)*m (zk) (Vatn) unvn) — n2(zi)|| < 1/n,

and there is a continuous map w: [0,1/2] — U(D ® D) with wy = 1 and
wyjg = (ntn)*unv,. We define unital completely positive maps T,,: D —
E(D,D) by T(d): := (w)*n1(d)(wy) for ¢t € [0,1/2] and T, (d); = (2t —
Dna(d) 4+ 2(1 = t)T,(d)1 2 for t € (1/2,1]. Then T;, is 2/n-multiplicative on
{z1,...,2n}. Thus, the restriction of the ultrapower T,, to D C D, defines a
unital *-morphism

v: D—ED,D),.

Let A a separable C *-algebra and J a closed ideal of A such that J and
A/J are stably D-absorbing. Then there exist unital subalgebras Dy C F(J)
and Dy C F(A/J) that are isomorphic to D. Thus (D, D) = £(Dy, D;), and,
by Proposition 1.17, there exits a unital *-morphism h: £(D,D) — F(A). The
superposition h,, o ¥ is a unital *-morphism from D into F(A),. Since D is
simple and separable, there is a copy of D unitally contained even in F(A)
itself, cf. Proposition 1.14 (with A, = A). Hence, A is stably D-absorbing.

Conversely, suppose that the class of separable stably D-absorbing algebras
is closed under extensions. Then £(D, D) =2 D ® (D, D), because £(D, D) is
a unital extension of the D—absorbing algebra D @ D by Cy(0,1) @ D:

0— Co((0,1),D®D) — EMD,D) - DP1®1®D — 0.

In particular, there is a unital *-morphism «: D — £(D, D). It is given by
a point-norm continuous path of unital *-morphisms ;: D — D ® D with
Yo(D) C D®1 and ¢ (D) C 1®D. For u,v € U(D) we have that 1o (u*v*uv) is
in Uy (DRD) by the path wy := 1 (u)* P (v)* o ()1 (v) with we = o (u* v uv)
and w; =1 ® 1. If « denotes an isomorphism from D ® D onto D, then ¢ o ¢
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is approximately inner. Since ¢(¢o(u*v*uv)) € Up(D), and since Uy(D) is a
closed and open normal subgroup of U(D), it follows u*v*uv € Uy(D).

(4): If the class of stably D-absorbing separable C *-algebras is closed under
extensions, then [U(D),U(D)] C Uy(D). The latter implies that every stably
D-absorbing algebra is D-absorbing. O

We conclude this section with some remarks and questions:
(1) If 91, m2: D — D ® D are homotopic then for every separable C *-algebra
A there is a natural isomorphism

KK(D,A® D)= Ky(A® D).

(Here we do not assume that the UCT is valid for D.)
(2) In particular, KK (D,D) & Ky(D) with ring-structure given by tensor
product of projections, and KK!(D,D) = K;(D).
(3) Let D be a self-absorbing algebra.

Are n; and 1y homotopic?

Is cov(D) < 0 ?IsD=DR Z?

Is U(D)/Uy(D) — K1(D) an isomorphism if D is self-absorbing ?

Is always K1(D) =0 for self-absorbing unital D?
(4) Does there exist a nuclear C *-algebra A such that A is stably projection-
less, that the flip automorphism of A® A is approximately inner (by unitaries
in M(A® A)) and with K,(A4) = K.(C)?

A Elementary Properties of Ultrapowers.

One has to take a more general and flexible approach to ultrapowers to get a
tool for our proofs: It is useful for our applications to consider bounded subsets
X, of the closed unit-ball of a Banach spaces B,, (or of £(B,,, By,)). This is the
most general form of bounded metric spaces (with an given uniform bound
for the diameters). But the needed selection results are part of elementary set
theory (and are rather elementary).

Let w C p(N) a (fixed) free ultrafilter on N. Then X; x X5 x --- with
semi-metric

du((s1,82,...), (t1,t2,...) == liugn l[sn — tall
defines a metric space that is isometric to the (closed) subset
Xy = {m,(s1,82,...); s1 € X1,82 € Xo,...}

of the Banach space

[I{B1. Ba,.. .} i=los(By, Ba,...) [cu(B1, Ba, ..) .
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We suppose now that on each X, there is given a sequence of functions
7(11)7 ,(LQ),... with f,gk): X, — [0,00) for k = 1,2,.... Further we suppose
that for fixed k € N the sequence has a common estimate v, < oo for the
Lipschitz constants of f,(Lk) for n =1,2,.... (This condition can be relaxed in
applications by w-lim-existence conditions.)

We can define functions £ X, — [0, 00] for k € N by

fogk)(ﬂ'w(sl, S9,...)) := w-lim fflk)(sn) ,

because w-lim,, £ (t,) — 47 (sn) = 0, if w-limy, |[tn — s, | = 0.
The basic lemma is:

Lemma A.1 Let X1, X5,... any sequence of sets and suppose that for each
n € N there is given a sequence fél), T(LQ), ... of functions fr(tk): X, — [0,00)

fork=1,2,.... For k€ N, let
fbgk)(sl, S2,...) = w-lim fflk)(sn) .

Suppose that for every m € N and e > 0, there is s = (81, 82,...) € X1 X Xa X
- with fugk)(s) <efork=1,...,m.
Then there is t = (t1,ta,...) € X1 X Xo X ... with

w-lim £ (t,) = £ () = 0

for all k € N.
Moreover, then there is a sequence n1 < ng < --- in N such that there are

sp € Xy, with f(s)) <2 fork<¢,0=1,2,....

The second part is almost trivial by the fact that any subsequence of a zero-
sequence is a zero-sequence. It does not imply the first part because the infinite
set {n1,na,...} C N is not necessarily contained in the given free ultrafilter
w on N.

Proof. We define subsets X, ,, C X, by X, 0 := X,
X = {s € Xpn; max(fV(s),..., f{™(s)) < 1/m}.

Then X, ;41 C Xpm- We let m(n) := sup{m < n; X, ,, # 0}. For every
k € N, the set V), of n € N with & < m(n) is in the free ultrafilter w, because
there are s,, € X,, with w—lim,, ,(L])(sn) <@k tfor1<j<k+1.Y,€w
(for all k¥ € N) implies w-lim,, 1/m(n) = 0.

By definition of m(n) we find ¢, € X, 1 (n) C Xy Then w-lim,, éj)(tn) =
0 for every j € N, because fy(lj)(tn) < 1/m(n) for n > j.

Second part: We find n; < ny < ... with m(ng) > 2¢, because w-lim,,
1/m(n) = 0. Now let sy :=t,, € X,,. O
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A special case of Lemma A.1 is:

Remark A.2 Let w a (fized) free ultrafilter on N, and let X a bounded sub-
set of a Banach space B. Suppose that f1, fo,... is a sequence of functions
fk: X — [O, 2].

If for every m € N and € > 0 there is a sequence s1,Sa,... € X such that
w-limy, fx(sn) < e for k=1,...,m, then there is a sequence (t1,ta,...) in X
such that lim,, fi(t,) =0 for all k € N.

Let A a C*-algebra, 0 < v < oo and suppose that X,, C L(A) are sub-
sets with |T|| < ~v for all T € X,, (n = 1,2,...). Then [[ {Xi,X>,...}
denotes the set of ultrapowers T,,: A, — A, for T,, = (T1,T5,...), defined
by T, (7, (a1, as,...)) := 7,(Ti(a1),To(az),...) where (a1, as,...) € lo(A)
and T,, € X,, for all n € N.

Lemma A.3 Suppose that C C A, is a separable subset, 0 < v < oo and
X, C L(A) are subsets with ||T|| <~ for allT € X, andn=1,2,....

Then the set of restricted maps T,,|C: C' — A, withT,, € [[ {X1,X2,...}
is point-norm closed.

Proof. Let S: C — A, amap with the property that for every finite sequence
M, ..., c™ € C and £ > 0 there is T, € [[_{X1, X2, ...} with

1S(eP) = Tu ()] < ¢

for 5 =1,...,m. We get that S has Lipschitz constant < 2+.

Let ¢ ¢®) ... a dense sequence in C, and (agj),aéj),...) € l(4),
(bgj),béj),...) € lo(A) representing sequences for c\) respectively S(c(7)),
j=1,2,.... Then the functions f,(lj)(T) = Hbg) - T(aslj)) || on X,, satisfy the
assumptions of Lemma A.1. Thus, there are S,, € X,, with S, (cV)) = S(c1))
for all j € N. Since S, and S are Lipschitz, it follows that S = S, |C. a

Proposition A.4 Suppose that B is a C*-algebra and J a closed ideal of B,
that Py, Py, ... is a sequence of polynomials in in mon-commuting variables
x,x* with coefficients in By, that V,, C L(B) are subsets of linear operators
of norm < v < o0, and that C C B,, is a separable subset.

If for each n € N, € > 0 and every finite subset Y C C, there is a contrac-
tion a € J, with ||Py(a,a*)|| <e fork=1,...,n, and ||S,(y)—a*ya| < e- |yl
for suitable S,, € V,, and ally € Y.

Then there exist T,, € V,, (n = 1,2,...) and a contraction xo € J, with
Pi(x0,28) =0 for all k € N and T,,(¢c) = zfcxy for allc € C.

Suppose that, in addition, A C B, is o-unital (respectively is separable)
and a € Ann(A) N J, (respectively a € (A,B)°NJ, = A'NJ,) then there is
xo € Ann(A) N J,, (respectively xg € (A, B)¢ N J,,) with Py(xg,x8) =0 for all
ke N.

If one takes as V,, the set of maps b — d*bd with a contraction d € B (re-
spectively J = B), then the assumption on V,, and a (respectively on J and
a) are trivially satisfied if maxy<y, | Px(a*, a)| < €.
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Proof. The linear operators S,: B, — B, for S, := (S1,5%2,...), with
Sn € Vp have norm < 27. Let 0(1),0(2), ... a dense sequence in C. We find

representing sequences cgk), cék), ... € Bfor ¢® with ||c£Lk) I < [le®)]||, k,n € N.
Py(z*,z) is the sum of products of d*7) € B, z and z*. j = 1,..., /.
There are representing sequences dgk’] ),dgk’] ), ... € B of d*7) with norms

< ||d®9)||. The corresponding non-commutative polynomials PP (z*, ) with

coefficients in B have the property that sup, HP,&k)(b;,bn)H < oo for every
(b1,b2,...) € le(B) and satisfy

(PP (07, b1), PSY (b3, b2), ...) = Pr(b,b) -
Let X,, =V, x{be J; ||b|| <1} for n € N. We define
FINT,0) = T () = b Dbl + | PV (07, b)|
for (T,b) € X,, and k =1,2,....
Then (Xn,f,(f), 7(12)7 ...) (n = 1,2,...) satisfies the assumptions of
Lemma A.1.
Thus there exists t = ((T1,b1), (T2,b2),...) € X1 X Xo x --- with
w-limy, £(T,,b,) = 0. Then T, = (T1, Ts, ...)w and mg = mu(by, ba,...)

are as desired.
To get 2o in Ann(A, B)NJ,, or in (A, B)¢ we have to add to the polynomials

Py, P, ... the polynomials Qi (z,z*) = xag and Qz(x,x*) = apx respectively
Qn(z,z*) = za, — apx, where ag € A is a strictly positive contraction and
ai,as, ... is dense in the unit ball of A. a

Lemma A.5 If T1,T»,... € L(B,B) is a bounded sequence of positive
maps and A C B, is a o-unital C*-subalgebra. Then there are contrac-
tions by, be,... € By such that ||S,| < ||Tw|All and Su,|A = T,|A for
Sp 1= T (b ()by).

Proof. Let d € Ay a strictly positive contraction for A and let e = (eg, e, .. .)
€ ls(B) a positive contraction with m,(e) = d. Then |T,(d'/*)| <

|7, Al =: « for all k € N.

Let X, := {te%/j ; 7 €N, 0<t <1} and consider the functions fr(Lk)(b) =
max(|les/* — bex/™||, | T (6%)|| = 7) on X,, C B.

Then (Xn,fél),f,(f),...) (n = 1,2,...) satisfy the assumptions Lemma
A.1, because ||e!/Tet/k — eM/k|| < k/j and ||T,,(e2/7)| < for j € N.

By Lemma A.1, there is a positive contraction g = (g1, 92,...) € lx(A)
with g, € X,, such that 7, (g)d = d and ||T},(¢2)| < 1. Thus, S,|D = T, |D
for D :=dA,d D A and S, := T, (gn(-)gn)- O

B Proofs of Results in Section 1

Proof (of Proposition 1.3).
Let ai,a9,... € A4 asequence that is dense in the set of positive contrac-
tions in A.
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Consider the non-commutative polynomials P;(x,z*) := 2* — z, Pa(x,z*)
= a—z*za, P3(z,z*) = (b+c)x*z, Psyn(x,2*) := apx—za, forn=1,2,.. ..

An approximate zero for the polynomials Py(x,z*) is given by z, = al/m:
Pr(xn,2%) =0 for k # 2 and || Py(zy,2%)|| < 2/n. Thus, by Proposition A.4,
there is a self-adjoint contraction ¢’ € A'NB,, with a = ¢’¢’a and (b+c)e’ = 0.
Thus e := €’e’ € (A, B) is a positive contraction with ea = a and eb = ec = 0.

If z € A, is astrictly positive element of A, then almost the same argument
shows that there is a positive contraction p € B, with p(z +b) = z + b, i.e.
py =yp =y for all y € C*(A,b).

Let I a closed ideal of B with b € I, and let S1,Ss,... € V with S, (c) =
beb. Consider the non-commutative polynomials Q1 := Py, Qa(z,2*) := b —
x*xh, Qs(z,z*) = (e + €)x*r Q34p := Pspp forn=1,2,....

We show below that the sequence of polynomials (Q1,Q2,...) have con-
tractive approximate solutions z,, € I, such that for every n € N there is
a sequence S\ S{™ . of contractions in V with %yz, = S5 (y) for all
y € A.

By Proposition A.4, there exist contractions T, € V (n = 1,2,...) and a
contraction f’ € I, with Py(f',(f)*) =0 for all k € N and T,,(c) = (f')*cf’
for all c € A. Thus (f')* = f' € (A,B)°, and f := f'f’ € (A, B)¢ is a positive
contraction in A'N 1, with fe = fe=0=0b— fband T,,(c) = ¢f for all c € A.
In particular, fa = fea = 0.

Let E := C*(A,b), K := span(EbE). Then K is a closed ideal of E,
E =A+4+K, K C I, and K is the closed span of | J,,(bA + bAb + Ab)". It
follows that every element d € K is the limit of finite sums d,, = ) u,bv,
with u,, € AU{p} and v,, € E C B,,. Furthermore, bEe = {0} = bEc, because
b(A + Cb)"e = {0} and b(A 4+ Cb)"c = {0} for n € N. Thus (e + ¢)K =
K (e+c) = {0}. Since FE is separable, K contains a strictly positive contraction
heK,.

We find in C*(h)y C K, a sequence of positive contractions x1,zs,. ..
with pZp41 = X, ||h — 2,h| < 1/n and lim, o ||2ne — cx,|| = 0 for all
c € E, cf. 29, thm. 3.12.14]. Note that z,(e + h) = 0 for all n € N, that
lim||b — x}x,b|| = 0 and z,, € I,.

We show that for every d € K there is a sequence Ry, Rs,... € V with
sup,, |R.| < ||d||* and R, (y) = d*yd: By assumption there is a bounded
sequence S1,S59,... € V with S, (y) = b*yb for all y € A. Let (first) d be
a finite sum d = ) unbv, with w, € AU {p} and v, € E C B, and let
(ugn)7 ugn), ...) and (vgn), vgn), ...) in £ (B) be representing sequences for u,
respectively vy, with ||v,(€”)|| < ||vn]| and Hu,(:)H < ||tn|]. Then the map Ry,
defined by

Ri(y) =D (of"™) " S((uy™) gy

m,n

is in V, [[Rill < [Skll(3,, [lonl)* (3, lunl))? and
Ro(y) =Y (0m)" S () ytt s -

m,n
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Since py = yp =y for y € A, we get R, (y) = d*yd for y € A.

By Lemma A.5 we find another sequence R}, R}, ... € V with R/ (y) =
d*yd for y € A and ||R,|| < ||d||*>. This happens for every d € K by Lemma
A.3, because every d € K can be approximated in norm by finite sums
>, unbvy, of the above considered type. Thus, Proposition A.4 applies to
Q1,Q2,..., Vy:=V,vy=1and I (in place of J there).

Now we can repeat the above arguments with ¢, J,e + f,CB(B, B) and
c—z*xe, (f +e)x*x in place of b, I, e+ ¢,V and Q2, Q3 . We get a self-adjoint
contraction ¢’ € A’ N J,, such that with g := ¢'¢’ € (4, B)°, g € J., gc = ¢,
ge =gf =0. Then e, f, g are as stipulated. O

Proof (of Proposition 1.6). Suppose that A is a separable C *-subalgebra of C.
The set of all positive elements in A’N T of norm < 1 build an an approximate
unit for I by Definition 1.5.

Let b € Cy with 77(b) € mr(A) NC/I. Then ab — ba € I for all a € A.
[b, A] is contained in a separable C *-subalgebra D of I. Let d € D strictly
positive. Since I is a o-ideal of C' there exists a positive contraction e € A'NT
with ed = d. Then ¢ := (1 — e)b(1 — e) satisfies c € A’ N C and 7;(c) = 71(b).
Thus

0—-ANI—-ANC—-nm(A)NC/I)—0

is short exact.

Let D C mw(A) N (C/I) a separable C *-subalgebra and B ¢ A'NC a
separable C *-algebra with 77 (B) = D. If d denotes a strictly positive element
of BN I, then there is a positive contraction e € C*(AU B)' NI with ed = d.

There is a *-morphism A: Cp(0,1]®@ B — A'NC with A(f®b) = (1—e)"b
for b € B and n € N. It follows A(Cy(0,1] ® (BN 1I)) = {0} and m;(A(f)) =
mr(f(1)) for f € Co((0,1],B) = Cy(0,1] ® B. Thus there is a *-morphism
Y Co((0,1] ® D) — A'NC with ¢(fo ® h) = A(fo @ b) for b € B with
mwr(b) = h. ¢ satisfies my o (fo ® h) = h for h € D.

Since Ann(w;(A),C/I) C m(A) N (C/I), for every positive f € Ann(ny
(A),C/I) there is a positive element b € A’ N C with 77(b) = f. Let ag € Ay
a strictly positive element of A. Then bag € I. There is a positive contraction
e € C*(b) NI with ebayg = bag. It follows that ¢ := b(1 — e) € C satisfies
cap =0 and 77(c) = f. O

Lemma B.1 Suppose that A is a o-unital non-degenerate C *-subalgebra of
a C*-algebra D, that E C A is a full and hereditary o-unital C *-subalgebra
of A, and let Dg := EDE. Then the natural map from A’ N M(D) into
E'NM(Dg) is a *isomorphism (onto E' N M(Dg)).

Proof. The natural *-morphism is given by ¢(T)c = Tc for T € A’ N M(D)
and ¢ € Dg. TDg C Dg, because T commutes with £ C A. If «(T') = 0, then
TAEA = ATEA = {0} because T commutes with A. It follows TA = {0} and
T = 0, because span(AEA) is dense in A and span(AD) is dense in D. Thus
¢ is a *-monomorphism from A’ N M(D) into E' N M(Dg), and it suffices to
construct a *-morphism x: E' N M(Dg) — A’ N M(D) with ¢ o x = id.
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One can see, that (AQK)' NM(D®K) = (A/NM(D))®1 and A/NM(D) =
M(A) N M(D) for all non-degenerate pairs A C D.

There is an element g € A®K such that g*g is a strictly positive element of
A®K and gg* is a strictly positive element of E® K, cf. [7]. The polar decom-
position g = v(g*g)"/? = (gg*)"/?v of g in (A®K)** defines an isomorphism v
from F®K onto A®K by ¢(e) := v*ev. Clearly, ¢ extends to an isomorphism
from M(Dg®K) onto M(D®K) such that ¢(T) = v*Tv in (D®K)**. It maps
to M(D®K) because ¢)(T)x = lim, (¢g*g+1/n)"2g*Tg(g*g+1/n)~'/%z for
reDRK.

IfT € M(Dg®K) commutes with EQC, then ¢(T') commutes with AQ K
and (T)y = Ty for all y € D ® K, because Tg(g*g + 1/n)" 2 (gg*)/*y =
9(g g +1/n)"Y2(gg")"/*Ty for all y € D @ K.

Thus, there is a *-morphism « from E' N M(Dg) into A’ N M(D) with
K(S)®1 =9 (S®1). We have (k(S5))(c)@p = 9(S®1)(c®p) = (S®1)(c®p)
for c € Dg and p € K. Hence ¢t o k = id. O

Proof (of Proposition 1.9). (1) is obvious.

(2)+(3): Let Y = {y1,92,...} C B, ag € Ay a strictly positive element of
A and ei= (1+ )t with d i= ag + 3, 27" (1+ g 2) 7 (9atis + vim):
By Corollary 1.7 there exists a positive contraction e € B, with ec = ¢. Thus
eag =ag =ape and ey =y =ye forally € Y.

If e € B, is any positive contraction with eag = ag then ea = a = ae for
alla € Dy p D A. In particular, e € (4, B)¢. If b € (A4, B)¢ C {ag}' N B,,, then
(eb—b) and (be—0) are in Ann(ag, B,) = Ann(4, B,,). Thus e+ Ann(4, B,,) =
1in F(A, B).

(4): The natural *-morphism is given by

b GN(DA,B) — Ly € M(DAB) - E(DA,B)7

where Ly(a) := ba for a € Dy g, and involution on M(Dy g) is defined by
t*(a) :=t(a*)* for a € Dy p and t € M(Dy p). Clearly, this is a *-morphism
with kernel Ann(A, B,,). D4 p embeds naturally into M(D4 g) by b — Ly
for b € DA,B-

Let t € M(Da p)+ and let ag € A a strictly positive contraction. Then
¢ = ap/"tal/™ € D4 p converges to t in the strict topology. In particular,
L., : C*(ag) — B, converges in point-norm topology to ¢|C*(ap).

Let S denote the set of maps Ly: B — B with b € By and ||b]| < 1. Then
L., € 8¥ for every n € N. By Lemma A.3 (or by [22, proof of lem. 2.13])
there exists a sequence Ly, € S with t|C*(ag) = (Lby, Ly, - - -)w|C*(ap). Thus,
b:=m,(b1,ba,...) € B, satisfies b > 0 and baé/" = t(a(l)/n) for n € N. Since,
ap is a strictly positive element of D4 p, it follows that b € N(D4 g) and
Ly =t.

(5): Since Ann(A,B,) = Ann(Da g, B,), the kernel is Ann(A, B,,) C
(A, B)¢. Clearly, the image of (4, B)¢ in M(D4 g) commutes with A. If ¢ €
M(D 4, p) commutes with A and is the image of b € N(Da,g), then [b, A] C
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Ann(A, B,,). Thus [b,a1az] = 0 for a1,as € A. Since A = A - A, it follows
b € (A4, B)°. Hence the natural epimorphism from N (D4 g) onto M(Da )
defines a *-isomorphism 7 from F(A4,B) = (4,B)¢/Ann(A4, B,,) onto A’ N
M(Da4,g) with pa (g ® a) =n(g)a for g € F(A,B) and a € A.

(6): If e = €2 > 0 is the unit of (4, B)¢, and b € B,, is a positive contraction
with be = 0, then e+ Ann(A, B,) is the unit of F/(A, B) and ba = bpa(1®a) =
bea = 0 for a € A, i.e. b € Ann(A, B,,). Since Ann(A, B,,) a closed ideal of
(A, B)¢, it follows b = 0. Thus e is the unit of B,,.

If f is the unit element of B, and (fi, fa,...) € loo(B) is a representing
sequence of positive contractions for f, then g := 3" 27" f, satisfies ||g|| < 1
and f, < 21/mgl/"* Hence f = h for h = m,(g'/4, ¢/, ...). It follows that
zero can not be in the spectrum of g, i.e. that B is unital.

The other implications are obvious.

(7): Clearly, if B is unital and 15 € A, then Ann(A4, B,,) = {0}.

If Ann(A4, B,) = {0} then (A4, B)® = F(A, B). Thus (A, B) and B are
unital by parts (1) and (6). Let ap € A is a strictly positive contraction for
A, then 1p € Dy p = apB,ap by Remark 2.7. It follows that a¢ is invertible
in B, ie. 1g € A.

(8): Let E := dAd. Then E is a full o-unital hereditary C *-subalgebra of
A and dDA,Bd = DE,B = EDA,BE.

A natural *-morphism ¢ from A’ N M(D 4, p) into E' N M(Dg,g) is given
by «(T)c:=Tcfor T € AANM(Dag) and ¢ € Dg g. It is a *-isomorphism
from A’ N M(Dy ) onto E' " M(Dg g) by Lemma B.1, because A is a o-
unital non-degenerate subalgebra of D4 g, E C A is a full hereditary o-unital
C *-subalgebra of A, and Dg p = FD4 pE.

Let m: F(A,B) - AANM(Dy4,p) and ne: F(E,B) — E'NM(Dg,g) the
isomorphisms from part (5), then ¢ := 75 010, is a *-isomorphism from
F(A, B) onto F(E, B) with pg p(¢¥(9) ®a) = pa,p(g ®a) for a € E C A and
g € F(A,B).

(9): Suppose that C C B is a hereditary C *-subalgebra with A C C,, C
B,,. Then Da.c = Dap C C,. Since A is o—unital, the natural *-morphisms
N(Da,c) = M(Da,c) and N(Dy ) — M(Da,c) are epimorphisms by part
(4), and map (A, C)° respectively (A, B)¢ onto A’‘NM(Da,c). Thus (4, B)¢ =
(A,C)¢ + Ann(A, B,). Because Ann(A4,C,) = Ann(4, B,) N C,,, it follows
F(A,B) 2 F(A,C). O

Proof (of Proposition 1.12). Let Ho, denote the free semi-group on countably
many generators X := {x1,x2, ...} with involution given by (y1-y2 - -yn)* :=
Yn - -y2 -y for y; € X, and let C*(Hy) be the full C*-hull C*(¢1(Hy)) of
the Banach *-algebra ¢;(H ). C*(H) is projective in the category of all
C *-algebras.

Since (C*(A, B), B)¢ C (A, B)¢ and Ann(C*(A, B), B,,) C Ann(4, B,), it
suffices to consider the case where B C A to get (1) also for general separable
A C B,,. So we proof the strong result (2) in case B C A.
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Let ag € A4 a strictly positive contraction for A with [jag|| = 1. by :=
ag,ba,... € Ay, dy :=1,ds,... € Dy sequences that are dense in the set of
positive contractions of norm one in A respectively in D, and let f, € By
denote a strictly positive contraction for B. For each n € N there are

(1) a sequence cﬁ"), 0(2"), ... € By with ww(cgn), an)’ ...) =by and Hcé")H =1,

(2) asequence e\, el ... € By with e, 1= m,(e™,el™, .. )) € B, ||e§€") | =
1, and e,, + Ann(B) = d,,, and
(3) a sequence ,ugn),,ué"), ... € B* of pure states on B with M&n)(foen) =

[ foenll = llpB(dn @ fo)l-

For k € N, we define *-morphisms 6;: C*(Hy) — B by 0x(z,) = egcn)
for the generators {x1,xs,...} of Hy. Further let G := C*(ey,ea,...), and
Y, = {c,(f]) s k,j<mn}.

0, =(01,02,...)0: h€C*(Hy) — m,(01(h),05(h),...) € G C B° C B,

is an epimorphism from C*(H ) onto G.
Let hy a strictly positive contraction for (,)~'(G N Ann(B)) and hy a
strictly positive contraction for C*(Hs,) with 6,,(he) + Ann(B) =1 in F(B).
Below we select sub-sequences (0, )men and (/,L](:"))mgN of (0x)ken respec-
tively (,u,(cn))keN (for n =1,2,...) such that the morphism ¢ := (0y,,0k,, .. .)w
from C*(Hy) C C*(Hw), into (A,B)¢ = A’ N B, satisfies ¢(h1)ag = 0,
p(ha)ao = ag and A(p(zn)fo) = [lpB(dn © fo)ll for A= (s pky, - ) Toe.

Tim i (0, (za) fo) = o5 (dn © fo)

Indeed, we define for each m € N the subsets Q,, Ry, Sm, T C N as the
set of k € N with [|0x(z;)y — ybr(z;)|| < 1/m for all y € Y, and j < m,
1 On(j) fo) — leg folll < 1/m for j < m, [|6:(h)SV | < 1/m for j < m,
respectively ||b;1) - ak(hg)b§-1)|| < 1/m for j < m. Then Qu,, R, Sm, Tm € w
and, hence, W,, := @, " R,, N S,, N 15, € w. In particular, W,, is infinite.
Since Wy D Wy D W3 D --- and W, is not finite, we find k,, € W,, such
that k1 < ko < ---. The sub-sequence k1, ko, ... is as desired.

The above defined map h € C*(Hy) — @(h)+Ann(A, B) € F(A, B) maps
hs to the unit of F(B) and h; to zero. Thus it defines a unital *-morphism
m: D — F(A, B) with

71 (0 (h) + Ann(B)) = ¢(h) + Ann(A, B)
for h € C*(Hy). Since Ann(B) is an ideal of B¢ D (A, B)¢ and contains
Ann(A, B,,) we can compose y; with the morphism F(A, B) — F(B) and get
vo: D — F(B) with

Y20, (h) + Ann(B)) = p(h) + Ann(B).
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Then [pp(v2(dn) @ fo)ll = lle(zn) foll = llpB(dn ® fo)|| for n=1,2,.... Thus,
15(12(d) @ foll > lp(d@ fo)ll > 0 for all d € D} \ {0}, ice. 2: D — F(B)
is faithful.

By Corollary 1.8 there exists a *-morphism ¢: Cy((0,1], D) — (A, B)°
with ¥ (f) + Ann(A, B) = 72(f(1)) for f € Cy((0,1], D). ) is as desired. O

Proof (of Corollary 1.13). If A is separable and C, By, Bs,... C F(A) are
separable unital C *-subalgebras, then we get by induction unital separa-
ble C *-subalgebras C; := C C Cy C ... C F(A) and unital *-morphisms
Yn: Cp @™ B, — F(A) with ¢,|1 ® B, faithful and v,|C,, = id. Here we
let Cpt1 = ¥ (Cp, ®™2* B,,). This follows from Corollary 1.8 and part (2)
of Proposition 1.12 (with B,A and D replaced by A, C*(A(C*((0,1],C,)), A)
and D,, respectively).

Note that C € Cy C C3 C ... and that there is a natural unital *-
homomorphism ¢ from C®™** B; @™** B,@™*. .. onto the closure of | J,, Cy, C
F(A) with the properties as stipulated. O

Proof (of Proposition 1.14). Let C*(Hx,) as in the proof of Proposition 1.12,
and let a; € Ay a strictly positive contraction of Ay with [[(1 — ap)ar—1]| <
2=k=1 and ag := Y keN 27%a; € A, . There are *-morphisms ¢y : C*(Huo) —
A§ C (Ag, A)° such that the morphisms 9 (h) := ¢(h) + Ann(Ay) € F(Ag)
have the property that

Yoi C*(Hy) — [[{F (A1), F(Ay),.. .}

maps C*(H ) onto A. Let hy € C*(Hy)4+ a strictly positive element of the
kernel of v, and let he € C*(Hq )+ a strictly positive contraction for C*(H )
with ¢, (he) = 1.

Since C*(Hy,) is projective, there are *-morphisms 9055): C*(Hs) — A
with (gpgk), gpék), .« )w = @k It turns out that for suitable A\, = @éi’”) holds:

A= (A1, Mgy e CF(Hy,) — Ay

has the properties A(C*(H,)) C A°, A(h1)ag = 0 and A(hg2)ag = ag. Indeed:
apply Remark A.2 with X = {¢*; n,k € N} C £L(C*(H,), A) and functions
fr: X —[0,2] given by

F* (@) = max{[lp(h)aol, llo(h2)ao — aoll, Illp(x;), billls i,5 < k},

where by, bs, ... is a dense sequence in the unit ball of A. ]

Proof (of Corollary 1.16). Clearly, J, is an essential ideal of B, if J is an
essential ideal of B. Since (A, J)¢ = J, N (A, B)¢ is a o-ideal of (A, B)® (cf.
Corollary 1.7), we get from Proposition 1.6 that (A4, J)¢ is a non-degenerate
C *-subalgebra of J,,. If the image d 4+ Ann(A, B,,) in F(A,B) of d € (A, B)S.
is orthogonal to F'(A,J), then (A, J)°d C Ann(A, B,).
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Let ag € Ay a strictly positive element of A. We have J,dag = {0},
because (A, J)¢ is non-degenerate. Thus dag = 0 and d € Ann(A4, B,,). Hence
F(A,J) is an essential ideal of F'(A, B). O

Proof (of Proposition 1.17). Note that £(Dy, D;) is naturally isomorphic to
the quotient of cone(Dg) ®™** cone(D;) by the ideal generated by

(foR1p) @)+ (1@ (fo®1p,)) —1.

Here, cone(Dy) C C([0,1], Dy) means the unitization of Cy((0,1], Dg). We
denote the natural epimorphism from cone(Dg)®™** cone(D; ) onto E(Dy, D)
by 7.

Let m:= (7)w: B, — (B/J) denote the the ultrapower of the epimor-
phism 7 from B onto B/J. (The kernel of 7 is J,, and 7(B,,) = (B/J)w.)

Let A; := C*(A+ J). Note that n(4;) = n(4) C (B/J)w, (A1,B)¢ C
(A, B)¢, and that 7: (A1,B)¢ — (B/J), maps F(A1,B) = (A1, B)® onto
(w(A),B/J)¢ = F(w(A),B/J) (cf. Remark 1.15). Thus, we can suppose, that
JCACB,.

Tt suffices to find a unital *-morphism H from cone(Dgy)®™%" cone(Dy ) into
(A, B)¢ = A'NB,, with H((fo®1)®1)+H(1®(fo®1)) = 1. Below we construct
*-homomorphisms hy: Co((0,1],D1) — (A,B)¢ and hg: Co((0,1], Dg) —
(A, B)¢ with commuting images, such that ho(fo ® 1) + h1(fo® 1) = 1 and
w(hi(f)) = f(1) for all f € Cy((0,1], D1). There is a unique unital *-morphism

H: cone(Dy) ™ cone(Dy) — (A, B)°¢

with H(g® 1) = ho(g) for all g € Co((0,1],Dp) and H(1® f) = h1(f) for f €
Co((0,1], Dg). Then H has the desired property and m(H(1® f)) = f(1) € Dy
for f € cone(Dy). The unital *-morphism h: E(Dy, D1) — (A, B)® = F(A, B)
with h on = H satisfies m(h(f)) = f(1) for f € cone(D;).

Jw N (A, B)¢ is a o-ideal of (A, B)¢ (cf. Corollary 1.7) and

0— A'NJ, — (A,B)° — (r(A), B/J)

is short-exact and strongly locally liftable (cf. Remark 1.15). By Propo-
sition 1.6, there exists a *-morphism ¢: Cy((0,1],D1) — (A4, B)¢ with
w(p(f)) = f(1) € Dy for f € Cy((0,1], Dy). In particular, 1 —¢(fo®1) € J,.
Let D2 = QD(C()((O, 1], Dl)) Then (p(Co((O, ].), Dl)) = meDQ C Jw ﬂ(A, B)C
The unital C *-subalgebra G := C*(A, Ds) of B,, is separable. J,, NG contains
1—p(fo®1), J,and ©((0,1), D1) = J,NDs. Let gg a strictly positive element
of J,NG. Since J,, is a o-ideal of B,, (by Corollary 1.7), there is a positive con-
traction e € G'NJ, with ego = go. Then eb = be forallb € G D Aand ej = j
for all j € J,NG D J. In particular, e € (A4, B)° and (1—e)(1—¢(fo®1)) =0.
Since e commutes element-wise with Dy, we can modify ¢ as follows:

There is a unique *-morphism hy: Cy((0,1], D) — B, with

hi(fg @ d) = (1 = e)"e(fo' © d)
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for d € Dy and n € N. The *-morphism hy maps Cy((0, 1], D;) into (A, B)¢ and
W(hl(f)) = f(l) € D, for f € Co((o, 1],D1) Note that hl(fO & ].) = (1 — 6).
Now let G := C*(eG,e) C J,. Then e is a strictly positive element of Gy
and is in the center of G1, because e € (G, J)°.

By Proposition 1.12 there exists a *-morphism ¢ from Cy((0, 1], Dy) into
(G, ) =GN J, with ¢(fo ® 1)b =10 for all b € Gy, i.e.

0: d € Dy (fo®d) + Ann(Gy, J.) € F(Gy,J)

is a unital *-morphism from Dq into F(G1,J). Since e € G; commutes with
the image of ¢ we can modify ¢ as follows:
There is a unique *-morphism hg: Cy((0,1], Dy) — B, with

ho(fo ® d) = e"y(fg @ d) = pe, (0(d) @ €")

for d € Dy and n € N.
Let b € G and d € Dy, then

be"hy(fo' © d) = ha(fg' @ d)be™ = e"(fo' © d)b

for all b € G, n € N. Thus, hg maps Cy((0,1] ® Dyp) into G’ N By, i.e. the
image of hg is in (A4, B)¢ and commutes element-wise with the image of hy.
Furthermore, ho(fo®1) = (fo®1)e = e because e € G. Hence, hy, hq define
h (via H) with the stipulated properties. O

C Some Calculations with KTP

For convenience of the reader we add here some calculations that help to verify
some of the remarks in Section 4.

Proof (of Remark 4.6). Suppose that D is self-absorbing. By Proposition 4.4,
D is simple, is nuclear, has a unique tracial state or is purely infinite, and
D C F(D).

If [1] = 0 in Ko(D) then D can not have a tracial state. Thus D is purely
infinite and Oy is unitally contained in D C F(D). Hence, D = Oy by [23] (or
20, p. 135]).

If D is tensorially self-absorbing, then D ® O is tensorially self-absorbing
simple p.i.s.u.n. algebra with K.(D ® O ) = K.(D).

Suppose that Ko(D) # 0, that D is a p.i.s.u.n. algebra and that D satisfies
the KTP, i.e. that with A = B = D there are (unnaturally) splitting short-
exact sequences

0 — Tens(A,B,a) - K4(A® B) — Tor(A,B,a) — 0
for A= B =D and a € {0,1}. Here
Tens(A, B,a) = (Ka(A) © Ko(B))  (K1_a(A) © K1 (B))
and,

Tor(A, B, o) := Tor(Ky(A), K1-o(B)) ® Tor(K1(A), Ko (B)).
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The monomorphism K, (D)® Ky(D) — K,(D®D) is induced by [z], ®[plo —
[x ® p|n for projections p € D and projections or unitaries in D.

The isomorphisms K, (D) ® [1plkx, = Ko(D ® D) imply that K;(D) ®
K1(D) =0, and that Tor(K, (D), K.(D)) = 0 for a = 0,1. Thus Ky(D) and
K, (D) are torsion-free (because all Abelian groups with a non-zero torsion
element have some Z, or some p-Priifer-group Z[%] /Z as direct summand, cf.
[16, cor. 27.3]). Therefore, K1 (D)® K1(D) = 0 implies K1 (D) = 0. The flip on
DD induces the flip on Ko(D)@Ky(D) = Ko(DRD), i.e. [1]@zr = 2Q@z[1] in
Ko(D) ® Ko(D) for x € Ko(D). This means that there are non-zero m,n € Z
with m[1] = nz. Thus Ky (D) is a unital subring of the rational numbers Q (if
Ko(D) #0).

If we now suppose in addition that D satisfies the UCT, then the classification
of simple p.i.s.u.n. algebras yields D = O if Ko(D) & Z, and

D =05 @ (X M),

peEX

where X is the set of prime numbers with 1/p € Ko(D) C Q if D % O3, Oc.
If D is not purely infinite, then D has a unique tracial state 7, and
7 defines an order preserving isomorphism from K(D) onto the subring
7(Ko(D)) of the rational numbers. It is an order isomorphism if and only
it (Ko(D), Ko(D)) is weakly unperforated.
Thus, the given list of algebras exhausts all possible Elliott invariants that
could appear for the algebras D ® Z in the UCT-class. O

Proof (of Remarks 4.3). (1): The Cuntz algebra O, is isomorphic to D :=
D®D®..., because Oy is unitally contained in F (D) (cf. proof of Remark
2.17). Since O3 = O3 ® D, 1 and 12 map D into (different) unital copies of of
Oz in D® D. Thus ] =0 = 2] in KK(D,D ® D). It implies that 7; and
72 are approximately unitarily equivalent (they even are unitarily homotopic
by a basic result of classification).

(2): a) Pso ® Poo is stably isomorphic to to O (by the classification
theorem for simple p.i.s.u.n. algebras in the UCT-class and by the KTP).

b) The unit of Oy is Murray—von-Neumann equivalent to the the Bott
projection p(U ® 1,1 @ U) € M3(Ps ® Poo) (defined below) from a unitary
U € Ps such that [U] =1 in Z = K;(Ps ). This follows from the KTP and
the definition of the isomorphism Kj(Poo) ® K1 (Pso) = Ko(Poo ® Pxo) in the
KTP.

c¢) The Ky-class of a Bott projection p(V, W) for commuting unitaries V, W

reverses its sign if V and W will be interchanged:
Let V,W commuting unitaries in a unital algebra B, and let hy y denote
the *-morphism from C(S') ® C(S') into B with hy,w(uo ® 1) = V and
hvw(l ® ug) = W. The Bott projection p(V,W) € M,(B) is the image
hv,w ®ida(pBott) € M2 (C*(V,W)) C My(B) of the canonical Bott projection
PBott € MQ(C(Sl) (39 C(Sl))

PBott i contained in the unital subalgebra (Co(R)®Co(R)) +C-1 =2 C(S?)
of (Co(R) + C1) ® (Co(R) + C1) = C(S') ® C(S1) and [pott] — [1 ® e1.1]
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generates Ko(Cp(R?)) 2 Z. Let D := {z € C; |z| < 1} the closed unit disk in
C, S' = 9D its boundary and ¢: z = x+iy € C=R? — (1+|2|>)"Y22€ D
the natural homeomorphism from R? onto D \ St. The 6-term exact K,-
sequence of the corresponding exact sequence

0 — Co(R) ® Cy(R) — C(D) — C(S*) =0

defines a boundary isomorphism 9 from K;(C(S')) onto Ko(Co(R) ® Cy(R)).
This isomorphism is functorial with respect to *-morphisms ¥ of C(S!) re-
spectively of Cp(R) ® Cp(R) that are induced by continuous maps x from
(D, SY) into (D, SY).

The flip (z,y) € R? — (y,7) € R? is induced by ¥~ (x(¢(x + iy))),
where y is the homeomorphism of D given by x(w) := iw for w € D. The
homeomorphism x|S?! reverses the orientation of S*, hence

Ki(x|ST): Ki(C(S1)) — K1(C(S)))

is the isomorphism n — —n of K1(C(S1)) = Z. Therefore, the flip automor-
phism of Cy(R) ® Co(R) defines the automorphism of Ko(Cpy(R?)) = Z that
changes signs. The restriction of hy,w to Co(R) ® Cy(R) defines a group mor-
phism pyw from Z =2 Ko(Co(R?)) to Ko(C*(V,W)) (and then to Ko(B) for
commuting unitaries V, W € B) with pyw (1) = [pyw] — [l @ e11]-

d) By a) and c), the flip map on Po ® Poo = (Ou)** defines an automor-
phism of O ® K of order 2 that reverses the sign of elements K(Ox) = Z.

In particular, the flip of Py, ® P is not approximately inner.

(3): The examples of Rgrdam are not stably finite. O

Proof (of Remark 4.2). Let 6,(d) := 3, <, <, s;ds] for d € Oy, and the canoni-
cal generators s1, ..., s, of O,. Since d,,: O,, — O,, is unital and is homotopic
to id, d,, is approximately unitarily equivalent to id (by classification theory).
Thus, O, is unitally contained in F'(O,,). By Corollary 1.13 this implies that
D:=0,®0,®:-- is unitally contained in F(O,). Since O,, # Oy we get
that O is not unitally contained in D, i.e. 0 # [1] € K¢(D) (cf. proof of 2.17).
Moreover, D is a p.i.s.u.n. algebra in the UCT-class and (n — 1)K, (D) = {0},
because O,, is a p.i.s.u.n. algebra in the UCT class and D = O,, ® D.
Suppose that 71 o and 72 o are approximately unitarily equivalent in D.
Then D is self-absorbing by Corollary 4.12. Since (n—1) K, (D) = {0}, Remark
4.6 implies that K, (D) = 0, which contradicts 0 # [1] € Ko(D). O
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1 Introduction

Before this symposium I had been pondering over approximately inner flows
to see whether I could crack something with a new tool or two I might find
in my toolbox. My approach was rather classical as usual; so the problem
was to explore such flows in relation with invariant hereditary C*-subalgebras,
extensions, tensor products, etc. To my disappointment I hardly got anything.
Assuming nobody else has tried recently, the present knowledge on these flows
does not seem to exceed much what is already presented in Bratteli-Robinson’s
book [2, 3] and Sakai’s book [15]; notable results there are concerned with
KMS states and representations in addition to a broad theory of unbounded
derivations and generators and a theory in AF algebras.

My favorite (and only pertinent) result I had at that time was an existence
result of approximately inner flows [8], which was obtained at the same time
as the existence result of single automorphisms was in [12]. After the sym-
posium I got a lifting theorem, which partly generalizes results by Pedersen,
Olesen, and Elliott for universally weakly inner flows, referred to by Olesen
at the conference (see [13, 4]). But to prove this lifting theorem, I have to
introduce a class of asymptotically inner flows in parallel with the case of
single automorphisms; the result would say such a flow can be lifted from a
quotient of a separable C*-algebra.

Without giving the definition precisely, I would say that all the known
examples of approximately inner flows are actually asymptotically inner. In
the next section I will give a few comments on this new notion and report
on the existence result with some details. In section 3 I will then discuss the
lifting theorem for flows. I will also add a similar result for automorphisms
since I believe this has not been presented yet.

There was another type of flows I reported on in my talk, namely, the
Rohlin flows, which are far from the asymptotically inner flows but could be
more manageable by its strong property of cocycle vanishing (at least when
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the C*-algebra is a Kirchberg algebra [5, 6]). I will not discuss it here (for
interested readers see |9, 10, 11]).

I conclude this introduction by giving some basics on flows [2, 15] and the
definition of asymptotically inner flows.

By a flow a on a C*-algebra A we mean a homomorphism « : R—Aut(A)
such that t — «ay(z) is continuous for each z € A, where Aut(A) is the
automorphism group of A. When « is a flow, we denote by §, the generator
of o, which is a closed derivation in A, i.e., d, is a closed linear map defined
on a dense #-subalgebra D(d,) of A into A such that 6, (z)* = d,(z*) and

da(zy) = da(2)y + 260 (y), T,y € D(da)-

Moreover ¢, is well-behaved, or +4,, is dissipative. (But a well-behaved closed
derivation need not be a generator.) Note that D(d,) is a Banach x-algebra
with the norm defined by embedding D(d,) into Ms(A) by

z Oo(x)
- < 2 b ) .

Given h € Agq, do + adih is again a generator, where adih(z) = i(hz —
zh), © € A. We denote by o™ the flow generated by &, + adih. We call
a™ an inner perturbation of a. More generally, if u is an a-cocycle, i.e.,
u : R—U(A) is continuous such that usas(ur) = ust, s, € R, then t —
Aduay is a flow, called a cocycle perturbation of «. Note that an inner
perturbation is a cocycle perturbation; o) is obtained as Adu™«, where
u = u™ is the (differentiable) a-cocycle defined by du,/dt = u,oy(ih) and
ug = 1. In general a cocycle perturbation of « is given as t — Ad vagh)Ad vt =
Ad(vugh)at(v*))at for some v € U(A) and h € Ay,.

We will use the following result below (see [2, 15]).

Proposition 1. Let « be a flow on a C*-algebra A and let (hy,) be a sequence
in Agsq. Then the following conditions are equivalent.

1. 1limy, — 00 max|y <1 o (z) — Ad e’ (2)]| = 0, = € A.
2. 0o = lim,—s o adih, in the graph sense, i.e., (in this case) for any x €
D(64) there is a sequence (x,,) in A such that lim, - ||z — z,|| = 0 and

lim,— oo [[0a () — adihy, (x,)| = 0.

The flow « as in the above proposition is called an approximately inner
flow. Let us define asymptotically inner flows in the same way as we do as-
ymptotically inner automorphisms for approximately inner automorphisms.

Definition 2. A flow o on a C*-algebra A is said to be asymptotically inner
if there is a continuous function h of Ry into As, such that

li — Ad ith(s) —
Sgr;oﬁgﬂat(x) e (@) =0
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for any x € A. In this case we say that Ad e’*"(5) converges to oy as s—oo or

oy is the limit of Ad e’ a5 s—o0.

It is obvious that asymptotical innerness implies approximate innerness.
We know, for single automorphisms, that the class of asymptotically inner
automorphisms is smaller than the class of approximately inner automor-
phisms in general (see [5, 6]).

The following is an easy corollary of what is shown in [4, 13] and gives a
class of asymptotically inner flows.

Proposition 3. Let A be a separable C*-algebra and let « be a flow on A. If
a is universally weakly inner (i.e., there is a weak®-continuous unitary flow u
in A** such that ai(x) = Adu(z), x € A), then it is asymptotically inner.

If A is unital and simple, then a universally weakly inner flow is just
uniformly continuous and hence is inner.

2 Asymptotically Inner Flows

With the two similar properties for flows at hand, I suppose we must say
something about them. What I have to confess is that I do not know whether
or not the notion of asymptotical innerness is strictly stronger than the one of
approximate innerness. But a naive expectation would fail. For example, if « is
a flow on A and (h,,) is a sequence in A,, such that a; is the limit of Ad "=
we may expect, defining h : Ry —Agq by h(s) = (n—s)hp_1+(s—n+1)h,, s €
[n — 1,n], that oy is the limit of Ade™"(*) as s—o0, which is not the case in
general as shown by the following simple example.

Ezample 4. Let A be a unital simple AF algebra and let (4,,) be an increasing
sequence of finite-dimensional C*-subalgebras of A such that | J,, A, is dense
in A. Let h,a € (A1)sq be such that [h,a] # 0. Let 2, ¥, € (ANA.)sq be such
that [ly,|| = 1 and ||[z,, ys]l| =00 (and so ||z, [|—0c0). Let €, = [|[zn, yn] [~
and define

h2n71 — elfnhynxne_lenhyn Ty, + /Lgnh[y’r“ xn]

(with an error of order ¢, ) and ho, = —z,,.
Then Ad e converges to the trivial flow id since e*»"¥» converges to 1
and Ad e®» converges to id. Let

1 1
kn = i(th—l + th) ~ §i67lh[yn7xn]'

It then follows that (k,) is a bounded sequence and that (adik,) does not
converge since ad ik, (a) ~ ilh,ale,[yn, T,]. This implies that Ade*» does
not converge.

We often encounter the situation given in the following proposition:
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Proposition 5. Let «a be a flow on a C*-algebra A. Suppose that there is a
sequence (hy) in Agq and a x-subalgebra D of A such that D C D(d,), D is
a core for 04, and

do(x) = lim adih,(z), =€ D.

n—o0

Then a is asymptotically inner.

Proof. In this situation we define a continuous function i : Ry —A,, by
hs)=(n—8)hp_1+(s—n+1)h,, s€n—1n]

with hg = 0. Then it follows that J,(z) = lims— o adih(s)(z), x € D and
that 4, is the graph limit of ad ih(s) as s—oo. From this the conclusion follows.

The core condition for D above may not be possible to prove. Another
situation we may encounter is as follow:

Proposition 6. Let « be a flow on a C*-algebra A. Suppose that there is a
sequence (hy) in Asq and a dense x-subalgebra D of A such that 6, is the
graph limit of (adihy,), hy, € D C D(4,),

do(z) = lim adih,(z), x € D,

n—00
and (||6a(hn)|) s bounded. Then « is asymptotically inner.

Proof. We define a continuous function h : R, — Ay, by linearly interpolating
n +— h, as in the previous proof. Then it follows that for any increasing
sequence (s,) in R4 such that s, —o0, the sequence (h(s;)) satisfies the same
conditions as (h,,) does, except that &, is the graph limit of (adih(s,)).

Suppose that (s,) includes N as a subsequence. Let ¢ be the graph limit
of (adih(s,)). Then § is a restriction of §, such that D(6) D D. It follows
from 3.1 of [1] that J is a generator, i.e., § = d,. Thus we can conclude that
« is asymptotically inner.

A flow « is an asymptotically inner perturbation of a flow ( if there is a
continuous function h : R4 — A, such that Ad 6£h(5)) converges to ay, i.e.,

Jim_ max o (@) = 5" @) = 0
for any = € A.

With this definition, an asymptotically inner flow is an asymptotically
inner perturbation of the trivial flow id. Then there arises a natural problem:
If « is an asymptotically inner flow, is the trivial flow id an asymptotically
inner perturbation of a? Although this looks quite plausible, I am embarrassed
to say that I do not know the answer. But again a naive expectation would
fail: If o is the limit of Ade™"%) as s—o0, al~*)) need not converge to id
as s—oo as shown as follows:
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Example 7. Let A be a unital simple AF algebra and let o be a flow on A
such that there is an increasing sequence (A,) of unital finite-dimensional
C*-subalgebras of A such that A = |J,, A, and |J,, 4, C D(ds). Suppose
that |J,, A, is a core for §, and 0, is unbounded. Then there is a continuous
function h : R4 — Ay, such that d, is the graph limit of ad ih(s) as s—oo but
do — ad ih(s) does not converge to zero in the graph sense as s—o0.

In the above situation there is a k,, € Ay, such that §,|A, = adik,|A,.
Then since | J,, A, is a core for 6., we get that ad ik, converges to J, as n—oo
in the graph sense. Moreover, since §, — adik, converges to zero on each
element of | J,, A,,, we get that 0, —ad ik, converges to zero in the graph sense.
By passing to a subsequence of (A,,) and by giving a small inner perturbation
to 04, We may suppose that §,(A4,) C Apt1-

Assume that A; is not commutative and fix a, z € (A4;)s, such that ||a]| =1
and [a,z] # 0. We find a sequence (b,,) in A, and a sequence (¢,,) in N such
that b, € A, N A} , ||bn]l = 1, [[6a(bs)]|—00, n > £, and £,—00. We set
Up = € where €, = max{1,||0,(b,)||}~!. We define h,, = wunk,iiu’.
Since u,—1 and

Ad e (y) = up Ad et (ul yuy, s,

Ad e converges to oy as n—oo or ad ih,, converges to d, in the graph sense.
We can interpolate (h,,), i.e., we have a continuous function h : Ry —Ag,
such that h(n) = h, (and perhaps taking on k,4; after and before n) and
ad ih(s) converges to J, in the graph sense.
We assert that 6, —ad ih(s) does not converge to zero (in the graph sense).
For this purpose it suffices to show that §, —ad ih,, does not converge to zero.
Suppose that d, — ad ih,, converge to zero, which implies that Ad «} (0, —
ad ihy,)Ad u, = 6o + adu) s (u,) — ad ik, 11 also converge to zero.
Since ||0q (tn) — i€nadq (bn)]|—0, we get that

0 — ad tky41 + ad i€, ady (by,)—0.

For the x € A; we have chosen before, we get a sequence (x,,) in D(d,) such
that |z — z,]|—0 and

0o () — ad iky 11 (20) + i€y [a, 4]0 (b ) —0,

where we have used that d,(b,) € Anp1 N Ay . We will show that this is
absurd. '

Let 8 denote the flow generated by d, — adikp41. Then G|A,4+1 = id.
Note that [a,z] € Ay and 04 (bn) € Any1 N A) | as asserted above. Since A
is simple, we get that ||[a, z]d4(byn)|| = ||[a, z]|| - [|0a(bn)]| # O for all large n.
Let ¢, be a state of A, 1 such that |¢,(€,]a, 2] (br))] = ||[a, z]|| for such n.
Let ¢,, be an extension of ¢, to a state of A and let 1, be an average of ¢,, 3;
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over t € R. Then, since ¢, o (0, — adik,+1) = 0 and ¢, |An11 = odp, we get
that

W)n(aoz(xn) - adikn+1($n) +ad ien[aa xn](;a(bn)”

— lim_ i (i€ la, 2} (ba))| = [|la. ]|
which is a contradiction.
We note the following result.

Proposition 8. Suppose that the C*-algebra is unital. The following state-
ments hold.

1. A cocycle perturbation of an asymptotically inner flow is asymptotically
mner.

2. An asymptotically inner perturbation of an asymptotically inner flow is
asymptotically inner.

Proof. Let a be an asymptotically inner flow on A and let h : Ry —Ag, be
such that oy is the limit of Ade®"(®) as s—o0.
If b € Ay, let u; denote the a-cocyle such that du/dt|;—¢ = ib and let

ugs) denote the Ade™"(*)-cocycle such that dugs)/dt\tzo = 4b. Then, by the

)

o . . . S
explicit series expansions of u; and ug , we have that

lim max |Ju; — u§3)|| =0.
=00 Jf]<1

Thus it follows that ong) = Ad usay is obtained as the limit of Ad e#(h(s)+b) —

Ad uﬁS)Ad etth(s),
If z € A is a unitary, there is a unitary w € D(d,) such that ||z — w]|| < 2.
We express zw* = e for some h € A, and find a continuous function

k:R4—D(dq) N Asq such that £(0) = 0 and lims— o ||k(s) — h|| = 0 (where
we assume that s — 0, (k(s)) is continuous as well as s — k(s)). Namely, by
taking s +— e’*(*)w, we find a continuous function v : Ry —D(6,) NU(A) such
that lims— o |2 — v(s)|| = 0. Define a continuous function h— A, by h(s) =
—iv(8)0q(v(s)*). Then agh(s)) converges to Ad za;Ad z* (although ||h(s)||—00
if 2z ¢ D(d4)). This completes the proof of (1) (by using (2) below) since any
a-cocycle is given as zuzoy(2*) with v, differentiable.

Furthermore if k : R4 — A, is continuous and a flow (3 is obtained as the
limit of a(*()) with « as above, one can easily see that for any z € A, the
continuous function [—1,1] 3 ¢ — f(;(z) can be approximated by [—1,1]
t— agk(s))(x) for large s € Ry and then approximated by [-1,1] > ¢
Ad (@) +E()) (1) (from the first part of the proof of (1)), where ¢ should
be large depending on s. In this way we find a continuous function o : s—R
such that e?*(*(@()+()) converges to B;. This completes the proof of (2).

We note the following easy implication; we could not prove the converse.
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Proposition 9. Let A be a separable C*-algebra and I an ideal of A. Let o be
an asymptotically inner flow on A. Then it follows that o leaves I invariant,
the restriction a|l is asymptotically inner, and so is the quotient &|A/I.

Proof. Let h : Ry —A,, be a continuous function such that oy is the limit
of Ad e™*) as s—o0. If Q denotes the quotient map from A onto A/I, then
Ad e?*Q((#)) converges to ¢y on A/I. Hence ¢ is asymptotically inner.

For x € D(64) N1 = D(0ur), let z(s) = (1 + adih(s)) (1 + d4)(x). It
then follows that z(s) € I, ||z(s) — z||—0, and |lad ih(s)(z(s)) — du(z)||—0,
i.e., the graph limit of ad ih(s)|I is 64| D(04) NI, which is equivalent to saying
that max;<; [|[Ad e"*"(®)(z) — oy (2)[|—0 as s—oo for = € I. We will replace h
by a function b’ of Ry into I, such that ||ad h(s)(z(s)) —ad ih/(s)(x(s))]|—0.

For each n € N let M(n) = max{||h(s)|| [0 < s < n}, which we may
suppose is positive.

Since D(d,) N1 is a separable Banach -algebra, let (F,,) be an increasing
sequence of finite subsets of D(d,) NI such that F;} = F, and |J,, F, is dense
in D(0,) N I. Note that then | J,, F, is dense in I too.

Let e, € I be such that 0 < e, < 1, ||(1 —e,)z(s)]] < (nM(n))~!, and
|(1—en)h(s)x(s)|| < n~! for all x € F,, and s € [0,n]. We define a continuous
function e : Ry —1Ig, by

e(s)=m—9)e,+(s—n+1lept1, s€n—1,n],
where n =1,2,.... Then if s € [n — 1, n], we get that

1

11 = e(s))(z(s)I < WM (0

and 1
1L = e(s))h(s)z(s)l <~

for all z € F, and s € [0,n]. Let h'(s) = e(s)h(s)e(s) € I. Then,
h' is a continuous function of Ry into I,,. By computation, we get that
ladih/(s)(z(s)) — adih(s)(z(s))|| < 4/n for x € F,, and s € [0,n] because
(I[A(s),2(s)] = [h(s),z(s)]|| is dominated by

1B (s)I[l[(e(s) = Dz(s)[| + [l (s)(e(s) = DIIIA(s)]]
+ll(e(s) = Dh(s)z(s))l| + llz(s)h(s)(e(s) = D).

Thus the graph limit of ad ih/(s) as s—00 is 04| D(d,) N I. This concludes the
proof.

For a flow a we define the Connes spectrum R(«a) as a closed subgroup
of R (see [14] for details). In the following result we actually show that the
flow « has the following property: For any non-empty open set O C R the
spectral subspace A*(O) has a central sequence (z,,) such that ||z,| = 1 and
lim, oo ||znyll = |lyll, ¥ € A, which insures that R(a) = R.
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Theorem 10. Let A be a separable C*-algebra. Then there is an asymptoti-
cally inner flow a on A such that the Connes spectrum R(«a) of a is full if
and only if A is antiliminary.

Proof. This is only a slight modification of Theorem 1.3 of [§].

Suppose that there is such a flow « on A. Let I be the largest ideal of
A such that I is of type I and suppose that I # 0. Then, since a leaves an
ideal of I invariant, it follows that a|I is universally weakly inner and that
R(«|I) = {0}. Thus we get that R(a) = {0} (since R(a) C R(a|l)), which
is a contradiction. Hence I must be zero, i.e., A must be antiliminary.

Suppose that A is antiliminary. There are a countable family {m;} of irre-
ducible representations of A such that (), ker m; = {0} and m;(A) N K (H,,) =
{0}, where K(H,) denotes the compact operators on the Hilbert space H,.

In the proof of 1.3 of [8] we worked with just one of such representations,
say 7, and constructed a bounded central sequence (h,) in A, such that the
flow « is defined as the limit of Ad e~ and is covariant in  with the induced
flow on m(A) having the desired properties, where H,, = hy + ha + - - + hy,.
(More precisely we also construct a bounded central sequence (b,) such that
various subsequences of (b,,) would produce a sequence (z,,) as stated before
this theorem).

What we have to do now is to work with the direct sum 7 &mo®- - - P, at
the n’th step of induction. The main tools we used in the proof are a version
of Haagerup’s result (Lemma 4.2 of [12]) and Kadison’s transitivity, which are
both available for finite direct sums of irreducible representations of the above
type. Thus we can complete the proof in much the same way as in [8].

The flow « obtained this way is as a matter of fact asymptotically inner
by Proposition 6; (hy,) satisfies that if h : Ry—A,, is defined by h(s) =
H, 1+ (s—n+1h,, s € [n—1,n] with Hy = 0 for n = 1,2,..., then
Ad e""5) converges to oy.

Given an antiliminary C*-algebra we get the existence of a non-trivial
asymptotically inner flow as above, but we do not know how many cocycle-
conjugacy classes of such flows there are.

3 Lifting

Theorem 11. Let A be a separable C*-algebra and I a (closed) ideal of A.
Let B = A/I be the quotient of A by I with Q the canonical quotient map
of A onto B. If B is an asymptotically inner flow on B, then there is an
asymptotically inner flow o on A such that Qo = fQ and a|l is universally
weakly inner.

Proof. Let h be a continuous function of Ry into B, such that

lim max |5 (y) — Ad ™) (y)[| -0

57700 |t]<1

for every y € B.
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Let (F,,) be an increasing sequence of finite subsets of the unit ball A;
of A such that the union J,, F, is dense in A; and let (¢,) be a decreasing
sequence of positive numbers such that ), €, < co. We choose an increasing
sequence (s,) in Ry such that for any s > s, and y € Q(F,),

— Ad ith(s) <6
‘rﬂgllﬁt(y) eI ()|l < e

Since I is a separable ideal, there is an approximate identity (e,) in I such
that epe,41 = e, and
[z, en][[—0, z€ A.

It also follows that ||Q(z)|| = lim, ||z(1 — e,)|| for any z € A. We will use
these facts in the arguments below.

We will find a continuous function H of R, into A, such that Q(H(s,)) =
h(s,) and

Tﬂg}f |Ad e H(n) () — Ad ™) ()| < Te,,
for s € [sp,Snt1] and x € F,, and H(s)e, = H(sp)e, for s > s, and n =
1,2,..., where (e,) is an approximate unit for /. Then it would follow that
Ad e (3) (1) converges uniformly in ¢ € [—1,1] for any 2 € A and thus defines
an asymptotically inner flow « on A. Since Q(H(s,)) = h(s,), we get that
Qo = Q.

Since 04 e, Ae, = adiH (s, )|enAe,, we get that 6, — adiH (s,) vanishes
on e, Ae,,. Hence the flow a(=H(5n)) generated by 6, —ad 1H (s,,) fixes each ele-
ment of e, Ae,,. This implies that if ¢ is a state of A such that ||¢le, Ae,| = 1,
then 74 is covariant under «, which is just an inner perturbation of al—H(sn),
Since the set of states ¢ with the property ||¢|e, Ae,|| = 1 for some n is dense
in the states of I, we get that «|I is universally extendible (i.e., t — aj*(x) is
weak*-continuous for x € I**), which is equivalent to being universally weakly
inner [7]. Thus « has the desired properties.

Now we turn to the construction of H : R4 —Ag,. We fix an approximate
unit (e,) for I such that e,e,r1 = e, for all n. We choose an H; € Ay, such
that Q(H1) = h(s1) and set H(s) = (s/s1)H; for s € [0, s1].

Suppose that we have defined a continuous function H : [0, s,,]— As, such
that

Hg)l( |Ad e G0 (1) — Ad e ) (2)|| < Ter, z € Fi
t<

for s € [sk, sg+1] and k=1,2,...,n — 1 and
H(s)er, = H(sg)ek, S E [Sk,Skt1]-

We find a continuous function K : [sp, Sn41]—Ase such that K(s,) =
H(s,) and Q(K(s)) = h(s), s € [sk,Sky1]. Since max|y<; | Ad e (sn) (y) —
Ad eG) (y)|| < 2¢, for s € [sn, 8n11) and y € Q(F,), we get that

lQ(Ad eitK(S")(x) — Ad eitK(S)(x))H <26, te|-1,1], z e F,
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for s € [sn, Snt1). Hence there is an e = e,,, € I for some m > n such that
(1 = e)(Ad e G Ad e EGn) () — 2)|| < 26,, t€[-1,1], z € Fp

for s € [sn, Sn+1)-
Let ~ denote the flow t — Ad e®K(5n) = Ade*H(5n) on A. Then u®) : ¢ —
et (s)e=itK(sn) is a ~y-cocycle. We set W (s) = K(s) — K(s,) and note that

ul? = > / - /F 5 (W ), (W (9) 30, (W 5)

where I, () means 0 <ty <ty < .-+ <t, <tift> 0 and similar inequalities
otherwise. Let M = maxX,¢[s, s,,,] [[W(s)|| and let N € N be such that

Sn+1

oo n

M

n=N+1

We will choose a § > 0 very small below. We find a finite sequence (o;)L
in [sp,Spt1] such that s, = 09 < 02 < -+ < 0 = sp41 and |K(o;) —
K(o;_1)|| < 6 for i = 1,2,...,L. We find a finite sequence (p;)X, in I such
that 0 < p; <1, poe = e, pipi+1 = pi, and

H[puK(s)]H’ H[pum]||7 s € [8n7sn+1]7 MRS ]:n

are all very small.
Fori=1,2,...,L we define

i—1

W; = Z(Pk—Pkf1)1/2W(0k)(pk—pk71)1/2+(1—pi,1)1/2W(az-)(1—pi,l)l/?
k=1

Since ||W (0;) — W (o;_1)|| < & and (py, —pr—_1)*/? and W (o) almost commute,
it follows that ||W; — W;_1|| is at most of the order of ¢. It also follows that
Wien =0 as poen = en.

For i = 1,2,...,L and t € R we define u,E” = MK (sn)+Wi)p—itK(sn),

which is a y-cocycle. Since ||W;]| < M, the norm difference of ugi) and

N
3 / / ity - dtni™ e, (W) (W) -3, (W)
n=0 Fn(t)

is smaller than €, /8 for ¢t € [-1, 1].

Let j = 1,2,...,i — 1. We shall identify (p; — p;_1)ul”. Since ||(p; —
pj—1) (Wi = W(o;))|| < 6 and (px — pr—1)/? is almost invariant under v and
are almost central as we have assumed, we can derive that

(p5 = pj—1)(ver (Wi) - ==y, (Wa) = e, (W (05)) -+ - e, (W ()l
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is of the order of dnM"~! where we used that |tx] < 1. Thus we get that
1(p5 = pj-1)(ug?” = WD C) | < C3(M ~1) + € /4,

for t € [-1,1], where C' is a constant depending on N and M but can be
made arbitrarily close to 1 by taking p’s so that they almost commute with
K (s)’s. So our choice of § must be made such that C§(e™ — 1) is smaller than
€n/4. In the same way we get that

||(1 o pi—l)(ugi) o eit(K(sn)—i-W(ai))e—itK(sn))H < en/2
and ‘
1@ = po)(e” —D)]| < €n/2.
Since 1 — e dominates p; — p;j—1 etc. and p;’s almost commute with x € F,
and K(s), we get that
|(s = pj—) (w0 = 2)]| < 260+ 2+ €0/2 = 3eu,
for t € [-1,1]. Together with similar estimates we can show that

HAdu,Ei)(x) —z|| < 6e,, € F,, te[-1,1],

where we use that (p; — pj—1)(Px — pr—1) = 0 for |j — k| > 1 etc. and that
[pj —pj-1, u,(f)x(uy))* — z] ~ 0 as closely as we wish.

Thus we have constructed W;, ¢ =1,2,--- L such that |[W; — W;_4]| is of
the order of §, Q(W;) = h(o;) — h(sn), and

|Ad e ) FWo) (1) — Ad K60 (2)|| < 6e,, @€ Fp, t € [—1,1].
We define a continuous H : [y, Sp41]—Asq as follows: if s € [0,_1,0,], then

H(s) = =22 (H(s,) + W;_1) +

0j —0j5-1 0j —0j5-1

§—0j-1

(H(sn) + Wj).

Since ||H(s) — (H(sn) + W;)|| < & for such s, we have that [eH(s) —
et H(s)+Wi) || < § for t € [~1,1]. Thus we have that

|Ad e Hn) () — Ad ™) ()| < 6e,, + 20 < Ten, x€ Fn, te[-1,1].

We also note that H(s)e, = H(sp)en for s € [$p, Sny1] and that Q(H (sp41)) =
Q(H (sn) + W(sn+1)) = h(Spn+1). This completes the proof.

Proposition 12. Let A be a separable C*-algebra and I an ideal of A. Let 3
be an asymptotically inner automorphism of the quotient B = A/I in the sense
that there is a continuous map v : Ry —U(B) such that § = lims— o Ad u(s).
Moreover suppose that u satisfies that u(0) € Q(U(A)), where Q is the quotient
map of A onto B. Then there is an asymptotically inner automorphism a of
A such that Qo = BQ and «|I is universally weakly inner.
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Proof. Let (F,) be an increasing sequence of finite subsets of the unit ball
A; such that |J,, F, is dense in A; and let (e,) be a decreasing sequence
of positive numbers such that ) €, < co. Let u : Ry —U(B) be as in the
statement. We note that 87! = lim,— ., Adu(s)* since || 3(y) — Adu(s)(y)| =
13-18(y) — Adu(s)* B

We find an increasing sequence (s,) in R4 such that for all s > s, and
Y € Q(Fn),

18(y) — Adu(s)(y)| < en,
187 () — Adu(s)* ()] < e

We will define a continuous map U : Ry —U(A) such that Q(U(s,)) =
u(sy) for all n and

JAAU (s)(z) — Ad U (sp)(2)|| < 5én,
JAd U (s)*(x) — AdU(s,)"(x)] < 5ey,

for all z € F,, and s € [sy, s,41] and for all n.

Since ), €, < oo, this implies that (AdU(s)(x)) is a Cauchy sequence
for « € |J,, Fn. Hence we can define an endomorphism « of A by a(z) =
limg— oo AdU(s)(z). Since we can also define an endomorphism ~ of A by
¥(z) = limg—oo AdU(s)*(x) such that oy = id = 7ya, we get that «
is an automorphism. Since Q(U(s,)) = wu(s,), we also have that Qo =
lim,,— Ad u(s,)Q = BQ.

We will require the map U : Ry —U(A) to satisfy an additional condition
as follows. There is an approximate unit (e,) in I such that e,e,t1 = e,
and U(s)U(sp)*e, = €, for s > s,. This implies that aAd U(sy,)* |1, = id|L,,
where I,, = e, le, = e, Ae,. Hence if ¢ is a state of A such that ||¢|,] = 1,
then paAd U (sy,)* = ¢, i.e., my is covariant under «. Since |J,, I, is dense in
I, we get that if ¢ is a state of I, then 74 is covariant under o. Hence we can
conclude that «|I is universally weakly inner [7].

Now we turn to the construction of such U : Ry —U(A).

We have specified u : Ry —U(B) and (s,), such that

[Adu(s)(y) — Adu(sn)(y)l| < 2en,
[Adu(s)"(y) — Adu(sn)* (y)l| < 2en

for all y € Q(F,) and s € [sy, Spt1] and all n = 1,2,.... We also specify an
approximate unit (e, ) for I such that e,e,11 = e, for all n.

Let sop = 0 and we choose a continuous map U : [sg, s1]—U(A) such that
Q(U(s)) = u(s) for s = sp and s = s; (or for all s € [sg, s1]). This is possible
by the assumption.

Suppose that we have defined U : [sg, s,,| =U(A) as required, i.e., we have
that Q(U(sk)) = u(sk), U(s)U(sk)*er = ey, for s € [sk, Sk+1], and

[AAU (s)(z) — Ad U (sp) ()] < 5e,
JAAU (s)*(x) — AdU(s,)*(x)]| < 5eg
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for all z € Fi, and s € [sg, sp+1] and for k=1,2,...,n— 1.
We choose a continuous V' : [sp, Spy1]—=U(A) such that V(s,) = U(sy)
and Q(V(s)) = u(s), s € [sn, Sn+1]- Since
|Q(AAV (s)(z) = AdV (sn)())[| < 2ex,
IQAAV ()" () — AdV(s,)"(2))]] < 2ex

for x € F,, and s € [sy, Sp+1], we find an e = ¢, € I for some m > n such
that

(1 —e)(AdV (s)(z) — AdV (sn)(2))]| < 2ep,
(1= e)(AdV (s)"(x) — AdV(sn)"(2))]| < 2ex
for x € F,, and s € [sn, Spt1]-
Let 6 > 0, which will be chosen later to be a sufficiently small constant.
Let (t;)N, be a sequence in [s,, sp+1] such that s, = tg < t; <ty < -+ <

tny = Sp+1 and
V(i) = V(tic)| <6

for i = 1,2,...,N. We find a sequence (f;)¥, in I such that 0 < f; < 1,
efo=e, fifiy1 = fi, and
I[fe, VEDII = 0, [I[fs,2]l| = 0

for all 4, j and x € F,,. We define a sequence (W)Y, in Aby Wy =1 and

Wi = fo+ SO VAV (0) (5 — fi-1) + VEIV(E) (L~ fii1)

j=1

fori=1,2,...,N.If 0 < j < i, then we have that

Wilfy — fim1) = V(t;-1)V (o) (fi-1 — fi—2)(fj — fi-1)
+V( DIV (t)*(f; — fi-1)?
(J+1) (tO)*(fJ-&-l f])(f] fj—l)
_V<J*) ( *(fj 1_ j— 1)
+V (5)V (to)"( 2+fj2 1—2f5-1)
+V (ti)V (k) (f5 — f7)-

By replacing V(t;11)V (t0)* by V(t;)V (to)*, we get that
(Wi = V() V (t0)")(f5 — f-1)] <6

Moreover we have that ||(W; —1) fo|| < § and ||(W; =V (t;)V (to)*)(1— fi—1)| <
d. Assuming that ||[[V(¢;)V (to)*, fx — fr—1]ll =~ 0, we get that ||(W; W, —
D)(fj — fi—1)|| < 26 etc., where we have ignored an error of §* (which may
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result if ||[W;|| > 1). Hence, by taking the summation over j and noting that
(fi — fi—1)(fsx — fe—1) =0 for j > k + 1, we can conclude that

IW;W; — 1| < 46.

In the same way we get that ||[W; W} — 1|| < 40, i.e., W; is close to a unitary.
Note also that ||W(t;) — W (t;—1)| < 9, which follows from

Wi —=Wi_1 ==V (ti—1)V(to) (1 = fic1) + V(t:)V(to)* (1 = fi—1)-
We will claim that A; = WU (s,)aU (8,)* W — U(sy)2U(s,)* =~ 0 for

K2

x € Fy. Since V(tg) = U(sy), this follows because if 0 < j < i,
Ai(f5 = fi-1) = (V(t;)xV (t;)" = V(to)zV (to)") (1 —e)(f; — fi-1)

with an error of at most 26 assuming that ||[V (tx), f; — fj—1]l| = 0 and ||[z, f; —
fj—1]ll = 0. Thus we get that

[(WiAd U (sn)(2)W;" = AdU (sn)(@))(fj = fi-1)]| < 2€n + 26.

Together with similar inequalities with fo and 1 — f;_; in place of f; — f;_1,
we get that

WA U (s) ()W — Ad U (s) ()] < 4(ep, + 9).
Define a continuous function W : [s,,, $p4+1]—U(A) by

ti—t t—1t;1
SRR (AN AR RN
ti —ti—1 Zl+tz‘*ti—1 ’ i1, ]

fori=1,2,...,N. Since |W(t) — W;|| < 6 for t € [t;—1,t;], we get that
W (AU (s,) ()W (£)* — AdU (s,)(2)]| < 4en + 64.

W (t)

We let U(s) be the unitary obtained from the polar decomposition of
W (s)U(sy) for s € [sp, Sn+1]. Then by choosing § > 0 sufficiently small (or
roughly 126 < €,; see below), we get that

IAAU (s)(z) — AdU(sp)(2)|| < 5en, = € Fn.
Similarly we can also require that
IAAU (s)*(x) — Ad U (s,)" ()| < 5€n, = € Fy.

By the construction we also have that U(s)U (s, )*e, = e,. This concludes the
proof.

Lemma 13. Let 6 € (0,1/2) and let W € A = A+ C1 be such that |[WW* —
1] < d and |W*W —1|| < 4. If U denotes the unitary obtained from the polar
decomposition of W, then |W|| < 2 and |[U —W|| < 26. Hence for x € A with
llzl] <1, it follows that ||UzU* — WzW*|| < 60.

The proof of this lemma is standard.
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Remarks on Free Entropy Dimension

Dimitri Shlyakhtenko *
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Summary. We prove a technical result, showing that the existence of a closable
unbounded dual system in the sense of Voiculescu is equivalent to the finiteness
of free Fisher information. This approach allows one to give a purely operator-
algebraic proof of the computation of the non-microstates free entropy dimension
for generators of groups carried out in an earlier joint work with I. Mineyev [4]. The
same technique also works for finite-dimensional algebras.

We also show that Voiculescu’s question of semi-continuity of free entropy di-
mension, as stated, admits a counterexample. We state a modified version of the
question, which avoids the counterexample, but answering which in the affirmative
would still imply the non-isomorphism of free group factors.

Introduction

Free entropy dimension was introduced by Voiculescu [7, 8, 9] both in the con-
text of his microstates and non-microstates free entropy. We refer the reader
to the survey [11] for a list of properties as well as applications of this quantity
in the theory of von Neumann algebras.

The purpose of this note is to discuss several technical aspects related to
estimates for free entropy dimension.

The first deals with existence of “Dual Systems of operators”, which were
considered by Voiculescu [9] in connection with the properties of the difference
quotient derivation, which is at the heart of the non-microstates definition of
free entropy. We prove that if one considers dual systems of closed unbounded
operators (as opposed to bounded operators as in [9]), then existence of a dual
system becomes equivalent to finiteness of free Fisher information. Using these
ideas allows one to give a purely operator-algebraic proof of the expression
for the free entropy dimension of a set of generators of a group algebra in
terms of the L? Betti numbers of the group [4], clarifying the reason for why
the equality holds in the group case. We also point out that for the same

*Research supported by the National Science Foundation.
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reason one is able to express the non-microstates free entropy dimension of an
n-tuple of generators of a finite-dimensional von Neumann algebra in terms of
its L? Betti numbers. In particular, the microstates and non-microstates free
entropy dimension is the same in this case.

The second aspect deals with the question of semi-continuity of free en-
tropy dimension, as formulated by Voiculescu in [7, 8]. We point out that a
counterexample exists to the question of semi-continuity, as stated. However,
the possibility that the free entropy dimension is independent of the choice of
generators of a von Neumann algebra is not ruled out by the counterexample.

1 Unbounded Dual Systems and Derivations

1.1 Non-Commutative Difference Quotients and Dual Systems

Let X1,..., X, be an n-tuple of self-adjoint elements in a tracial von Neumann
algebra M. In [9], Voiculescu considered the densely defined derivations 0;
defined on the polynomial algebra C(X;,...,X,,) generated by Xi,...,X,
and with values in L?(M) ® L?(M) = HS(L?(M)), the space of Hilbert-
Schmidt operators on L?(M). If we denote by P, : L*(M) — L?*(M) the
orthogonal projection onto the trace vector 1, then the derivations 0; are
determined by the requirement that 0;(X;) = 6;;P1.

Voiculescu showed that if 97(P1) exists, then 9; is closable. This is of
interest because the existence of 95 (P1),j=1,...,nis equivalent to finiteness
of the free Fisher information of Xi,..., X, [9].

Also in [9], Voiculescu introduced the notion of a “dual system” to
X1,...,X,. In his definition, such a dual system consists of an n tuple of oper-
ators Y1, ...,Y,, so that [Y;, X;] = 6;; P1, where Although Voiculescu required
that the operators Y; be anti-self-adjoint, it will be more convenient to drop
this requirement. However, this is not a big difference, since if (Y7,...,Y) is
another dual system, then [V; — Y/, X,;] = 0 for all 4, j, and so ¥; — Y/ belongs
to the commutant of W*(Xy,..., X,).

Note that the existence of a dual system is equivalent to the requirement
that the derivations 9; : C(X1,...,X,) — HS C B(L?*(M)) are inner as
derivations into B(L?(M)). In particular, Voiculescu showed that if a dual
system exists, then 9; : L*(M) — HS are actually closable, and 97 (P1) is
given by (Y; — JY;*J)1. However, the existence of a dual system is a stronger
requirement than the existence of 95 (Pr).

1.2 Dual Systems of Unbounded Operators

More generally, given an n-tuple T' = (11,...,T,) € HS™, we may consider
a derivation Or : C(X1,...,X,) — HS determined by dr(X;) = T} [6]. The
particular case of 9, corresponds to T'= (0,..., Py,...,0) (P in j-th place).
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Theorem 1. Let T € HS™ and assume that M = W*(Xy,...,X,). The
following are equivalent:

(a) 05 (Py) exists;

(b) There exists a closable unbounded operator Y : L?>(M) — L?(M), whose
domain includes C(X1,...,X,), so that Y1 =0 and 1 belongs to the domain
of Y*, and so that [Y, X;] = Tj.

Proof. Assume first that (b) holds. Let £ = (Y — JY*J)1 = JY*1, which by

assumptions on Y makes sense. Then for any polynomial @ € C(Xq,...,X,),
(€. P) = (Y — JY* )L, Q1)
=([Y,Q]1,1)
=Tr(A[Y,Q])
= (P, [Y,Q)us

= (P1,0r(Q))ms,

since the derivations @ — Jr(Q) and Q — [Y, Q] have the same values on
generators and hence are equal on C(Xy,...,X,,). But this means that £ =
o7 (Pr).

Assume now that (a) holds. If we assume that Y1 = 0, then the equation
[Y, X;] = T; determines an operator Y : C(Xy,...,X,) — L?(M). Indeed, if
@ is a polynomial in X1,...,X,, then we have

YQ-1)=NQ-1-QY -1)=[Y,Q-1=0r(Q) 1.

To show that the operator Y that we have thus defined is closable, it is
sufficient to prove that a formal adjoint can be defined on a dense subset. We
define Y* on Q € C(X,4,...,X,) by

YHQ-1) = —=(0r(Q7)" - 14 07(P).

Hence Y* - 1 = 9% (P1) and Y™* satisfies [Y*, Q] = —(0r(Q*))* = —[Y, Q*]*.
It remains to check that (YQ-1,R-1) = (Q-1,Y*R-1), for all Q,R €
C(X1,...,X,). We have:

(YQ-1L,R-1)=(Y,Q]-1,R-1)
=(L,-[Y", QIR 1)
=(1,Q*Y*R-1) — (1,Y*Q*R - 1)
—(Q L,Y*R-1)— (1,Y*Q*R-1).

Hence it remains to prove that (1, Y*@Q*R - 1) = 0. To this end we write
(LY*Q*R-1) = (1,[Y*,Q*R] - 1) — (1,Q*RY™* - 1)
=([R"Q,Y]-1,1) = (R*'Q-1,Y"-1)
=Tr([R°Q,Y]P) — (R*Q - 1,07(F))
= (0r(R*Q), Pi)us — (Or(R*Q), P1)us = 0.
Thus Y is closable.
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Corollary 2. Let M = W*(Xy,...,X,,). Then &*(X1,...,X,) < 400 if and
only if there exist unbounded essentially anti-symmetric operators Y1,...,Y, :
L?*(M) — L*(M) whose domain includes C(X1y,...,X,), and which satisfy
[Yj, Xi] = 6;: P

Proof. A slight modification of the first part of the proof of Theorem 1 gives
that if Y7, ...,Y,, exist, then 8;(P1) = (Y;—JY;J)1 and hence ¢*(X1, ..., X,)
(which is by definition }_; (|0} (Py)]|3) is finite.

Conversely, if ¢*(X1,...,X,) < +oo, then 07 (Py) exists for all j. Hence
by Theorem 1, we obtain non-self adjoint closable unbounded operators
Yi,...,Y, so that the domains of Yjand Y;" include C(Xj,..., X,), and so
that [Y;, X;] = d;,P1. Now since X; = X we also have [YV*, X;| = —§;, P =
—8;;Py. Hence if we set Y; = 1(y; - Y}"), we obtain the desired operators.

2 Dual Systems and L? Cohomology

Let as before X1,..., X, € (M, 1) be a family of self-adjoint elements.
In conjunctions with estimates on free entropy dimension [6, 4] and L?
cohomology [2], it is interesting to consider the following spaces:

Hy=c{T =(Ty,...,T,) € HS" :
Y € BUAM)) [V.X,) =T},

Here cl refers to closure in the Hilbert-Schmidt topology. We also consider

H, =span cl{T = (T1,...,T,) € HS™ : 3Y = Y* unbounded densely defined
with 1 in the domain of Y, [Y, X;] =1}, j=1,...,n}.

Note that in particular, Hy C H;.
One has the following estimates [6, 2]:

dln’lM®MU HQ S (5*(X1,,Xn) S (5*(X1,...,Xn) S A(Xl, ;Xn)

The main result of this section is the following theorem, whose proof has
similarities with the Sauvageot’s theory of quantum Dirichlet forms [5]:

Theorem 3. Hy = H;.

Proof. Tt is sufficient to prove that Hy is dense in Hj.

Let T'= (Ty,...,Ty) € HS™ besuch that T = T; = [iA, X;],j =1,...,n,
with A = A* a closed unbounded operator and 1 in the domain of A.

For each 0 < R < oo, let now fr: R — R be a C'°° function, so that

1. fr(z) =z forall —-R <z < R;
2. |fr(z)] < R+1 for all x;

3. the difference quotient ggr(s,t) = w

is uniformly bounded by 2.
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Let Arp = fr(A) and let T].(R) = [iAg, X;]. Note that for each R, T =

(TI(R)7 . ,T,(LR)) € Hy. Hence it is sufficient to prove that 7Y — T in Hilbert-
Schmidt norm as R — oo.

Let A = L>°(R, 1) be the von Neumann algebra generated by the spectral
projections of A; hence Ar € A for all R. If we regard L?(M) as a module
over A, then HS = L*(M)®L?*(M) is a bimodule over A, and hence a module
over ARA = L>°(R?, i x ) in such a way that if s,¢ are coordinates on R?,
and Q € HS, then sQ = AQ and tQ = QA (more precisely, for any bounded
measurable function f, f(s)Q = f(A)Q and f(t)Q = Qf(A)). In particular,
we can identify, up to multiplicity, HS with L2(R?, u x p).

It is not hard to see that then

[f(A)ﬂXJ] =g- [A7X]']u

where g is the difference quotient g(s,t) = (f(s) — f(¢))/(s — t). Indeed, it is
sufficient to verify this equation on vectors in C[X1, ..., X,,] for f a polynomial
in A, in which case the result reduces to

n—1
[A", X;] =Y AF[A, X;]Am R =

k=0

s —t"

s—t

-4, X

It follows that
TR = [Ap, X;] = [fr(A), X;] = gr(A) - [4, X;] = gr(4) - T;.

Now, since gr(A) are bounded and gr(A) = 1 on the square —R < s,t < R,
it follows that multiplication operators gr(A) converge to 1 ultra-strongly as
R — oc. Since H S is a multiple of L?(R?, u x u), it follows that gr(A)T; — T}
in Hilbert-Schmidt norm. Hence T) — T as R — oo.

As a corollary, we re-derive the main result of [4] (the difference is that we
use Theorem 3 instead of the more combinatorial argument [4]; we sketch the
proof to emphasize the exact point at which the fact that we are dealing with
a group algebra becomes completely clear):

Corollary 4. Let X1,...,X, be generators of the group algebra CI'. Then
§* (X1, Xn) = 6*(X1, ..., Xn) = AX1, ..., X,) = B2(1) = g() + 1,
where ﬂj(.z)(F) are the L2-Betti numbers of I.

Proof. (Sketch). We first point out that in the preceding we could have worked
with self-adjoint families F' = (X7, ..., X,,) rather than self-adjoint elements
(all we ever needed was that X € F = X* € F).

By [4], we may assume that X; € I' C CI, since the dimension of Hy
depends only on the pair C(X;,...,X,,) and its trace.

Recall [2] that A(X7,...,X,) = dimpsgae Ha, where

Hy={(T1,...,T,) € HS : Y™ ¢ HS s.t. [Y®), X,;] — T}; weakly}.
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By [2], A(Xy,...,X,) = 52)(F) - (()2)(F) + 1; moreover, from the proof we
see that in the group case,

Hy =c{MXM},
where

X ={(ThXy,...,TnX,) : Tj € (*(T),

T} is the value of some £? group cocycle on X it

and where we think of ¢2(I') C HS as “diagonal operators” by sending a
sequence (a,),er € ¢*(I') to the Hilbert-Schmidt operator Y a.P,, where
P, is the rank 1 projection onto the subspace spanned by the delta function
supported on ~.

Let § be the space of all functions on I'. Since the group cohomology
HY(I; F(I)) is clearly trivial, it follows that if ¢ is any £2-cocycle on I', then
c(X;) = f(X;) — f(e), for some f € F. Hence

X ={(f, X1],...,[f. X)) : f € §} N HS™

Since every element of § is automatically an essentially self-adjoint operator
on (2(I"), whose domain includes CI" we obtain that

MXM C H,.
In particular, Hy C H;. Hence
dimargare Hz = B7(I) — B5() +1 < dimprgare Hy < dimps g, Ho,
which forces Hy = Hy. Since Hy = Hp, we get that in the following equation
dim e Ho < 6% < 6% < dimprgage He = B2() = BO(I) +1
all inequalities are forced to be equalities, which gives the result.
Corollary 5. Let (M, T) be a finite-dimensional algebra, and let Xy,..., X,
be any of its self-adjoint generators. Then §*(X1,...,Xn) = 6*(X1,..., X,) =
A(Xy,.. ., Xp)=1—6o(M,7) =00(X1, ..., Xpn).
Proof. As in the proof of the last corollary, we have the inequalities
dimpsgare Ho < 6% < 6% < dimpsg e Ha,
where
Hy={(T1,...,T,) € HS : Y™ ¢ HS s.t. [Y®), X;] — T} weakly}.

Since L?(M) is finite-dimensional, there is no difference between weak and
norm convergence; hence Hs is in the (norm) closure of {(71,...,7,) : IY €
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HS s.t. T; = [Y, X;]} C Ho; since Hy is closed, we get that Hy = H; and so
all inequalities become equalities. Moreover,

dimM®Mo H2 = A(Xh,Xn) =1 —ﬁo(M,T)

(see [2]).
Comparing the values of 1 — So(M,7) with the computations in [3] gives
50Xty ., X)) = 6°(X0, .., Xo).

3 Some Remarks on Semi-Continuity of Free Dimension

In |7, 8], Voiculescu asked the question of whether the free dimension ¢ satisfies
the following semi-continuity property. Let X ](-k),X ;€ (M, 7) be self-adjoint
variables, j = 1,...,n, k = 1,2,..., and assume that Xj(k) — X strongly,
supy, ||Xj(k)|| < 00. Then is it true that

hmkmfa(X{’“), LX) > 68Xy, X)?

As shown in [7, 8], a positive answer to this question (or a number of related
questions, where 0 is replaced by some modification, such as dg, 0*, etc.) im-
plies non-isomorphism of free group factors. In the case of §y. a positive answer
would imply that the value of §y is independent of the choice of generators of
a von Neumann algebra.

Although this question is very natural from the geometric standpoint, we
give a counterexample, which shows that some additional assumptions on the
sequence X ](-k) are necessary. Fortunately, the kinds of properties of § that
would be required to prove the non-isomorphism of free group factors are not
ruled out by this counterexample (see Question 8).

We first need a lemma.

Lemma 6. Let X1,...,X,, be any generators of the group algebra of the
free group Fy. Then 60(X1,...,X,) = §(Xy,..., X)) = 6°(Xy,..., X,) =
0 (Xq,...,Xn) =k.

Proof. Note that by [1] we always have
50(X1,. .. 7Xn) S 6(X1, e ,Xn) S 5*(X1, e ,Xn) S 5*(X1, e ,Xn),

furthermore, by [4], §*(X1,...,X,) = k. Since §p is an algebraic invariant
[10], 00(X1,..., Xpn) = 60(Uy,...,Uy), where Uy,..., Uy are the free group
generators. Then by [8], do(Ux, ..., Ui) = k. This forces equalities throughout.

Ezxample 7. Let u,v be two free generators of Fo, and consider the map ¢ :
Fy — Z/27 = {0,1} given by ¢(u) = ¢(v) = 1. The kernel of this map is a
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subgroup I" of o, which is isomorphic to F3, having as free generators, e.g.
u?, v? and wv. Let Xl(k) = Re u?, Xz(k) = Im u?, Yl(k) = Re v?, Yz(k) =Im v?,
Z{k) = Re uv, Zék) = Im wuv, Wl(k) = %Re U, Q(k) = %Im v.

Thus if X; = Re v?, X5 = Im u?, Y7 = Re v?, Y5 = Im v?, Z; = Re uv,
Zy = Imuv, Wy = 0, Wz = 0, then XV — X;, Y* — v}, 2" — Z; and
Wj(k) — W; (in norm, hence strongly).

Note finally that for k finite, X, x{F) y,®) yv® z®&) ZE) (k) gy k)
generate the same algebra as u2,v?, uv, %v, which is the same as the al-
gebra generated by w and v, i.e., the entire group algebra of Fs. Hence

s(x® x{F y® y® z®) ZE grE) k) = 9 by Lemma 6. Hence
hmkinf 5(X1(k)7 XQ(k)v Yl(k)z YZ(k)7 ka)v Zék)v Wl(k,)7 W2(k)) =2

On the other hand, X1, Xo,Y1,Ys, Z; Zs, W1, W5 generate the same algebra

as uZ,v?,u, 0, i.e., the group algebra of I" = F5. Hence

5(X17 XQ; Yl» }/27 Z17 ZQ» le WQ) = 37
which is the desired counterexample.

The same example (in view of Lemma 6) also works for dp, §* and §*.

The following two versions of the question are not ruled out by the coun-
terexample. If either version were to have a positive answer, it would still be
sufficient to prove non-isomorphism of free group factors:

Question 8. (a) Let XJ(-k),Xj € (M, 7) be self-adjoint variables, j = 1,...,n,
k=1,2,..., and assume that X](-k) — X strongly, supy, ||Xj(-k)\| < 0o. Assume
that X4,...,X,, generate M and that for each k, ka), e ,X,(Lk) also generate

M. Then is it true that

hmkinfa(xf’“), LX) > 68X, X)?

(b) A weaker form of the question is the following. Let Xj(-k)7 X;,Y; € (M, 1) be
self-adjoint variables, j = 1,...,n, k= 1,2,..., and assume that XJ(»’C) — X;

strongly, supy, ||X](-k)|| < o0o. Assume that Yi,...,Y,, generate M. Then is it
true that

1imkinf5(X§’“), XM YY) > 8K, X, Y, Y)?

We point out that in the case of dg, these questions are actually equivalent
to each other and to the statement that dy(Z1,...,Z,) only depends on the
von Neumann algebra generated by Z,...,Z,.

Indeed, it is clear that (a) implies (b).
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On the other hand, if we assume that (b) holds, then we can choose
X;k) to be polynomials in Y7, ..., Y,,, so that 50(X£k), . ,X,(lk), Yi,...,Y) =
(50(Y1, ey Ym) by [].0] Hence 50(Y1, ey Ym) 2 50(X1, NN 7Xn, Yl, ey Ym) 2
do(Y1,...,Ym), where the first inequality is by (b) and the second inequal-
ity is proved in [8]. Hence if W*(Xy,...,X,,) = W*(Y1,...,Y.), then one
has 50(X1, .o ,Xn) = 50(X1, [P ,Xn7Y1, cen 7Ym) = 50(Y1, ey Ym) Hence (b)
implies that dg is the same on any generators of M.

Lastrly, if we assume that g is an invariant of the von Neumann algebra,
then (a) clearly holds, since the value of 60(X1(k), .. 7X,(«Lk)) is then independent
of k and is equal to do(X1,..., Xn, Y1,..., Y.
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1 Introduction

These notes discuss recent topics in orbit equivalence theory in operator
algebra framework. Firstly, we provide an operator algebraic interpretation
of discrete measurable groupoids in the course of giving a simple observation,
which re-proves (and slightly generalizes) a result on treeability due to Adams
and Spatzier |2, Theorem 1.8], by using operator algebra techniques. Secondly,
we reconstruct Gaboriau’s work [14] on costs of equivalence relations in op-
erator algebra framework with avoiding any measure theoretic argument. It
is done in the same sprit as of [23] for aiming to make Gaboriau’s beautiful
work much more accessible to operator algebraists (like us) who are not much
familiar with ergodic theory. As simple byproducts, we clarify what kind of
results in [14] can or cannot be generalized to the non-principal groupoid case,
and observe that the cost of a countable discrete group with regarding it as a
groupoid (i.e., a different quantity from Gaboriau’s original one [14, p.43]) is
nothing less than the smallest number of its generators in sharp contrast with
the corresponding ¢?-Betti numbers, see Remark 12 (2). The methods given
here may be useful for further discussing the attempts, due to Shlyakhtenko
[29][30], of interpreting Gaboriau’s work on costs by the idea of free entropy
(dimension) due to Voiculescu.

We introduce the notational convention we will employ; for a von Neumann
algebra IV, the unitaries, the partial isometries and the projections in N are
denoted by N*, NP and NP, respectively. The left and right support projec-
tions of v € NP are denoted by I(v) and r(v), respectively, i.e., [(v) := vo* and
r(v) := v*v. We also mention that only von Neumann algebras with separable
preduals will be discussed throughout these notes.

We should thank Damien Gaboriau who earnestly explained us the core
idea in his work, and also thank Tomohiro Hayashi for pointing out an

*Supported in part by Grant-in-Aid for Young Scientists (B) 14740118.
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insufficient point in a preliminary version. The present notes were provided in
part for the lectures we gave at University of Tokyo, in 2004, and we thank
Yasuyuki Kawahigashi for his invitation and hospitality.

2 A Criterion for Treeability

Let M D A be an inclusion of (not necessarily finite) von Neumann algebras
with a faithful normal conditional expectation EAT : M — A. Let K(M 2 A)
be the C*-algebra obtained as the operator norm || - ||co-closure of Mea M
on L2 (M) with the Jones projection e associated with E}, and it is called
the algebra of relative compact operators associated with the triple M O A,
EAT. We use the notion of Relative Haagerup Property due to Boca [4]. (Quite
recently, Popa used a slightly different formulation of Relative Haagerup Prop-
erty in the type II; setting, see [24], but we employ Boca’s in these notes.)
The triple M D A, E% is said to have Relative Haagerup Property if there is
a net of A-bimodule (unital) normal completely positive maps ¥y : M — M,
A € A, with EYf o Uy = EY for every A € /A such that for a fixed (and hence
any) faithful state ¢ € M, with p o E} = ¢ one has

e lim, [[¥x(z) — |, = 0 for every x € M, or equivalently lim) ¥ = idy
pointwisely in o-strong topology;
o U, ecK(MDA),

where W, is the bounded operator on L2 (M) defined by \f/,\/lg, () =
A, (Wa(x)) for z € M with the canonical injection A, : M — L? (M).

The next lemma can be proved in the essentially same way as in [7], where
group von Neumann algebras are dealt with. Although the detailed proof
is now available in [18, Proposition 3.5], we give its sketch for the reader’s
convenience, with focusing the “only if” part, which we will need later.

Lemma 1. Assume that M = A x, G, i.e., M is the crossed-product of A by
an action o of a countable discrete group G. Suppose that the action « has an
invariant faithful state ¢ € A,. Then, the inclusion M O A with the canonical
conditional expectation EXl : M — A has Relative Haagerup Property if and
only if G has Haagerup Property (see [17],[7]).

Proof. (Sketch) Let Ay, g € G, be the canonical generators of G in M =
A X4 G. The “if” part is the easier implication. In fact, if G has Haagerup
Property, i.e., there is a net of positive definite functions ¥, with vanishing
at infinity such that ¢,(g) — 1 for every g € G, then the required ¥y can
be constructed in such a way that (X, a(g)Ag) = 2 ,cq¥a(g)al(9)Ag
for every finite linear combination )  ;a(g9)Ag € A x4 G, see [17, Lemma
1.1]. The “only if” part is as follows. Define ¢x(g) := ¢ o EA (Wa(Ag)A}),
g € G, and clearly ¥x(g) — 1 for every g € G. Let ¢ > 0 be arbitrary
small. One can choose a T = E?:l rieay; € MeaM with H\f',\ — THOO <eg/2.
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Then, for g € G one has |[¢x(9)| < §+ i, H%HOOHE%(%)‘Q)M Since
||yi”ioEXI = hea ||E% (yl)\;*l)HjS (where it is crucial that ¢ is invariant under

«), one can choose a finite subset K of G in such a way that every g € G\ K
satisfies that || B4 (y;\,) H¢ <e/(2X7 lzillso)- Then, [¢hx(g)| < € for every
geG\ K.

In what follows, we further assume that A is commutative. Denote G(M D
A) = {v e M :vvov* € AP, vAv* = Avv*} and call it the full (normaliz-
ing) groupoid of A in M. When A is a MASA in M and G(M D A) generates
M as von Neumann algebra, we call A a Cartan subalgebra in M, see [12]. Let
us introduce a von Neumann algebraic formulation of the set of one-sheeted
sets in a countable discrete measurable groupoid.

Definition 2. An EA -groupoid is a subset G of G(M 2 A) equipped with the
following properties:

u,v € G = uv € G,

u€e g —u*eqg;

u € AP' = u € G (and, in particular, u € G,p € AP = pu,up € G);

Let {uy}, be a (possibly infinite) collection of elements in G. If the support

projections and the range projections respectively form mutually orthogonal

families, then ), ui € G in o-strong™ topology;

e FEachu € G has a (possibly zero) e € AP such that e < l(u) and E} (u) =
eu;

e Each u € G satisfies that EY (uzxu*) = uEY (x)u* for every x € M.

Such a projection e as in the fifth is uniquely determined as the modulus
part of the polar decomposition of E4!(u). The sixth automatically holds,
either when E4! is the (unique) 7-conditional expectation with a faithful
tracial state 7 € M, or when A is a MASA in M. The next two lemmas
are proved based on the same idea as for [23, Proposition 2.2].

Lemma 3. Let U be an (at most countably infinite) collection of elements in
G, and wg := 1,wy,... be the words in U UU* of reduced form in the formal
sense with regarding v=' = u* for v € U. Suppose that G = AVU" as von
Neumann algebra. Then, each v € G has a partition I(v) = Y, pir in AP with
prv = prEA (vw}) wy, for every k. Furthermore, each coefficient EX (vwy)
falls in AP" and v =", pr EX (vw}) wy, in o-strong* topology.

Proof. By the fifth requirement of E4!-groupoids one can find a (unique)
exr € AP in such a way that e, < I(v) and EY (vw}) = epowy, ie., egv =
B (vw}) wy,. Set e := \/, ey, and choose a faithful state ¢ € M, with ¢ o
EA = ¢. Then, we get (v — ev|awk)w = ¢((awy)*(v — ev)) = 0 for every
a € A and every k, where the sixth requirement is used crucially. Since the
awy’s give a total subset in G” in o-strong topology, we concludes that v = ev
so that e = I(v). Since A is commutative, one can construct pg,py,--- € AP
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in such a way that p; < e, and ), pr = e. Then, we have pyv = prerv =
pe B (vw}) wy, for each k.

Lemma 4. Let Gy C G be an EX! -groupoid with a faithful normal conditional
expectation By : M — My := Gf with EY o Eyf = EN. Then, each u € G
has a (unique) p € AP such that p <l(u) and E}] (u) = pu.

Proof. By the same method as for the previous lemma together with standard
exhaustion argument one can construct an (at most countably infinite) subset
W of Gy that possesses the following properties: EY (wiw}) = Guy wyl(w1)
for wi,wy € W; each u € G has an orthogonal family {e,(u)}wew such
that e, (u) < l(uw*) (< I(u) A r(w)) and ey, (u)u = B (vw*)w; if u € G is
chosen from Gy, then I(u) = 3, )y €w(u). Choose a faithful state ¢ € M,
with @ o EX' = . Set p := 3 oy €w(u) < I(u), and we have (E}] (u) —
pu’aw)@ = o((aw)*(E}f (u) — pu)) = 0 for every aw, a € A,w € W. Hence,
we get E}f (u) = pu. The uniqueness follows from that for the (right) polar
decomposition of E}f (u).

G11 D G2
Let U U be E} -groupoids and write M;; := G/;. Assume that there
Go1 D G2
are faithful normal conditional expectations £;; : M — M;; with E% oF; =
EA!. In this case, Lemma 4 enables us to see that the following three conditions
M1 D My
are equivalent: U U forms a commuting square; Moy = Mo N Moy;
Ms1 D Mao

and Goo = G12 N Ga1. Moreover, one also observes, in the similar way as above,
that if two E} -groupoids inside a fixed G generate the same intermediate
von Neumann algebra between G’ D A, then they must coincide. If A = C1,
then the image m(G) with the quotient map = : M* — M*/T1 is a countable
discrete group. The full groupoid G(M 2 A) itself becomes an E}!-groupoid
when A is a MASA in M thanks to Dye’s lemma ([10, Lemma 6.1]; also
see [6]), which asserts the same as in Lemma 4 for G(M D A) without any
assumption, when A is a Cartan subalgebra in M. (The non-finite case needs a
recently well-established result in [3].) Moreover, the set of one-sheeted sets in
a countable discrete measurable groupoid canonically gives an E}/-groupoid,
where M O A with E4f : M — A are constructed by the so-called regular
representation. See just after the next lemma for this fact. Let us introduce
the notions of graphings and treeings due to Adams [1] (also see [14], [29,
Proposition 7.5]) in operator algebra framework. We call such a collection U
as in Lemma 3, i.e, G = AV U", a graphing of G. On the other hand, a
collection U of elements in G(M D A) (n.b., not assumed to be a graphing)
is said to be a treeing if E4/(w) = 0 for all words w in U UU* of reduced
form in the formal sense. This is equivalent to that U is a #-free family (or
equivalently, {AV {u}"}, o, is a free family of von Neumann algebras) with
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respect to E4! in the sense of Voiculescu (see e.g. [32, §§3.8]) since every
element in G(M O A) normalizes A. We say that G has a treeing & when U
is a treeing and a graphing of G, and also G is treeable if G has a treeing.

Lemma 5. (cf. [17], [4]) If an EX -groupoid G has a treeing U, then the in-
clusion M(G) := G" D A with E%|M(g) : M(G) — A must have Relative
Haagerup Property.

Proof. We may and do assume M = M(G) for simplicity. We first assume

that U is a finite collection. Since U is a treeing, each u € U satisfies that
N, := AV {u}" can be decomposed into

(i) N, = Z@umA or (ii) N, = Z@ u™A

[m|<ng, meZ

in the Hilbert space L?(M) via A, with a faithful state ¢ € M, with ¢ o

EAM = . Here, u=™ means the adjoint u*™ as convention. By looking at

this description, it is not so hard to confirm that each triple N, O A with

B . satisfies Relative Haagerup Property. Namely, one can construct a net

\Ilgf) : N, — N, of completely positive maps in such a way that

o ENowd =pEY|, ;

) \I/7(f) converges to idy, pointwisely, in o-strong topology, as € \, 0;

o U falls into K (N, D A) on L3(N,) = A, (N,,);

o« T\ = \Tj'(f)|1:2 7 = exp(—¢) with L?(N,)° := (1 —
ea)L?(N,).

The case (i) is easy, that is,

satisfies ‘

(Nu)°

VO = idy, + (1 e *)EY|, =EY|, +e° (idNu - E%]Nu>

converges to idy, pointwidely, in o-strong topology, and one has

UE) =y 4e° > uMeau™™ | € NyeaN,. (1)
05 |m|<n,

The case (ii) needs to modify the standard argument [17, Lemma 1.1]. By using
the cyclic representation of Z induced by the positive definite function m +—
e~¢I™l one can construct a sequence si, € ¢>°(Z) satisfying that 3", |sx (m))* <

+00 for every m € Z and moreover that 3, sj(m1)sy(ma) = e~=(m1=m2D) for
every pair my,my € Z. Set Sy := ) s sk(m)u™e u”™ (on L?(N,)), and
then the desired completely positive maps can be given by

U iz e Ny = Y SpaS; € B(L* (No))
k
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(Note here that u™e u™™ is the projection from L?*(N,) onto A, (u™A).)
In fact, it is easy to see that ‘Ilq(f) (u™a) = e~lmlymq for m € Z, a € A,
which shows that the range of \Ilq(f) sits in NV, and that \1155) converges to idy,
pointwidely, in o-strong topology. Moreover, one has

e = E e emlyme 0™ = lim E e~slmlyme yu =™ (2)
n—oo
meZ |m|<n

in operator norm.
Since U is a treeing, we have

(M, EY) = %4 (Nu,EA W ) :
ueU

Therefore, [4, Proposition 3.9] shows that the inclusion M O A with E4

satisfies Relative Haagerup Property since we have shown that so does each

N, 2 A with EY | . - However, we would like to give the detailed argument

on this point for the reader’s convenience. Thanks to E}/ o o) = B N We
can construct the free products of completely positive maps W) := % A\IISf) :
ucl

M — M, which is uniquely determined by the following properties:

o ENovE) =g

o O (pymy---1p) = \Ifgfl) (1) \Ilq(fz) (zg) -+ \Ilq(fe) (x¢) for r3 € KerE N Ny,
with wy # ug # -+ # uy.

(See [5, Theorem 3.8] in the most generic form at present.) Since each ol
converges to idy, pointwidely in o-strong topology, as € ~\, 0, the above two
properties enable us to confirm that so does (%) to id ;. It is standard to see
that

8 Lo T X T 6,16, T
21 urFusF--Fup

in the free product representation

pon=r@We Y Y PN @0, NG )

21 urFusF-Fug

with L?(A) = A,(A) C L?*(M), where ®,, means the relative tensor product
operation over A with respect to ¢[4 € A, (see [27]). Notice that, with x§ €

KerE%ﬂNuj, Uy # Ug F -+ F Uy,
Ay (925 - - ap) = Ay (27) ®p Ay (33) ®y -+ @y Ay (x7)
n (3), and hence by (1),(2), we have, via (3),

T
v |L2(N1‘,1)°®¢L2( Nuy )’ @y ®p L2 (Nu, )°
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— 7l Ry Tz(é) - Téi)

Ul

= Y T e ™
miy,mz,...,mMyg
with certain natural numbers n = n(u1,ua, ..., us; m1, ma, ..., my) that con-
verges to 400 as |mq|, |mal. .., |me| — oo (as long as when it is possible to do
so). Note also that
SRR SR ] S #5) [N (N
oo oo oo o0
=e ¥ —0 (asl— 00).

By these facts, T© clearly falls in the operator norm closure of Me4s M since
U is a finite collection. Hence, the net W(€) of completely positive maps on M
provides a desired one showing that the inclusion M O A with the E4! has
Relative Haagerup Property.

Next, we deal with the case that U is an infinite collection. In this case,
one should at first choose a filtration Uy CUs C -+ S U = Uk Uy, by finite
sub-collections. Then, instead of the above ¥(€) we consider the completely
positive maps

v = (*A\I/5f>) o BN M — M= \/ N, <: *ANu) ~ M, CM
ueUy, wEUy, uEU

with the po E%-conditional expectations EAI‘j[Ik : M — M. Since My C My C
- /"M =\/,, M}, the non-commutative Martingale convergence theorem [8,
Lemma 2| says that E]%C converges to idp; pointwidely, in o-strong topology,

as k — oo, and so does \I/,(f) to idps too, as € \, 0, k — oco. We easily see that

\I//(:) =1r204) @ Z Z Tqﬁ) Qe T&i) Oy -+ O quj) )
>1 u1¢u275'“75%euk

in (3). Note that the summation of each ¢th direct summand of (4) is taken
over the alternating words in the fixed finite collection Uy of length ¢, and
thus the previous argument works for showing that \f/,(f) falls into K(M 2 A).
Hence, we are done.

Here, we briefly summarize some basic facts on von Neumann algebras as-
sociated with countable discrete measurable groupoids, see e.g. [16],[25]. Let
I" be a countable discrete measurable groupoid with unit space X, where
X is a standard Borel space with a regular Borel measure. With a non-
singular measure on X under I' one can construct, in a canonical way, a
pair M(T') 2 A(T') of von Neumann algebra and distinguished commuta-
tive von Neumann subalgebra with A(T') = L°°(X) and a faithful normal
conditional expectation Er : M(I') — A(T), by the so-called regular re-
presentation of T' due to Hahn [16] (also see [25, Chap. II]), which gener-
alizes Feldman-Moore’s construction [12] for countable discrete measurable
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equivalence relations. Denote by Gr of I' the set of “one-sheeted sets in I
or called “I'-sets", i.e., measurable subsets of I', on which the mappings
v €T+ yy~1, 71y € X are both injective. Note that Gr becomes an inverse
semigroup with product E1Es := {7172 : 71 € E1,72 € Eg,yflfyl = 72751}
and inverse E — E~! := {47! : v € E}. Each E € Gr gives an ele-
ment u(E) € G(M(T') 2 A(T')) with the properties: Its left and right sup-
port projections [ (u(E)),r (u(E)) coincide with the characteristic functions
on EE=Y = {yy 1l :y€ E},E7'E = {y 'y : v € E}, respectively, in L (X);
The mapping u : E € Gr — u(E) € G (M(T") D A(T")) is an inverse semigroup
homomorphism (being injective modulo null sets), where G (M (T") 2 A(T")) is
equipped with the inverse operation u — u*; Er(u(FE)) = eu(FE) with the pro-
jection e given by the characteristic function on X N E; Ep (u(E)zu(E)*) =
u(E)Er(x)u(E)* for every x € M(T"). It is not difficult to see that G(I") :=
AT)Pu(Gr) = {aw(E) € G(M(T) 2 A(T')) :a € A(T)P",E € Gr} is an Ep-
groupoid, which generates M(I") as von Neumann algebra. An (at most
countably infinite) collection £ of elements in Gr is called a graphing of T'
if it generates I' as groupoid, or equivalently the smallest groupoid that con-
tains € becomes I'. If no word in € LU E~! of reduced form in the formal sense
intersects with the unit space X of strictly positive measure, then we call £ a
treeing of T'. Then, it is not hard to see the following two facts: (i) the collec-
tion u(€) of u(E) € G (M(T') 2 A(T")) with E € £ is a graphing of G(T') if and
only if £ is a graphing of T'; and similarly, (ii) the collection u(€) is a treeing of
G(T) if and only if £ is a treeing of I'. With these considerations, the previous
two lemmas immediately imply the following criterion for treeability:

Proposition 6. Relative Haagerup Property of M(I") 2 A(T') with Er is nec-
essary for treeability of countable discrete measurable groupoid I'. In particu-
lar, any countably infinite discrete group without Haagerup Property has no
treeable free action with finite invariant measure.

Note that this follows from a much deeper result due to Hjorth (see [20,
§28]) with the aid of Lemma 1 if a given I' is principal or an equivalence
relation. The above proposition clearly implies the following result of Adams
and Spatzier:

Corollary 7. ([2, Theorem 1.8]) Any countably infinite discrete group of
Property T admits no treeable free ergodic action with finite invariant measure.

Remark 8. Note that the finite measure preserving assumption is very impor-
tant in the above assertions. In fact, any countably infinite discrete group
of Property T has an amenable free ergodic action without invariant finite
measure (e.g. the boundary actions of some word-hyperbolic groups and the
translation actions of discrete groups on themselves).
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3 Operator Algebra Approach to Gaboriau’s Results

We explain how to re-prove Gaboriau’s results [14] on costs of equivalence
relations (and slightly generalize them to the groupoid setting) in operator
algebra framework, avoiding any measure theoretic argument. Throughout
this section, we keep and employ the terminologies in the previous section.

Let £ be a graphing of a countable discrete measurable groupoid I with
a non-singular probability measure p on the unit space X. Following Levitt
[22] and Gaboriau [14] the u-cost of £ is defined to be

EE-! E-E
ZM( );u( )7

C.(€) =
Ecé&

and the p-cost of I' by taking the infimum all over the graphings, that is,
Cu(T) :=1inf {C,(€) : € graphing of '} .

In fact, if T is a principal one (or equivalently a countable discrete equivalence
relation) with an invariant probability measure p, the p-cost of graphings and
that of I' coincide with Levitt and Gaboriau’s ones.

Let M D A be a von Neumann algebra and a distinguished commutative
von Neumann subalgebra with a faithful normal conditional expectation E}! :
M — A, and G be an E}!-groupoid. For a faithful state ¢ € M, with po E}f =
, the @-cost of a graphing U of G is defined to be

Oty = 3 200+ 7()

2 )
ueU
and that of G by taking the infimum all over the graphings of G, that is,
Cy(G) :=inf {C,(U) : U graphing of G}.

We sometimes consider those cost functions C, for both graphings and E}!-
groupoids with the same equations even when ¢ is not a state (but still normal
and positive). When G = G(T'), i.e., the canonical Ep-groupoid associated
with a countable discrete measurable groupoid I', it is plain to verify that
Cy(G(I)) = C,,(T") with the state ¢ € M(T'), defined to be ([ - pu(dz))oEr.
Therefore, it suffices to consider E}/-groupoids and their ¢-costs to re-prove
Gaboriau’s results in operator algebra framework with generalizing it to the
(even not necessary principal) groupoid setting, and indeed many of results
in [14] can be proved purely in the framework. For example, we can show the
following additivity formula of costs of EA!-groupoids:

Theorem 9. (cf. [14, Théoéme IV.15|) Assume that M has a faithful tracial
state T € M, with T o E% = 7. Let G1 O Gz C Gy be E%-groupoids. Set
Ny :=GY, Ny :=GY and N3 := G (all of which clearly contains A), and let
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E). : M — Ns be the T-conditional expectation (hence EX' o EX. = E}).
Suppose that
(M, By,) = (N, Ex, |y, ) % (N2, EX [, )

N3

or equivalently G1, Go are x-free with amalgamation N3 with respect to E%),
and further that A is a MASA in N3 so that Gz = G (N3 D A) holds automat-
ically, see the discussion just below Lemma 4. (Remark here that A needs not
to be a MASA in Ny nor Ny.) Then, if N3 is hyperfinite, then the smallest
E%-groupoid G = Gy V Gy that contains Gy and Go satisfies that

Cr(G) =C;(G1) + Cr (G2) — Cr (G3)
as long as when Cr (G1) and C; (G2) are both finite.

This can be regarded as a slight generalization of one of the main results
in [14] to the groupoid setting. In fact, let T be a countable discrete mea-
surable groupoid with an invariant probability measure p, and assume that
it is generated by two countable discrete measurable subgroupoids I'y, T's.
If no alternating word in I'y \ I's,I's \ I's with T's := T'; N [y intersects
with the unit space of strictly positive measure, i.e., I' is the “free prod-
uct with amalgamation I';%r,I's” (modulo null set), and I's is principal
and hyperfinite, then the above formula immediately implies the formula
C,(T)=0C,(T1)+Cu(T2)—C,(I'3) as long as when C), (I';) and C,, (I'z) are
both finite. Here, we need the same task as in [21].

Proving the above theorem needs several lemmas and propositions, many
of which can be proved based on the essentially same ideas as in [14] even in
operator algebra framework so that some of their details will be just sketched.

The next simple fact is probably known but we could not find a suitable
reference.

Lemma 10. Let G be an EY -groupoid with M = G”, and assume that M is
finite. Then, ife, f € AP are equivalent in M, denoted by e ~p; f, in the sense
of Murray-von Neumann (i.e., [(u) = e and f = r(u) for some u € MP?), then
there is an element u € G such that l(u) = e and r(u) = f. Hence, under the
same assumption, if p € AP has the central support projection cpr(p) = 1, then
one can find vy € G in such a way that Y, vippv; = 1.

Proof. The latter assertion clearly follows from the former. Since the linear
span of G becomes a dense *-subalgebra of M, e ~p; f implies eM f # {0} so
that there is a v € G with evf # 0. Letting ug := evf one has l(ug) < e and
r(uo) < f, and thus e — l(ug) ~pr f —7(uo) since M is finite. Hence, standard
exhaustion argument completes the proof.

To prove the next proposition, Gaboriau’s original argument still essen-
tially works purely in operator algebra framework.

Proposition 11. ([14, Proposition 1.9; Proposition 1.11]) Suppose that A is a
MASA in M. Then, the following assertions hold true:
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(a) Let ¢ € M, be a faithful state with ¢ o EM = . If a graphing U of
G(M 2 A) satisfies C,(U) = Cy, (G(M 2 A)) < 400, then U must be a
treeing.

(b) If M is of finite type I (hence A is automatically a Cartan subalgebra) and
T € M, is a faithful tracial state (n.b., 7 o EXl = 7 holds automatically),
then every treeing U of G(M D A) satisfies that

Cr(U) =1 —7(e) = C; (G(M 2 4)),

where e € AP is arbitrary, mazimal, abelian projection of M (hence the
central support projection cpr(e) = 1).

Proof. (Sketch) (a) Suppose that U is not a treeing. Then, one can choose
a word v;‘---vi' in U LUU* of reduced form in the formal sense in such a
way that B4 (v7’---vi') # 0 but every proper subword v’ - -v? satisfies

that EA! (vf - -~U§j) = 0. It is plain to find mutually orthogonal nonzero

e1,...,e0 € AP with e, < r(vg*) satisfying that viFepvi** = epp1 (b =
1,...,0 —1) and v;*ev;"* = e1, where the following simple fact is needed: If

Ais a MASA in M, then any u € G(M D A)\ AP! has a nonzero e € AP such
that e < r(v) and e(vev*) = 0. Thus, V := (U \ {ve}) U {(I (v;*) —e1) v;*}
becomes a graphing and satisfies C,(U) 2 C,,(V), a contradiction.

(b) Assume that M = M, (C). Let V be a graphing of G(M D A). Let

P1,---,Pn € AP be the mutually orthogonal minimal projections in M, and
define the new graphing V' to be the collection of all nonzero p;vp; with
i,7=1,...,nand v € V, each of which is nothing but a standard matrix unit

(modulo scalar multiple). Note that C(V) = C; (V') by the construction, and
it is plain to see that if V is a treeing then so is V' too. We then construct
a (non-oriented, geometric) graph whose vertices are pi,...,p, and whose
edges given by V' with regarding each p;up; € V' as an arrow connecting
between p; and p;. It is plain to see that a sub-collection U of V' is a treeing
of G(M 2 A) if and only if the subgraph whose edges are given by only U
forms a maximal tree. Therefore, a standard fact in graph theory (see e.g. [28,
§§2.3]) tells that V' contains a treeing U of G(M D A) or V' becomes a treeing
when so is V itself. Such a treeing is determined as a collection of matrix
units €;,4,,...,€i,_,5,_, up to scalar multiples with the property that each
of 1,...,n appears at least once in the subindices i1, j1,...,in_1,jn—1. Hence
Co,(V)=C, (V') > Cu(U) = 1—-1/n, which implies the desired assertion in the
special case of M = M,,(C). The simultaneous central decomposition of M D
A reduces the general case to the above simplest case we have already treated.
Proving that any treeing attains C; (G(M D A)) needs the following simple
fact: Let U be a graphing of G(M D A), and set U(w) := {u(w) : u € U} with
u= f(? u(w)dw in the central decomposition of M with Z(M) = L>°(§2) C A.
Then, U is *-free with respect to EA! (or other words, say a treeing) if and only
if so is U(w) with respect to Ei/[(f:;) for a.e. w € 2 with B = f;‘; Ei/[(g‘)})dw,
see e.g. the proof of [31, Theorem 5.1]|.
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Remark 12. (1) In the above (a), it cannot be avoided to assume that A is a
MASA in M, that is, the assertion no longer holds true in the non-principal
groupoid case. In fact, let M := L (Zy) be the group von Neumann alge-
bra associated with cyclic group Zy and 7z, be the canonical tracial state.
Then, G(Zn) = T1 - MZy) is a 7z, ( - )1-groupoid, and it is trivial that
Cr,, (G(Zn)) = Cr,, ({M(1)}) with the canonical generator 1 € Zy. This
clearly provides a counter-example.

(2) Notice that the cost Cr.(G(G)) of a group G is clearly the smallest
number n(G) of generators of G, and hence Theorem 9 provides a quite natural
formula, that is, n(Gy H) = n(G) + n(H). One should here note that the ¢2-
Betti numbers of discrete groupoids ([15], and also [26]) recover the group
(2-Betti numbers when a given groupoid is a group (see e.g. the approach in
[26]).

(3) Assume that M is properly inifinite and A is a Cartan subalgebra in
M. Based on the fact that the inclusion B(¢*(N)) 2 ¢>°(N) can be embedded
into M 2 A, it is not difficult to see that C, (G(M 2 A)) = 3 for every
faithful state ¢ € M, with p o EAl = . Therefore, the idea of costs seems to
fit for nothing in the infinite case with general states.

(4) One of the key ingredients in the proof of (b) can be illustrated by

which provides the treeing ejs,e03 of G(M 2O A) with M = M;3(C). This
kind of facts are probably known, and specialists in free probability theory
are much familiar with similar phenomena in the context of (operator) matrix
models of semicircular systems.

Throughout the rest of this section, let us assume that G is an E4!-groupoid
with M = G” and 7 € M, is a faithful tracial state with 7 o E}/ = 7. For
a given p € AP we denote by pGp the set of pup with u € G, which becomes

an Eﬁyp -groupoid with Ef‘ll\)/[p = B . The next lemma is technical but

’pM p
quite important, and shown in the same way as in Gaboriau’s. It is a graphing
counterpart of the well-known construction of induced transformations (see

e.g. [13, p.13-14)).

Lemma 13. (cf. [14, Lemme I1.8]) Let p € AP be such that the central support
projection cpr(p) = 1, and U be a graphing of G. Then, there are a treeing U,
and a graphing Uy, of pGp with the following properties:

(a) p is an abelian projection of M, := AV U," with cp, (p) = 1;
(b) For a graphing V of pGp, U, UV becomes a graphing of G;
(¢c) For a graphing V of pGp, U, UV is a treeing of G if and only if so is V;
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(d) C-(U) = C-(Uy) + C-(Un) and C7(Uy) =1 —7(p).
Proof. (Sketch) Let U¥) be the set of words in U UU* of reduced form in

the formal sense and of length ¢ > 1, and set q; := \/ ) wpw™. Since
A is commutative, we can construct inductively the projections p, € AP by
pe:=qe(1—p1—-+-—pe—1) with po := p. Letting po := p we have Zezo pe=1

thanks to cpr(p) = 1. For each u € U, we define ug,¢, = pr,upe, € G with
1,42 € NU {0}, and consider the new collection U = | |, ,,~oUe, ¢, With
Uy, 1, == {ug, 0, - u € U} instead of the original U (without changing the 7-
costs). Replacing w4, by its adjoint if fo S ¢; we may and do assume that
U, 0, = 0 as long as when fo < ¢1. Then, it is not so hard to see that p, =
Vveﬁe,l , r(v) for every ¢ > 1. Numbering Uy ¢ = {v1,v2, ... } we construct a
partitiofl Do = Y Sk in AP inductively by s, := r(vi)(1—s1 —---—s_1), and
set Uy o = {vskty, and Uy, == {vg(1 — sk) by, Set Uy == |5 Uy 4, and
then it is clear that the (right support) projections r(v), v € U, are mutually
orthogonal and moreover that -~ 7(v) = pg (hence 3 oy r(v) =1-p).
-1, v

k.t ~ .
Set Z/d; ] = {Ukk+1~~~vg_1g 7é 0 : Vj—1; € Llj’;l)j} with k ; £, and
define U}, to be the collection of elements in G of the form, either v € Uy
or wivws # 0 with either wy € u£0,£—1}7 v € U140, Wy € Z/ll[,o’é] (b = 4o
or {1 < ly—2)orw € 1[,0’[], v E Z/Ié’_u, Wy € Uq[jo’e]. It is not so hard to
verify that all the assertions (a)-(d) hold for the collections U,, U, that we
just constructed. (Note here that the trace property of 7 is needed only for
verifying the assertion (d).)

Remark 14. We should remark that M, is constructed so that A is a Cartan
subalgebra in M,. Let G, be the smallest E4-groupoid that contains U,,,
and hence M, = G/ is clear. By the construction of U, one easily see that
any non-zero word in U, U U, must be in either Z/{l[,k’z] or its adjoint set so
that pG,p = AP'p by Lemma 3. (This pattern of argument is used to confirm
that U, is a treeing.) Hence, we get Z(M,)p = pM,p = Ap, by which with
e, (p) = 1 it immediately follows that A’ N M, = A, thanks to Lemma 10.

Proposition 15. (cf. [14, Proposition I1.6]) Let p € AP be such that the cen-
tral support projection cpr(p) = 1. Then, the following hold true:

e G is treeable if and only if so is pGp;
C‘I’(g) -1= CT|pMp (pgp) - T(p)

Proof. The first assertion is nothing less than Lemma 13 (c). The second is
shown as follows. By Lemma 13 (d), we have C,(U) > C; (pGp) + 1 — 7(p)
for every graphing U of G so that C.(G) — 1 > C; (pGp) — 7(p). Let € > 0 be
arbitrary small. Choose a graphing V. so that C (V) < C, (pGp)+e. With U,
as in Lemma 13 the new collection U, := U, UV, becomes a graphing of G by
Lemma 13 (b), and hence C;(G) < C; (U.) = 1—7(p) +C; (Vc) by Lemma 13
(d). Hence, C-(G)—1 < Cr (V=) —7(p) < C7 (pGp)+e—7(p) \, Cr (pGp) —7(p)
as € \, 0.
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Corollary 16. (|22, Proposition 1, Theorem 2],[14, Proposition II1.3, Lemme
I11.5]) (a) Assume that M is of type I, and A is a Cartan subalgebra in M.
Then, Cr (G(M D A)) > 1, and the equality holds if M is further assumed to
be hyperfinite.

(b) Assume that M is hyperfinite and A is a Cartan subalgebra in M.
Then, every treeing U of G(M D A) (it always exists) satisfies that

CrU) =1—7(e) = Cr (G(M 2 A)),

where e € AP is arbitrary, mazimal, abelian projection of M (hence the central
support projection cpr(e) must coincide with that of type I direct summand).

(¢c) Let N be a hyperfinite intermediate von Neumann subalgebra between
M D A, and assume that A is a Cartan aubalgebra in N. Let U be a treeing
of G(N 2 A) and suppose that G contains G(N 2 A). Then, for each € > 0,
there is a graphing U of G enlarging U such that C. (U:) < C(G) + €.

Proof. (a) It is known that for each n € N there is an n x n matrix unit
system e;; € G(M 2 A) (4,5 = 1,...,n) such that all e;;’s are chosen from A?.
Then, Proposition 15 implies that C-(G) = Crle, arens (e11Ge11)+1—71(e1n) >
1—7(e11) =1—-1/n /1 as n — oo. The equality in the hyperfinite case
clearly follows from celebrated Connes, Feldman and Weiss’ theorem [9] (also
[23] for its operator algebraic proof).

(b) Choose an incereasing sequence of type I von Neumann subalge-
bras A C M; C --- C My / M. By Dye’s lemma (or Lemma 4), each
u € U has a unique projection ep(u) € AP such that ey(u) < I(u) and
EAJV/{k (u) = er(u)u, where E%k : M — My is the 7-conditional expecta-
tion. Set Uy, := {ex(w)u : u € U} and Ny := AV U] being of type 1. Clearly,
each Uy, is a treeing of G(N, D A), and hence Proposition 11 (b) says that
Cr(U) = C-(G(N; 2 A)) =1 — 7(eg) for every maximal abelian projec-
tion e € AP of Ni. The non-commutative Martingale convergence theorem
(e.g. [8, Lemma 2|) shows that ex(u)u = E} (u) — u in o-strong* topol-
ogy, as k — oo, for every u € U. Hence, we get C, (U) = limg_o, Cr (Uy) =
limg oo C7 (G(Ny D A)) and Ny = AVUY, / AVvU' = M. Let e € AP
be a maximal, abelian projection of M. Then, Proposition 11 (b) and the
above (a) show that C. (G(M 2 A)) = 1 — 7(e). Since e must be an abelian
projection of each N, one can choose ej,es, -+ € AP in such a way that
each ey is a maximal, abelian projection of N and greater than e. It is stan-
dard to see that e = N>, ex so that 7(ex) > 7( Ap_yen) \ 7(€) as k —
oo. Therefore, C(U) = limg_o Cr (Q(Nk D A) ) = limg— oo (1 — 7 (eg)) <
limy o0 (1 -7 (/\Z,:1 ekr)) =1—7(e), and then it follows immediately that
C.U)=1-71(e) =C; (G(M D A)).

(c) Let N = Ny@® Ny, 2 A = A1® Aqp, be the decomposition into the finite
type I and the type II; parts. Looking at the decomposition, one can find a
projection p. = pr & pf;, € AP in such a way that p is an abelian projection
of N1 with ey, (pr) = 1n, and 7 (pf,) < £/2 with CNu, (rf1,) = 1Ny, - Choose
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a graphing V. of p.Gp. in such a way that C; (V:) < C; (p:Gp:) + €/2, and
then set U := U U V.. Since ¢y (p:) = 1, U. is a graphing G thanks to
Lemma 10. Then, Lemma 13 (b) implies that C; (V) < Cr (peGpe) +¢/2 =
Cr(G) —1+7(p:) +¢/2=C-(G) — (1 — 7 (p1)) + 7 (pf1,) + /2, and thus by
Proposition 11 (b) we get C; (V) < C,(G) — C-(U) + &, which implies the
desired assertion.

Remark 17. (1) The proof of (b) in the above also shows “hyperfinite monotoni-
city,” which asserts as follows. Assume that M is hyperfinite and A is a
Cartan subalgebra in M. For any intermediate von Neumann subalgebra
N between M D A (in which A becomes automatically a Cartan subalge-
bra thanks to Dye’s lemma, see the discussion above Lemma 5), we have
C; (G(N 2 A)) < C; (G(M 2 A)). Furthermore, we have limy .o Cr- (G(Mj, 2
A)) = C; (Q(M D) A)) for any increasing sequence A C M; C My C --- C
M, / M of von Neumann subalgebras. Note that this kind of fact on fre
entropy dimension was provided by K. Jung [19].

(2) Related to (c) one can show the following (cf. [14, Lemme V.3]): Let
u € G, and Gy € G be an E%—groupoid, and set N = (r(u)gor(u))” V
(u*gou)n. If e € (Ar(w))” has en(e) = r(u), then Gy V {u} = Go V {ue} so
that C(Go V{u}) < C-(Gy) +7(e). Here, “V”’ means the symbol of generation
as EAl-groupoid. In fact, by Lemma 10 one finds vy € r(u)Gor(u) V u*Gou so
that >, vpevy = r(u). Since vy € u*Gou, one has v, = u*wyu for some wy, €
l(u)Gol(u) so that ), wy(ue)v; = u. This fact can be used in many actual
computations, and in fact it tells us that the cost of an E}/-groupoid can be
estimated by that of its “normal Ei‘” -subgroupoid” with a certain condition.
Its free entropy dimension counterpart seems an interesting question.

Proposition 18. Let Gy O G3 C G, be E%—gmupoids, and let G = G1 V Gy be
the smallest EA -groupoid that contains Gy, Go. If G is hyperfinite and if A
is a MASA in GY (and hence Gs = G (G4 2 A) is automatic), then

C(G) < Cr(G1) +Cy (Ga) — Cr (Ga).

Proof. Choose a treeing U of G so that C- (G3) = C(U) by Corollary 16 (b).
Let € > 0 be arbitrary small. By Corollary 16 (c), one can choose graphings

E(i) of G; enlarging U, i = 1,2, so that CT( E(Z)) < C;(G;) + €/2. Thus,
(@) < O (U \ Uy u @\ Uy uU) = o UD) + C U) - Cru) <
Cr(G1) + C- (G2) — C7 (G3) + e \, Cr (G1) + C; (G2) — C1 (G3) as e \, 0.

To prove Theorem 9, it suffices to show the inequality C,(G) > C- (G1) +

C: (G2) — C; (Gs) thanks to Proposition 18. To do so, we begin by providing a
simple fact on general amalgamated free products of von Neumann algebras.

Lemma 19. Let

(N.E) = (Vi 53) e (Vs )
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be an amalgamated free product of (o-finite) von Neumann algebras, and Ly
and Lo be von Neumann subalgebras of N1 and Na, respectively. Suppose that
N; D L;

U U has faithful normal conditional expectations

N3 D N3N L;

E)':N;— L;, E., :Ns— NsNL;, Ey.; :L— NsnNL

and form commuting squares (see e.g. [11, p. 513]) for both i = 1,2. If Ly N
N3 = Ly N N3 =: Ly and further N = L1 V Ly as von Neumann algebra, then
L1 = Ny and Ly = Ny must hold true.

Proof. Note that the amalgamated free product

(L’ Eés) = (L17 Efs)L*(LQ’ Eéi)
3

can be naturally embedded into (N , Eﬁg) thanks to the commuting square
ND>L

assumption. Then, it is plain to see that U U form commuting squares
N; D L

too, i.e., EJLV}NZ = EJLV7 i = 1,2, by which the desired assertion is immediate.

The next technical lemma plays a key role in the proof of Theorem 9.

Lemma 20. ([14, IV.37]) Assume the same setup as in Theorem 9. Let V =
Vi U Vs be a graphing of G with collections Vi, Vo of elements in Gy, Ga,
respectively. Then, one can construct two collections Vi, V5 of elements in
G3 =G (N3 D A) in such a way that

(1) ViU Vj is a treeing;

(ii) Vi U V! is a graphing of G; for i = 1,2, respectively.

Before giving the proof, we illustrate the idea in a typical example. Assume
that M = Nidn,Na D A is of the form: Ny = N @ My(C) @ My(C),
Ny := NI @ My(C) ® My(C), N3 := N{” ® My(C) ® My(C) and their
common subalgebra A := Ay ® C? ® C?, where Ay is a common Cartan
subalgbera of Nl-(o), i = 1,2,3. Denote by el(-;-) ® 6;25)7 i,J,k,f = 1,2, the
standard matrix units in M (C)® M»(C). Let Vi(o) be a collection of elements
in G; := Q(Ni(o) 2 AO), i=1,2, and set

Vi={velel:veVlu{ledy o1},
Vy = {v®1®1:vevéo)}u{l(@l@eglz)}-

Clearly, V := V; UV, becomes a graphing of G := G; V Gs. In this example, the
collections V{, V5 in the lemma can be chosen for example to be {1 ® eﬁ) ®

6522) }, {1 ® 6512) ® 1}, respectively. The proof below goes along the line of this
procedure with the help of Lemma 19.
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Proof. By Lemma 19 with the aid of Lemma 4 (needed to confirm the required
commuting square condition, see the explanation after the lemma) the original
(i) is reduced to showing (ii’) N3N Ly = N3N Ly with L; := AV (V;UV)",
i = 1,2. Choose an increasing sequence of type I von Neumann subalgebras
Néo) = A C Nél) - N§2) Cc ... C N?Ek) /" N3. Let us construct inductively
two sequences of collections Vl(k)7 Vz(k) of elements in Q(Nék) D A) in such a
way that

(a) Vi(k) - Vi(k—H) for every k and each i = 1,2;
(b) V{k) L VQ(k) is a treeing for every k;
"

(c) letting Lgk) =AV (Vi U Vi(k)> , 1 =1,2, we have

(1) Vl(k) U Vg(k) C Lgk) N Lék) for every k,

(2) Nék) N Lgk) C Lgk) for every even k;

(3) N?Ek) N Lék) C Lgk) for every odd k.
((c-1) is needed only for the inductive precedure.) If such collections were
constructed, then V/ := | J, Vi(k), 1 = 1,2, would be desired ones. In fact, any
word in (V] UV3) U (ViU V4)" of reduced form in the formal sense is in turn

one in (Vl(k) U VQ(k)) U (Vl(k) U Vék))* for some finite & thanks to (a), and thus
(i) follows from (b). For each pair ki, ks, the above (c-2), (¢-3) imply, with
kl,kg § 2]13, that

Nékl) n Lgkg) c Né%) QLS%) C Né%) mL(sz) C N3N Lo:
Nékl) ﬂ Lé’”) c N§2k+1) mL§2k+1) c Nézk-&-l) mL(121c+1) C N3N L.

Hence,

O-S 0-S
U NI ALF) € Ny Lo, U N ALY € Nsn Ly

ki,k2 k1,ko
Note here that N3 N L; = Uy, 4, N?Ekl) ﬂLEkQ) for both 7 = 1,2, since
N; D L; N; D L, N; D LEkZ)
all U U U U U U form commuting

N3 D N3N Li, N¥ > NP 0Ly, N& 5 N#D k)
squares for every k, k1, ks and each 7 = 1,2, thanks to Dye’s lemma (or Lemma
4); note here that A is assumed to be a Cartan subalgebra in N3. Then, (ii’)
follows immediately.

Set V:EO) = VQ(O) := (). Assume that we have already constructed Vl(] ), 2(] ),
j=1,2,...,k, and that the next k + 1 is even (the odd case is also done in
the same way). Consider

Ky = N§ L 0 Ko o= NS i 0 1 (2 4),
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which are clearly of finite type I. Then, one can choose an abelian projec-
tion p € AP of K, with the central support projection ck,(p) = 1. Also, one
can find a treeing U, of G (pKip O Ap), see the proof of Proposition 11 (b).
Set kaﬂ) = ka), V2(k+1) = VQ(k) LI Uy, which are desired ones in the £ + 1
step. In fact, (a) is trivial, and (b) follows from the (rather trivial) fact that
Ko and pKip are *-free with respect to E4 and (c-1) for k. Note that
NS ALY = NI AL = Ky = Ko vpEap € LY v = LT (by
Lemma 10 it follows from cg,(p) = 1 that K3 = Ky V pKip), which is noth-
ing but (c-2). Finally, (c-1) follows from the assumption of induction together
with that U, C pKyp C L.

One of the important ideas in Gaboriau’s argument is the use of “adapted
systems.” It is roughly translated to amplification/reduction procedure in op-
erator algebra framework.

Proof. [Proof of Theorem 9| (Step I: Approximation) By Proposition 18, it
suffices to show that C-(G) > C- (G1) + C; (G2) — C- (G3) modulo “arbitrary
small error.” Let ¢ > 0 be arbitrary small. There is a graphing V of G with
C- (V) < C;(G)+¢/3, and we choose a graphing U; of G; with C; (U;) < +oo
(thanks to C; (G;) < +o0) for each i = 1,2, and set U := Uy U Us. Since
Cr(U) = > e ™ (l(u)) < +o0, there is a finite sub-collection Uy of U with
> wewnu, T (L(w)) < /3. Since both V and U are graphings of G, we may
and do assume, by cutting each v € V by suitable projections in AP based
on Lemma 3, that each v € V has a word w(v) in & UU* of reduced form
in the formal sense and a a(v) € AP® with v = a(v)w(v). Denote by wq =
1, w1, ws, ... the all words in VU V* of reduced form, and by Lemma 3 again,
each u € U is described as u = 3 px(u)ay(u)wy in o-strong topology, where
l(u) =", pe(u) in AP, the aj(u)’s are in AP*, and py(u)u = py,(v)ay (u)wy, for
every k. Then, we can choose a ko € N (depending only on the finite collection
Up) in such a way that 3, -, ) 7(pr(u)) < e/(34(Uo)) for all u € Up. Set

X :={veV:vappearsin wi,..., Wk, };
YVi={pu)u:u el U\U)

with p(u) := ZkaoH pr(u) for u € Uy. Since u = Z?O:O pr(u)ag (w)wg+p(u)u
for all u € Uy, the collection Z := X 1Y becomes a graphing of G. We have

CH(2)=Cr (X)+C. (V) <C.(V)+Cr (V) <C-(G) + & (5)

Clearly, )Y is decomposed into two collections )i, )o of elements in Gy, G,
respectively, as ) = )y U )5, while X not in general. Thus, we replace X by
a new “decomposable” graphing in a sufficiently large amplification of M O A
for the use of Lemma 20.

(Step II: Adapted system/Amplification) Notice that each v € X( C V) is
described as
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0= a(0)w(v) = () tne) (0) O -y (0) 2,

where n(v) € N and u;(v) € U, 0;(v) € {1,%x} (i = 1,...,n(v)). Cutting
each u;(v) by a suitable projection in AP and replacing u;(v) by wu;(v)* if
d;(v) = *, etc., we may and do assume the following: 7 (u;11(v)) = 1 (u;(v))
(i =1,...,n(0) = 1); l(v) = l(a(v)) (=7 (a(v))) =l (tn)(v)) and r(v) =
r (u1(v)); and each u;(v) is of the form either eu or eu™ with e € AP, u € Y. In
what follows, we “reveal” all words t, () (v) - - - u1(v)’s as follows. Set n := 1+
> wex (n(v) —1) < +o0, and choose a partition {2,...,n} = | |, cr Lo 1([y) =
n(v) — 1. Denote by e;; the standard matrix units in M, (C), by Tr, the
canonical non-normalized trace on M,,(C), and by Eéwf (©) the Tr,,-conditional
expectation from M, (C) onto the diagonal matrices C* C M,,(C). Let M" :=
M ® M,(C) D A™ := A® C™ be the n-amplifications and write 7" := 7 ®
Tr, € M. For each v € X', we define the n(v) elements @y (v), ..., ) (v) €
G (M™ 2 A") by

’L~L1(’U) = ul(v) ® 67;21,

Uz(v) 1= u2(v) @ €igiy,

U () (V) 7= Un () (V) @ €14,

with I, = {ig,....in(v)}. Set Z := X U {y®eq1 :y € Y} as a collection of
elements of G (M™ 2 A™) with X := {G;(v) :i=1,...,n(v),v € X}, and

n(v)—1 n(v)
Pi=1@en+», > L) =10en+ Y Y ().
veX =1 vEX 1=2

By straightforward calculation we have
Cr(2) = 1=Cp(2) —7™(P). (6)
(Step III: Reduction) Set A := A"P and M := PM"P. Clearly, M is

generated by the g ® e11’s with g € G and the [ (ug(v)) ® €;,,,1’s with k =
1,...,n(v) =1, v € V. Set 7 := T”|A7[, and the 7-conditional expectation

Eg M — Ais given by the restriction of E% ® Eé/[,?(c) to M. Let QN be
the smallest Efg—groupoid that contains {g ® e11 : g € G} U {l(ux(v)) ®
i1 -k =1,...,n(v) - 1Lv € V}. Also, for each i = 1,2,3, let G; be
the smallest Eg—groupoid that contains {g ® e11 : g € G;} U {l(u(v)) ®
€inii1 ik =1,...,n(v) — 1,v € V} and set N; := G/. Then, it is clear that
N; =P (N; ® M,(C)) P = (N; ® M,,(C)) N M, i = 1,2,3. In particular, A4 is
a Cartan subalgebra in N3, and thus Gz = G(N3 2 A). We have G = G1 V Gy,

i.e., the smallest E%/[—groupoid that contains both Q~1 and 52. Here, simple
facts are in order.
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(a) Ny®@M,(C) and No®@M,,(C) are free with amalgamation over N3® M, (C)
inside M ® M,,(C) with subject to BN ®idys, (c);

(b)v®e11 = (a(v) @ e11) - Up(y)(v) - - - ur(v) for every v € &

(€) (ug(v)) @ ei 01 = (wn(v) -+t () ((ur(v) - - ua (v)) @ enr) for every k =
1,...,n(v) —1land v € X.

By (a), we have M = Nl*ﬁsﬁg with respect to the restriction of E]J\”,I3 ®
idpy, (c) to M (giving the F-conditional expectation onto N3). By (b) and (c),
it is plain to see that Zi is a graphing of g. Moreover, by its construction, it is
decomposable, that is, Z= Z4 U Zy with collections Zq, ZQ of elements in gl,
Go, respectlvely Hence, Lemma 20 shows that there is a treeing Z = Zl Uz

in Qg = Q(Ng B} A) with the property that Z; U Z is a graphing of G: for
each ¢ = 1, 2. Therefore, by Corollary 16 (b) (or Remark 17), we have

Csx (Z) =C; (gl Ug{) +Cx (52 Ugﬁ) - Cx (gl) > C; (51) +Cx (52) - Cx (53)

It is trivial that cﬁi(l ®e11) = 15 forall i =1,2,3 with 1 = P, and that

{g@e1:9€Gt=(1®e1)Gi(1®ery) for every i = 1,2,3. Hence, (5),(6)
and Propsotion 15 altogether imply that

=C:(2) - 7(1y) +1
> C5(G1) + C7(G2) — C(Gs) —7(155) +1
=C-(G1) +C-(G2) — C-(G3)
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